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Preamble

Please feel free to interrupt me with questions!

The icon ( ) indicates that I am deliberately suppressing a detail for
ease of exposition
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Why compute spaces of nonparitious HMFs?
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Relating geometry and automorphic forms

The Langlands programme predicts a correspondence between the
cohomology ( ) of a smooth projective variety and algebraic
automorphic forms ( )

Associating an automorphic form to a variety (a.k.a. proving
modularity) is very useful!

Often implies analytic continuation of the Hasse-Weil zeta function

Guiding question

What are the automorphic forms associated to interesting families of
abelian varieties?
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Abelian varieties and their automorphic forms

Abelian Varieties

1 elliptic curves over Q
2 elliptic curves over a real

quadratic field F

3 abelian surfaces over Q
4 g -dimensional abelian varieties

over Q

Automorphic forms

1 weight 2 cusp forms with
coefficients in Q

2 weight (2, 2) Hilbert cusp
forms over F with coefficients
in Q

3 weight 2 Siegel cusp forms
with rational Hecke
eigenvalues ( )

4 automorphic forms ( ) on
GSpin2g+1,Q (not Siegel
modular forms, for g > 2)

GSpin2g+1-automorphic forms present computational and theoretical
challenges.

Understanding generic abelian varieties seems intractable...
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Atypical abelian varieties

Definition

An abelian variety A is atypical if it has nontrivial geometric
endomorphisms ( ) .

Example - E/Q a CM elliptic curve

Modular forms are automorphic forms for GL2,Q.

CM modular forms are automorphic forms of GO2,Q ⊊ GL2,Q, and
are easier to understand (induced from Hecke characters).

Modularity for CM E/Q was proved several decades before modularity
for general E/Q.

Can hope to attack (theoretical and computational) modularity questions
for atypical abelian varieties
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Atypical abelian fourfolds

Atypical abelian fourfolds are very interesting!

First open case of the Mumford-Tate conjecture for abelian varieties

Until recently ([Mar25]), first open case of the Hodge conjecture for
abelian varieties

Smallest dimension where all four Albert endomorphism types appear
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Atypical abelian fourfolds and nonparitious forms

Nonparitious Hilbert modular forms (whatever they are) are
non-algebraic automorphic forms.

Langlands predicts that algebraic automorphic forms are the ones that
relate to geometry

Conjecture/work in progress

There are tensor constructions ( ) involving nonparitious forms which are
algebraic and are associated to atypical abelian fourfolds.

Why compute nonparitious HMFs?

They provide insight into how nonalgebraic automorphic forms appear in
geometry.
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Hilbert modular forms
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Hilbert modular forms (HMFs)

HMFs are one generalization of (classical) modular forms

Replace Q with a totally real number field F

Throughout, assume that the narrow class number of F is 1

Every fractional ideal is principal and has a totally positive generator

n := [F : Q]
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Hilbert modular forms (HMFs)

Fix three parameters:

Level - a nonzero ideal N ⊂ ZF (ring of integers of F )

Defines a discrete subgroup Γ := Γ0(N) ⊆ GL+
2 (F ) → PGL+

2 (R)n

Weight - a tuple k ∈ Zn
≥2 ( )

Nebentypus - a multiplicative character ( ) χ : (ZF/NZF )
× → C×
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Hilbert modular forms (HMFs)

Level - a nonzero ideal N ⊂ ZF

Defines a discrete subgroup Γ := Γ0(N) ⊆ GL+
2 (F ) → PGL+

2 (R)n

Weight - a tuple k ∈ Zn
≥2 ( )

Nebentypus - a Dirichlet character ( ) χ : (ZF/NZF )
× → C×

Definition – Hilbert modular forms

Hilbert modular forms are holomorphic functions f : Hn → C
satisfying a modular transformation law under Γ. ( )

Mk(N, χ) is the C-vector space of Hilbert modular forms of level N,
weight k, and nebentypus χ.

Sk(N, χ) ⊆ Mk(N, χ) denotes the subspace of Hilbert cusp forms.

Definition

The weight k is paritious if its entries are all congruent mod 2,
nonparitious otherwise.
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nonparitious otherwise.
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q-expansions and Hecke operators on HMFs

Any Hilbert modular form f has a q-expansion

f (z) =
∑

ν∈d>0

aν(f )q
ν

with coefficients indexed by elements of some fractional ideal d of F .

The Hecke operators {Tn} (indexed by ideals n ⊂ ZF ) commute and
act on Mk(N, χ), restrict to Sk(N, χ).
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Computing spaces of Hilbert modular forms

Goal

Given a level N, a weight k , and a nebentypus χ, produce q-expansions of
a basis for Sk(N, χ)

Strategy

Compute Hecke Matrices: Compute matrices for the Tn action on
Sk(N, χ) for {Tn}
Use Hecke matrices to produce q-expansions: Use these Hecke
matrices to compute the q-expansions of a basis for Sk(N, χ)
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Strategy

1 Compute Hecke Matrices: Compute matrices for the Tn action on
Sk(N, χ) for {Tn}.

2 Use Hecke matrices to produce q-expansions: Use these Hecke
matrices to compute the q-expansions of a basis for Sk(N, χ).

This work

Mostly the second step

Relies upon lots of prior work

Prior work

Computing Hecke matrices: Dembélé [Dem07],
Dembélé-Donnelly [DD08], Greenberg-Voight [GV11], Voight [Voi10],
Assaf-M. [AM26]

Manipulating q-expansions:
ABBC-Costa-Duque-Rosero-H-Kieffer-MMMSST-Voight [ABB+26]
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Producing a basis given the Hecke matrices

Suffices ( ) to be able to produce a basis for Sk(N, χ)new

Algorithm of Donnelly-Voight [DV21] does this given Hecke matrices,
but only when k is paritious

This work

Extend the Donnelly-Voight algorithm to the nonparitious setting.

Provide an implementation as part of a larger package for computing
Hilbert modular forms
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How we compute spaces of nonparitious HMFs
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Assumptions going forward

h+(F) = 1

F/Q is Galois

Write σi : F → F for the i th Galois automorphism of F .

χ : (ZF/NZF )
× → C× is a quadratic character
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Ideal coefficients

The q-expansion f (z) =
∑

ν∈d>0
aν(f )q

ν is highly degenerate!

For any ϵ ∈ Z×
F ,>0,

aϵν(f ) = ϵ
k/2aν(f ) (1)

There exists an integral ideal n such that nd = (ν).

Definition

The coefficient of f at the ideal n is

an(f ) := aν(f )ν
k0−k/2 = aν(f )

n∏
i=1

ν
k0−ki/2
i , (2)

where k0 := maxi (ki ).

an(f ) is independent of the generator ν of (ν).

The Tn eigenvalue of a normalized ( ) newform f is an(f ).
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The matrix of Tp

Weight representation

Let ρ be the representation of G , Γ ⊆ G ⊆ GL2(F ) ( ) , given by

χ⊗
n⊗

i=1

(
Symki−2 F 2 ⊗ det

k0−ki
2

)
◦ σi .

Theorem [DV13, AM26]

Pick π totally positive such that p = (π). Tp acts on Sk(N, χ) by a block
matrix, where each block is a Q-linear combination of matrices ρ(ϖ) for
ϖ ∈ G

Facts

Tp is independent of choice of π (because of determinant twist)

ρ is defined over F when k is paritious (square roots are safe)

Abhijit S. Mudigonda (UChicago) Computing nonparitious HMFs July 8th, 2026 21 / 31



The matrix of Tp

Weight representation

Let ρ be the representation of G , Γ ⊆ G ⊆ GL2(F ) ( ) , given by

χ⊗
n⊗

i=1

(
Symki−2 F 2 ⊗ det

k0−ki
2

)
◦ σi .

Theorem [DV13, AM26]

Pick π totally positive such that p = (π). Tp acts on Sk(N, χ) by a block
matrix, where each block is a Q-linear combination of matrices ρ(ϖ) for
ϖ ∈ G

Facts

Tp is independent of choice of π (because of determinant twist)

ρ is defined over F when k is paritious (square roots are safe)

Abhijit S. Mudigonda (UChicago) Computing nonparitious HMFs July 8th, 2026 21 / 31



The matrix of Tp

Weight representation

Let ρ be the representation of G , Γ ⊆ G ⊆ GL2(F ) ( ) , given by

χ⊗
n⊗

i=1

(
Symki−2 F 2 ⊗ det

k0−ki
2

)
◦ σi .

Theorem [DV13, AM26]

Pick π totally positive such that p = (π). Tp acts on Sk(N, χ) by a block
matrix, where each block is a Q-linear combination of matrices ρ(ϖ) for
ϖ ∈ G

Facts

Tp is independent of choice of π (because of determinant twist)

ρ is defined over F when k is paritious (square roots are safe)

Abhijit S. Mudigonda (UChicago) Computing nonparitious HMFs July 8th, 2026 21 / 31



The matrix of Tp

Weight representation

Let ρ be the representation of G , Γ ⊆ G ⊆ GL2(F ) ( ) , given by

χ⊗
n⊗

i=1

(
Symki−2 F 2 ⊗ det

k0−ki
2

)
◦ σi .

Theorem [DV13, AM26]

Pick π totally positive such that p = (π). Tp acts on Sk(N, χ) by a block
matrix, where each block is a Q-linear combination of matrices ρ(ϖ) for
ϖ ∈ G

Facts

Tp is independent of choice of π (because of determinant twist)

ρ is defined over F when k is paritious (square roots are safe)

Abhijit S. Mudigonda (UChicago) Computing nonparitious HMFs July 8th, 2026 21 / 31



Producing q-expansions from Hecke matrices (k paritious)

Corollary

The (matrix for the) operator Tp on Sk(N, χ) can be defined over F when
k is paritious.

Definition

The Hecke algebra Tnew is the F -algebra generated by the matrices of Tp

acting on Sk(N, χ)new.

When k is paritious, Tnew is a finite commutative semisimple algebra
over F

So there are field extensions Kf /F such that

Tnew ∼=
∏
f

Kf ,

where each f represents a Galois orbit ( ) of newforms
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Producing q-expansions from Hecke matrices (k paritious)

Definition

The Hecke algebra Tnew is the F -algebra generated by the matrices of Tp

acting on Sk(N, χ)new.

Tnew is a finite commutative semisimple algebra over F
So there are field extensions Kf /F such that

Tnew ∼=
∏
f

Kf ,

where each f represents a Galois orbit ( ) of newforms
We can produce the q-expansion of f by considering

T
∏

f Kf Kf

Tp ap(f )

∼
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Problem in the nonparitious setting

Weight representation

Let ρ be the representation of G , Γ ⊆ G ⊆ GL2(F ) ( ) , given by

χ⊗
n⊗

i=1

(
Symki−2 F 2 ⊗ det

k0−ki
2

)
◦ σi .

If ϖ has determinant π, the determinant factors in ρ(ϖ) introduce a
factor of

√
σi (π) when ki ̸∼= k0 (mod 2).

So the matrix for Tp on Sk(N, χ) cannot be defined over F

Doesn’t even make sense to define the Hecke algebra over any finite
extension!
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Resolution – elemental Hecke operators

Weight representation

Let ρ be the representation of G , Γ ⊆ G ⊆ GL2(F ) ( ) , given by

χ⊗
n⊗

i=1

(
Symki−2 F 2 ⊗ det

k0−ki
2

)
◦ σi .

Tp is a block matrix built out of sums of ρ(ϖ), ϖ ∈ GL2(F ), det(ϖ) = π.

Idea: If the determinant factors in ρ are causing problems, just get rid of
them!
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Resolution – elemental Hecke operators

Modified weight representation

Let ρ′ be the representation of G , Γ ⊆ G ⊆ GL2(F ) ( ) , given by

χ⊗
n⊗

i=1

(
Symki−2 F 2

)
◦ σi .

Tπ is a block matrix built out of sums of ρ′(ϖ), ϖ ∈ GL2(F ), det(ϖ) = π.

Tπ depends on the element π instead of the ideal p, so call it the
elemental Hecke operator at π.

The eigenvalue of Tπ on a normalized ( ) newform f is the Fourier
coefficient aπδ−1(f ), where δ−1 is a totally positive generator of d
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Resolution – elemental Hecke operators

Modified weight representation
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n⊗

i=1

(
Symki−2 F 2

)
◦ σi .
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Tπ depends on the element π instead of the ideal p, so call it the
elemental Hecke operator at π.

The eigenvalue of Tπ on a normalized ( ) newform f is the Fourier
coefficient aπδ−1(f ), where δ−1 is a totally positive generator of d

Abhijit S. Mudigonda (UChicago) Computing nonparitious HMFs July 8th, 2026 26 / 31



Resolution - the elemental Hecke algebra

Definition

Let the elemental Hecke algebra Telem be the F -algebra generated by
the {Tπ}.

Main content of this paper

Verify that Telem satisfies all the properties that the usual Hecke
algebra does

Replace T with Telem in the algorithm of Donnelly-Voight

Give short self-contained proofs of standard results in HMF theory
that are difficult to find in the literature.

Telem
Q

∼= TQ.

If k is paritious, Telem ∼= T
So Telem is the “better” object to work with!
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In summary

Problem: If f is nonparitious, the {Tp} are not all defined over a common
number field

The Hecke algebra is no longer a finite algebra over a field, and the
Donnelly-Voight algorithm doesn’t work

But the {Tp} aren’t that far off from being defined over a common
number field – can rescale to remove the “

√
π” factor
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The Hecke algebra is no longer a finite algebra over a field, and the
Donnelly-Voight algorithm doesn’t work

But the {Tp} aren’t that far off from being defined over a common
number field – can rescale to remove the “

√
π” factor

Solution: Define “elemental” Hecke operators {Tπ} which are rescalings
of the {Tp} that are defined over a common number field

Prove that the “elemental Hecke algebra” generated by these
operators behaves as we hope

Run the same algorithm as before
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Thank you :)
Enjoy your free afternoon!
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