Models of principally polarized abelian
varieties and isogenies

Algorithmic Number Theory Symposium (ANTS XVII)

Sabrina Kunzweiler

2 2 227
lreeia— s e
[\ Mathématiques de

\ Bordeaux




Introduction

Principally polarized abelian varieties (p.p.a.v.) in this talk:

Isogenies in this talk:



Introduction

Principally polarized abelian varieties (p.p.a.v.) in this talk:

« dimension 1: Elliptic curves C<

Isogenies in this talk:



Introduction

Principally polarized abelian varieties (p.p.a.v.) in this talk:

« dimension 1: Elliptic curves C<
+ dimension 2: Products of elliptic
curves, Jacobians of genus-2 curves

Isogenies in this talk:



Introduction

Principally polarized abelian varieties (p.p.a.v.) in this talk:

+ dimension 1: Elliptic curves

+ dimension 2: Products of elliptic @
curves, Jacobians of genus-2 curves

Isogenies in this talk:

+ dimension 1: 2-isogenies and
3-isogenies _f)



Introduction

Principally polarized abelian varieties (p.p.a.v.) in this talk:

+ dimension 1: Elliptic curves

+ dimension 2: Products of elliptic @
curves, Jacobians of genus-2 curves

Isogenies in this talk:

+ dimension 1: 2-isogenies and

3-isogenies _f)
« dimension 2: (2,2)-isogenies and

(3,3)-isogenies



Introduction

Principally polarized abelian varieties (p.p.a.v.) in this talk:

+ dimension 1: Elliptic curves

+ dimension 2: Products of elliptic @
curves, Jacobians of genus-2 curves

Isogenies in this talk:

+ dimension 1: 2-isogenies and

3-isogenies _f)
« dimension 2: (2,2)-isogenies and

(3,3)-isogenies

Key idea: Work on models with symmetries to obtain easy formulas. 1
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Main motivation: Isogeny-based cryptography

Isogeny-based cryptography

+ Candidate for post-quantum
cryptography

- Hardness assumption: Given two
isogenous (superspecial) p.p.a.v. A,
B over some finite field F, it is hard
to find an isogeny f : A — B.

+ parameter sizes (exemplary): \
p, deg(f) ~ 226 (startup: Alice & Bob)

Computing an isogeny of degree N

+ General algorithms: Quasi-linear in N
- Composition of small degree isogenies: faster
e.g. O(log Nloglog N) when N = ¢" for some small ¢

this talk: building blocks for such isogeny chains
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Kummer line

Elliptic curve: E: y?2 = (X — ry)(X — o) (X — r3).
Projection to the Kummer line: 7 : E — K = E/(+1) =2 P", (X,y) > X
Reminiscents of the group structure
v Scalar multiplication:
m([N](£P)) = m(£[N]P)

v/ Isogenies
O X Addition
(P)+m(Q) < {W(P_Q)

v/ Addition by 2-torsion points:
well defined since
m(P+ Q) ==(P— Q) for Qe E[2]

rh rar o0 given by linear transformations
branch points=m(E[2]) since Kummer coordinates X,z
are a basis for L(20).
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Normalizing the action of 2-torsion points

Setting: Legendre form E : y2 = x(x — 1)(x — \),
Kummermap 7 : E — K=E/(£1) 2P (X,y) — X.

Translation by 2-torsion points o A
E[2] = (P, = (0,0),Q: = (1,0)) = = ( 0>
For 7(P) = (x: z) € K:
7P+ Py) = (A2 : X), T = (1 —A>
TP+ Q)=X—-A2:x—2) ' T

~ action of (Tp,, To,) = Z/27 x 7./27 on K = P".

Normalizing the action:
Find change of coordinates (X : Z2) = (ax + 8z : yx + 6z) so that

o 1 1 0
Ts = and T =

Then (X : Z) = (0, : 6,) are level-2 theta coordinates for E.
(see Mumford’s “Equations Defining Abelian Varieties”)
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Setting (E, O) with E[2] = (P;, Q);

. 0 1 1 0
and Kummer coordinates (6, : 6,) Tp, = ( >, T, = (o _1>
with normalized action by P;, Q.
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Properties of level-2 theta model (dimension 1)

Setting (E, O) with E[2] = (P;, Q);

. 0 1 1 0
and Kummer coordinates (6, : 6,) Tp, = (1 o>' T, = (o _1>
with normalized action by P;, Q.

« The point (a : b) := (65(O) : 6,(0)) is called the theta null point.

« Non-trivial 2-torsion points:
* (06(P1) : 64(P1)) =Tp,0(a:b)=(b:a)
* (00(Q1) : 64(Q)) =Tg,0(a:b)=(—a:Db)
* (0o(P1+ Q1) : 0:(P1+Qy)) =(Tp, - Tq,)o(a:b)=(-b:aq)
« Special 4-torsion points: E[4] = (P}, Q})
* [2]- Py =Py — (6o(P) : 64(P})) = (1:1) 0or(—1:1)
* [2]- Q1 = Qi — (6(Q@)) : 6:(Q})) = (0:1) or (1:0)

(—a: b) | b a0 | 00 | (a: b)
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2-isogenies of Kummer lines

An isogeny is a nonzero morphism of
elliptic curves f : E — E" with
f(O)=0'.

A 2-isogeny is an isogeny of degree 2
2-isogeny with kernel G = Z/27.

= induces a rational map of the Kummer lines f : K — K’

Illustration (level-2 theta-model) (—a:b) (-bia) (b:a) (@:b)
f : K — K’ with kernel - —
G=(P) =" ((~a: b))

* f((a: b)) =f((—a:b))

=:(a’:b")
* f((b:a))=f((-b:a)) —° o
c {(701 - b,),(b/ o G’),(*b, c Cl/)}. (—a’ : b')(—b:a) (b:a) (a’ :b)

*abuse of notation for points on the Kummer



Explicit formulas for a 2-isogeny in the level-2 theta model

Setup: 0 : E — P elliptic curve with level-2 theta structure.
f: E— E' a2-isogeny with ker(f) = (Q,) = ((—a : b)).
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Squaring
H
Hadamard
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Scaling
H
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Explicit formulas for a 2-isogeny in the level-2 theta model

Setup: 0 : E — P elliptic curve with level-2 theta structure.

f: E— E' a2-isogeny with ker(f) = (Q,) = ((—a : b)).

(b:a)

(a:b)

m (o x2) Step 1: S (squaring)
(—a:b) (=b:a)
S Yo —0
Squaring Vi

H
Hadamard

C(ﬁ, b)
Scaling

H
Hadamard

i

&
x

:
:
' o
'
'

(@2 : b?)




Explicit formulas for a 2-isogeny in the level-2 theta model

Setup: 0 : E — P elliptic curve with level-2 theta structure.
f: E— E' a2-isogeny with ker(f) = (Q,) = ((—a : b)).

(o x2) Step 1: S (squaring)
* (—a:b{—xo :X1)—b:a) (b:a) (xo:X) (a:b)
S Yo = X3 O
Squaring Vi =%
H
Hadamard
‘l’ (b2 : a?) (,% :Xf)(az - b?)
C(a/ by
Scaling
¥ = S(X+Q,) =8(X) forall X = (xo : Xq).
A S is an “isogeny” with ker(S) = (Q,)
Hadamard
(%o : x7)




Explicit formulas for a 2-isogeny in the level-2 theta model

Setup: 0 : E — P elliptic curve with level-2 theta structure.
f: E— E' a2-isogeny with ker(f) = (Q,) = ((—a : b)).

o) Step 1: S (squaring)
* (—a:b{—xg : Xq)—b : a) (b:a) (x0,;x1) (a:b)
S Yo = X5
V=X N
H
SC@’I,E’) (b2 : a?) (3 x3)(a® : b?)
il ' = S(X+ Q) =S(X) forall X = (Xo : Xs).
H S is an “isogeny” with ker(S) = (Q,)
A ' = (X +P)= (2 1)S(X) forallX
6 x) Action of S(P,) is normalized.
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Explicit formulas for a 2-isogeny in the level-2 theta model

Setup: 0 : E — P elliptic curve with level-2 theta structure.
f: E— E' a2-isogeny with ker(f) = (Q,) = ((—a : b)).

S
Squaring
H
Hadamard

C(ﬁ, b)
Scaling
H
Hadamard

(%6 : x1)

Steps 2-4: Linear transformation M to
normalize 2-torsion action:

+ §(P,) is in normal form, hence
(" ;) -M:iM-(‘j )

1 o}




Explicit formulas for a 2-isogeny in the level-2 theta model

Setup: 0 : E — P elliptic curve with level-2 theta structure.
f: E— E' a2-isogeny with ker(f) = (Q,) = ((—a : b)).

S
Squaring
H
Hadamard

C(ﬁ, b)
Scaling
H
Hadamard

(Xo = X1)

¥

Yo = X
=X

\

20 =Yo+ty1
Z1=Yo— Y1

\

Wo = 20/
wr = z,/b’

\/

X = Wo + Wq

Xy =Wo — Wq

Steps 2-4: Linear transformation M to

normalize 2-torsion action:
+ §(P,) is in normal form, hence
(0 o) m==m-(5 ).

="M= (“ ‘*) for some a, 3

= 2) (e ) (6o

i.e. M=%Ho C(a-',—ﬁ:a—ﬁ) oH

J

9We avoid a sign ambiguity by setting M(1: 1) = (1:1).



Explicit formulas for a 2-isogeny in the level-2 theta model

Setup: 0 : E — P elliptic curve with level-2 theta structure.
f: E— E' a2-isogeny with ker(f) = (Q,) = ((—a : b)).

o(P) . .
- Steps 2-4: Linear transformation M to
S

- yofxg normalize 2-torsion action:
Squarng y’iﬁ + §(P,) is in normal form, hence
(" ;)-M:iM~(? )

H 2o =Yo+Y1 1 o
Hadamard Z=Yo— ¥

(Xo = X1)

) ="M= (‘; i) for some «, 3
Cary Wo = Zo0/@’
=2 (2 ) ()
\ i.le. M=HoC v 3) O
o P HoClatpa—p oM
Hadamard X = wWo — Wi
i « How to find the scalars «, 5?




Explicit formulas for a 2-isogeny in the level-2 theta model

Setup: 0 : E — P elliptic curve with level-2 theta structure.
f: E— E' a2-isogeny with ker(f) = (Q,) = ((—a : b)).

S
Squaring
H
Hadamard

C(ﬁ, )
Scaling
H
Hadamard

(Xo = X1)

¥

Yo = X
=X

\

20 =Yo+ty1
Z1=Yo— Y1

\

Wo = 20/
wr = z,/b’

\/

X = Wo + Wq

Xy =Wo — Wq

Computing o, 3:

(=a’ b)) (=0 ia) (b al) (@ 5b)

8
a




Explicit formulas for a 2-isogeny in the level-2 theta model

Setup: 0 : E — P elliptic curve with level-2 theta structure.
f: E— E' a2-isogeny with ker(f) = (Q,) = ((—a : b)).

(o - %2 Computing o, 3:
¥ « Approach 1: Normalize image of 4-
Yo =% torsion — sqrt computation !
quaring Vo= X

H 2o =Yo+Y1
Hadamard Z1=Yo =)
¢ (0:1) (b2 : a?) (@®:b6%)  (1:0)
Carbry Wo = 20/T@’
Scaling wy =2z,/b’
(o B
v b= 2)
H Xb = Wo + Wq
Hadamard X; = Wo — Wi




Explicit formulas for a 2-isogeny in the level-2 theta model

Setup: 0 : E — P elliptic curve with level-2 theta structure.
f: E— E' a2-isogeny with ker(f) = (Q,) = ((—a : b)).

S
Squaring
H
Hadamard

C(ﬁ, b)
Scaling
H
Hadamard

(Xo = X1)

¥

Yo = X
=X

\

20 =Yo+ty1
Z1=Yo— Y1

\

Wo = 20/
wr = z,/b’

\/

X = Wo + Wq

Xy =Wo — Wq

Computing o, 3:
« Approach 1: Normalize image of 4-
torsion — sqrt computation !

« Approach 2: Use 8-torsion point S =
(sq:5,) — no sqrts

(50 :51) (0:1) (b7 : %) (> :6%)  (1:0)
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Relation of the scalars (« : 3) with the codomain theta null point
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* Note: (o« —B:a+B) = (S5 +55:55 —53)
theta null point of the codomain.
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Remarks on the 2-isogeny formula

Relation of the scalars (« : 3) with the codomain theta null point
(a’ : b’) and the 8-torsion point S = (s, : s)

* (a:B)=(s5:—s7)=(a":—-b')
* Note: (o« —B:a+B) = (S5 +55:55 —53)
theta null point of the codomain.

(@ : b') is the dual

Two kinds of formulas for the isogeny f : E — E' = E/(Q,)
« Isogeny evaluation in 2S + 2M (given S with 4 - S = Q,)

s H Carr H > "
[ o(P) { Squaring {Hadamard { Sc(alibn)g {Hadamard o) }

= Computation of 2"-isogenies with given kernel
- Radical isogeny formula (a : b) — (a’ : b’) in 1Sqrt + 1M + 2S

=
S H H
b > > > . -
{ @ {Squaring {Hadamard

= Exploration of isogeny graphs




Kummer varieties and
2-isogenies (char(k) # 2)

Generalizing to higher dimension
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Jacobians of genus-2 curves and 2-torsion

Genus-2 curve in Rosenhain form C : y? = x(x —1)(x — \)(x — u)(x — v)

O O Weierstrass points:
(0,0),(1,0),()\,0)

(1,0), (v,0), 0

o 1 A I v 00

« The Jacobian of C, Jac(C), is a principally polarized abelian
variety of dimension 2.
— Elements P € Jac(C): P=[T +S —20c] withT,S e C

2-Torsion points on Jac(C) < pairs of Weierstrass points
Jac(C)[2] = (Z/27Z)*, concretely: Jac(C)[2] = (P, P2, Qq,Q,):

*« P, =[(0,0) — ], P,=1[(1,0)+ () 0)— 2]
* Q= [(1,0) —o¢], Q,=1][(1,0)+ (r,0) — 20¢]

= symplectic w.r.t. the Weil pairing
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2-torsion on the (Cassels-Flynn) Kummer surface

K = Jac(C)/{#+1) is called the Kummer surface

24

« Defining Equation K C P3 (Cassels-Flynn

'96): (X2 — 4XoXo X3 =
2F~|(X0,X1,X2)X3 - FO(X07X15X2)

- Quotient map: 7 : Jac(C) — K

[(x7,¥71) + (Xs,Ys) — 200]
— (1: X7+ Xs : X1Xs : ¥), where

Y = (fo(xr,Xs) — 2y1ys)/(Xr — Ss)?

10



2-torsion on the (Cassels-Flynn) Kummer surface

K = Jac(C)/{#+1) is called the Kummer surface

« Defining Equation K C P3 (Cassels-Flynn
'96): (X2 — 4XoXz X3 =
2F;(Xo, X1, X2)X3 — Fo(Xo, X1, X2)
- Quotient map: 7 : Jac(C) — K
[(x7,y1) + (Xs,Ys) — 200]
— (1: X7+ Xs : X1Xs : ¥), where
Y = (fo(xr,Xs) — 2yrys)/(Xr — Ss)?

Image of the 2-torsion points (branch points of Jac(C) — K):
m(P;) =(0:1:0:0),

24

T(Py) =(1:14+ X A uA+v)),
m(Q1) =(0: —=1: —p: —p?),
Q) =(:v+1:v:puv+ )
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2-torsion on the (Cassels-Flynn) Kummer surface

K = Jac(C)/{#+1) is called the Kummer surface

« Defining Equation K C P3 (Cassels-Flynn
'96): (X2 — 4XoXz X3 =
2F(Xo, X1, X2)X3 — Fo(Xo, X1, X2)

- Quotient map: 7 : Jac(C) — K
[(Xr,yr) + (Xs,¥s) — 200]
— (1: X7+ Xs : X1Xs : ¥), where
y = (fo(xr, Xs) — 2y1ys)/(xr — ss)?
Image of the 2-torsion points (branch points of Jac(C) — K):
m(P;)=(0:1:0:0),
T(Py) =(1:14+ X A uA+v)),

24

o o 1 0
m(Q1) =(0: —=1: —p: —p?), o 0 o
Q) =(:v+1:v:uv+ ) P7lwx o o o
Addition is given by linear o wA 0 O

transformations Tp,, Tg,.
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2-torsion on the (Cassels-Flynn) Kummer surface

K = Jac(C)/{#+1) is called the Kummer surface

« Defining Equation K C P3 (Cassels-Flynn
'96): (X2 — 4XoXz X3 =
2F;(Xo, X1, X2)X3 — Fo(Xo, X1, X2)
- Quotient map: 7 : Jac(C) — K
[(x7,y1) + (Xs,Ys) — 200]
— (1: X7+ Xs : X1Xs : ¥), where
Y = (fo(xr,Xs) — 2yrys)/(Xr — Ss)?

Image of the 2-torsion points (branch points of Jac(C) — K):
m(P;) =(0:1:0:0),

24

T(Py) =(1:14+ X A uA+v)), At ) N B =) N
_ * Ap + v " A
m(Q) =(0: —1: —p: —p?), T, =| i) S e )
* HYA(X +1) * Ap + v)
Q) =(:v+1:v:puv+ )

Addition is given by linear

(% = longer expression)
transformations Tp,, Tg,.
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The level-2 theta model (dimension 2)

Normalizing the action by 2-torsion points (as in Mumford '66)

o0 o0 =
- 0o0o0
o-0o0
SN——
o

N
—
- 00 o0
o0 o0 =

© 0 o0 =
oo o
o -0 o0
Lo o
N—

~

IS

§

1"



The level-2 theta model (dimension 2)

Normalizing the action by 2-torsion points (as in Mumford '66)

T 5 o a o WlthO (a:b:c:d):
Tfa—(é o o ) Tﬁ2—<? o o > =(b:a:d:c)
o o 1 o o 1 o o (C d:a:b)
1.0 0 O 10 0o o
7. — |0 1o T o1 0o o :(a —b:C:—d)
Qo o 1 o' @ o o -1 ol
0 o o0 -1 o 0o o —1 :(a:b:fc:—d)

1"



The level-2 theta model (dimension 2)

Normalizing the action by 2-torsion points (as in Mumford '66)

T 5 o a o WithO=(a:b:c:d):
Tﬁ—(& 5 o f): T@—(? o> ¢ é): «P,=(b:a:d:c)

o o 1 o o 1 o o .ﬁzz(c:d:a:b)

1.0 0 O 1.0 o0 -
7. — |0 -1 © 7. — |0 1 o o 'Q1=(a:—b:c:—d)
@ " lo o 1 ol @ oo -1 o0

0 0 0 -1 0o o o -1 'QzI(GZbZ—CZ—d)

Defining equation (Gaudry '05)

for some constants E, F, G, H:

X$ 4+ Xt + X3 + X5 — EXoXiXoX3 — F(X3X3 +
X3X3) —G(X3X3+X3X3) —H(X3X3 +X3%3) = O
Xo, X1, X2, X3 are level-2 theta coordinates.
Notation: 6 : K — P3,

1"



(2,2)-isogenies of Kummer surfaces

An isogeny of principally polarized abelian varieties A, B is a
surjective homomorphism f : A — B with finite kernel.

In dimension 2: A (2,2)-isogeny is an isogeny f : A — B with kernel
ker(f) = Z/27 x Z/27Z. The kernel is isotropic w.r.t. the Weil pairing
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+ Example: Let (P;, P,,Q,,Q,) be a symplectic basis for A[2], then
Ky = (P;,P,) and K, = (Q,, Q) are isotropic (2,2)-groups.
— in total: 15 isotropic (2, 2)-groups
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(2,2)-isogenies of Kummer surfaces

An isogeny of principally polarized abelian varieties A, B is a
surjective homomorphism f : A — B with finite kernel.

In dimension 2: A (2,2)-isogeny is an isogeny f : A — B with kernel
ker(f) = Z/27 x Z/27Z. The kernel is isotropic w.r.t. the Weil pairing

+ Example: Let (P;, P,,Q,,Q,) be a symplectic basis for A[2], then
Ky = (P;,P,) and K, = (Q,, Q) are isotropic (2,2)-groups.
— in total: 15 isotropic (2, 2)-groups

* Induced rational map of Kummer surfaces: f : Kx — K.

(2,2)-isogeny formula: ker(f) = ((a: —b:c:—d),(a:b:—c:—d))

> & > H > Carbrzrar > H > /
[ o(P) Squaring [Hadamard [ (chling) [Hadamard [ ) ]

Proof: very similar to the dimension-1 case.

12



Non-generic isogenies require special treatment

Product of elliptic curves E x E’: The level-2 theta coordinates
define an embedding 6 : E/(+1) x E'(+1) < P3.

W
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Non-generic isogenies require special treatment

Product of elliptic curves E x E’: The level-2 theta coordinates
define an embedding 6 : E/(+1) x E'(+1) < P3.

! This is less information than (E x E")/(+1).
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Non-generic isogenies require special treatment

Product of elliptic curves E x E’: The level-2 theta coordinates
define an embedding 6 : E/(+1) x E'(+1) < P3.

! This is less information than (E x E")/(+1).
— Gluing isogeny f : E x E' — Jac(C) does not descend to a
rational map E/(+1) x E(+1) /4 Jac(C)/(+1)

& -

T

6—0

13



General (2, ... ,2)-formulas

Consider A irreducible p.p.a.v. with dim(A) = g, and the embedding

0:A/(£1) — PP
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Consider A irreducible p.p.a.v. with dim(A) = g, and the embedding

0:A/(£1) — PP

Let 9(04) = (ao : -~ : 29 4) be the theta null point, then
Ky={((ao:—as:...0 —0x0_1), ..., (Ao i vev i Apg—1_7 1 —Qe—1 1 ...t —0a0_q))
is an isotropic (2 : ... : 2)-group = (Z/27)9.
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General (2, ... ,2)-formulas

Consider A irreducible p.p.a.v. with dim(A) = g, and the embedding

0:A/(£1) — PP

Let 9(04) = (ao : -~ : 29 4) be the theta null point, then
Ky={((ao:—as:...0 —0x0_1), ..., (Ao i vev i Apg—1_7 1 —Qe—1 1 ...t —0a0_q))
is an isotropic (2 : ... : 2)-group = (Z/27)9.

Robert '23 (Renes-Smith 17 for g = 2):
The isogeny f : A — B with kernel K, is described by

S H Car H N /
[ () {Squaring [Hadamard [ Scaling [Hadamard [ auel ]

Analysis and implementation (including irreducible cases)

* (2", ...,2M")-isogenies: dimension 1 (Robert-Sarkis "24),
dimension 2 (DMPR "24, Duparc '25), dimension 4 (Dartois '25)

« radical (2, ..., 2)-isogenies: dimensions 1-3 (KMMPPRST '24) "



(3, ..., 3)-isogenies (chark) > 3)

Elliptic curves in Hesse form



Action of 3-torsion points on elliptic curves

[ We now consider an embedding (E, O) — P> = Proj R[x, y, Z] ]

The coordinate functions x, y, z are a basis for L(30).
= 3-torsion points act by linear transformations of P2
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Action of 3-torsion points on elliptic curves

[ We now consider an embedding (E, O) — P> = Proj R[x, y, Z] ]

The coordinate functions x, y, z are a basis for L(30).
= 3-torsion points act by linear transformations of P2

Example: E : y?2z = x3 + 1623
— E[3] = (P,Q) with P = (0 : 4 : 1), /

Q=(—4:4a:1),and o? = -3 /_

P = (0,4) € E[3]
tangentatP:y = 4
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Action of 3-torsion points on elliptic curves

[ We now consider an embedding (E, O) — P> = Proj R[x, y, Z] ]

The coordinate functions x, y, z are a basis for L(30).
= 3-torsion points act by linear transformations of P2

Example: E : y?z = x3 + 1623

—>E[3]:

=(—4:4a:1),and o? =

— P+(X:y:z):Tp(x:y:z)
Q+(x:y:2)=To(x:y:2)
with

-8 o o o 4
Tp=|o0o 4 -u8|,Tg=1|-24 4o
o 1 4 —2x 1

(P,Q)withP=(0:4:1), /
3 /_

160
“f) P = (0,4) € E[3]
tangentatP:y = 4

15



Normalizing the action of 3-torsion points

There is a change of coordinates (X : ¥ : z) = M(x : y : z), so that

N

o

o
o
2

), withw? +w+1=0.

o O -
o €

w



Normalizing the action of 3-torsion points

There is a change of coordinates (X : ¥ : z) = M(x : y : z), so that

-

Then (X: ¥ :2) = (0o : 6, : 0,) are level-3 theta coordinates for E and

o

o
o
2

), withw? +w+1=0.

o O -
o €

w

Eq: X3+ 93+ 23 =3dXyzZ

is an equation in Hesse form.




Normalizing the action of 3-torsion points

There is a change of coordinates (X : ¥ : z) = M(x : y : z), so that

o 1 O 1 0 O
=10 o 1|, lz=|0 w o], with w? +w +1=o0.
1 0 O 0O 0 w?

Then (X: ¥ :2) = (0o : 6, : 0,) are level-3 theta coordinates for E and
Eq: X3+ 93+ 23 =3dXyzZ

is an equation in Hesse form.

The 3-torsion \ ' 0

6(0) = (0: —1:1) TN
6(P) = (—1: 0 1) \
0(Q) = (0 : —w? : 1) )

X3+y3+2 = 6Xyz




Finding a 3-isogeny formula

Goal: Compute the 3-isogeny of elliptic curves in Hesse form
f:Eq — E4 (d # o) with kernel
ker(f) =(Q) ={(0:=1:1),(0: —w?:1),(0: —w : 1)}.
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Coordinate-wise cubing Linear transformation M
@3 (xiy:z) = (3 :y3: 2) M:(x:y:2)—M-(x:y:2)
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Finding a 3-isogeny formula

Goal: Compute the 3-isogeny of elliptic curves in Hesse form
f:Eq — E4 (d # o) with kernel
ker(f) =(Q) ={(0:=1:1),(0: —w?:1),(0: —w : 1)}.

= Idea: Coordinate-wise cubing + a linear transformation.

Coordinate-wise cubing Linear transformation M
@3 (xiy:z) = (3 :y3: 2) M:(x:y:2)—M-(x:y:2)
o (X:y:2)+Q=(x:wy:w?2)
— O3 ((x:y:2)+Q)
=0%(x:y:2)
— @3 is an isogeny with kernel (Q)
e Tpo@3(x:y:2)
=@3oTp(x:y:2))

— ®3(P) is in normal form.




Finding a 3-isogeny formula

Goal: Compute the 3-isogeny of elliptic curves in Hesse form

f:Eq — E4 (d # o) with kernel

ker(f)=(Q) ={(0: -1:1),(0: —w?:1),(0: —w : 1)}.

= Idea: Coordinate-wise cubing + a linear transformation.

Coordinate-wise cubing
@3 (x:y:z)— (3 :y3:B3)
o (X:y:2)+Q=(x:wy:w?2)
= @3((x:y:2)+Q)
=03 ((x:y:2)
— @3 is an isogeny with kernel (Q)
e Tpo@3(x:y:2)
=3 oTp(x:y:2))

— ®3(P) is in normal form.

Linear transformation M

M:(x:y:2)—»M-(x:y:2)

e Condition 1: Tp - M = wiM - Tp for
somei € {0,1,2}

a B
= M=]uwy wa B
wz'ﬂ w2i'y w2ia




Finding a 3-isogeny formula

Goal: Compute the 3-isogeny of elliptic curves in Hesse form

f:Eq — E4 (d # o) with kernel

ker(f)=(Q) ={(0: -1:1),(0: —w?:1),(0: —w : 1)}.

= Idea: Coordinate-wise cubing + a linear transformation.

Coordinate-wise cubing
@3 (x:y:z)— (3 :y3:B3)
o (X:y:2)+Q=(x:wy:w?2)
= @3((x:y:2)+Q)
=03 ((x:y:2)
— @3 is an isogeny with kernel (Q)
e Tpo@3(x:y:2)
=3 oTp(x:y:2))

— ®3(P) is in normal form.

\.

Linear transformation M

M:(x:y:2)—»M-(x:y:2)

e Condition 1: Tp - M = wiM - Tp for
somei € {0,1,2}

a B
= M=]uwy wa B
wz'ﬂ w2i'y w2ia

e Condition 2: MX = X for X € (P)

= i=oand B =7~




The 3-isogeny formula (with kernel (Q))

Result of previous slide: o B B
f:Eq— Eis given by Mo ®3 with M = (6 @ ,B) for some a, f5.
B B «a



The 3-isogeny formula (with kernel (Q))

Result of previous slide: o B B
f:Eq— Eis given by Mo ®3 with M = (6 @ ,B) for some a, f5.
B B «
Decomposition:
1 1 1 a+20 0o 0o 1 1 1
M= |1 w | - o) a—pB o) 1 W w
1 w? w o o a—p 1 w  w?
N——— ——

Fourier transform F F



The 3-isogeny formula (with kernel (Q))

Result of previous slide: o B
f:Eq— Eis given by Mo ®3 with M = (6 o )forsomeaﬂ
B B «
Decomposition:
1 1 1 a+23 ] o 1 1 1
M= |1 w | - o) a—pB o) 1 w? w
1 w? w o o a—p 1 w  w?
N——— ——
Fourier transform F Vo

3-isogeny formula (Decru-K. '25)
N o P o I B0 I D
Cubing Fourier Scaling Fourier

Computing o, 3 (using a 9-torsion point: Q' = (Xo : Yo : Zo) With 3- Q' = Q)

P Mo Q)= (0:—?:1) = (a:f)=(B+2: )




(3, ..., 3)-isogenies (chark) > 3)

Abelian surfaces in Hesse form



Level-3 model of a principally polarized abelian surface (A, £,)

[ L3 induces an embedding A — P#, ]

19



Level-3 model of a principally polarized abelian surface (A, £,)

[ L3 induces an embedding A — P#, ]

For 0 : A — P® : normalized action of 3-torsion basis (P,, P,, Q;, Q,)
P,, P,: permutations o;: Q,, Q,: coordinate-wise scaling by sq;:
o1 =(012)(345)(678), S, =(TTw:w?  1:w:w? 1:w:w?),
o, =(036)(147)(258) S, =111 w:iw:w:w?:w?:w?)

2
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Level-3 model of a principally polarized abelian surface (A, £,)

[ L3 induces an embedding A — P#, ]

For 0 : A — P® : normalized action of 3-torsion basis (P,, P,, Q;, Q,)

P,, P,: permutations o;: Q,, Q,: coordinate-wise scaling by sq;:
o1 =(012)(345)(678), S, =(TTw:w?  1:w:w? 1:w:w?),
o, =(036)(147)(258) S, =111 w:iw:w:w?:w?:w?)

s '

Gunji'06 (+ Coble 1917, Barth’gs, Birkenhake-Lange '90):
Ad,h = G(A) = V(F1, vees F[’, Go, ..., Gg) c P8 with

Fr=dy 8 X3 —3do (XoXeXa +X3X, X5 +Xg X7 Xg), Go = hoX2 + hiXaXa + haX3Xg + h3X,Xg + hyXsXy,
j=o0%; 0 = hoXg + hiX1Xz + haX3Xg + h3X,Xg + hyXs5X7

F =dy Z/'B:o Xi3 —3do (XoX3Xg +X1 X4 X7 +XaX5Xg),

F3 =d3 2}8:0 Xf —3do (XoXyXg +X1X5Xg +X2X3X7),

— 2
Fu—dy Ef}:o st — 300 (XoXsXy +XaX3Xg +Xa X Xe), Gg = hoX3 + h1XgXy + haXaXs + h3XoXy, + hyXaX3.

forsomed=(do:---:d,),h=(ho:---:h,) eP~

19



Excursion: the Burkhardt quartic

Burkhardt quartic B C P“:
F(Xo, X1, X2, X3, X4) = Xo(X3 + X3 + X3 + X3 + X7) + 3X1XoX3X, = O

20
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» B is birational to the moduli space of p.p.a.s. with level-3
structure (van der Geer '87)
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Excursion: the Burkhardt quartic

Burkhardt quartic B C P“:
F(Xo, X1, X2, X3, X4) = Xo(X3 + X3 + X3 + X3 + X7) + 3X1XoX3X, = O

Hessian of the Burkhardt
quartic H(B) C P

_ OF _
H(F) = 35 det (525 ) = 0

» B is birational to the moduli space of p.p.a.s. with level-3
structure (van der Geer '87)

« h € B\ H(B) ~ (J(C),J(C)[3]) (Bruin-Nasserden "18).

20



Excursion: the Burkhardt quartic

Burkhardt quartic B C P“:
F(Xo, X1, X2, X3, X4) = Xo(X3 + X3 + X3 + X3 + X7) + 3X1XoX3X, = O

Hessian of the Burkhardt Dual of the Burkhardt
quartic H(B) C P‘" quartic B c P« F =
H(F) = 35 det (525 ) = 0 where F(VF) = o (mod F).

» B is birational to the moduli space of p.p.a.s. with level-3
structure (van der Geer '87)

« h € B\ H(B) ~ (J(C),J(C)[3]) (Bruin-Nasserden "18).

- Normalization of B is the Satake compactification of the moduli
space (Freitag-Manni 'o4)

20



Relation of A, ;, with the Burkhardt quartic

Coefficient vectors: h € B,d € Band doho +...d,h, =0
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Relation of A, ;, with the Burkhardt quartic

Coefficient vectors: h € B,d € Band doho +...d,h, =0

A = Jac(C)

« 6(A) = V(Go, ...Gg): A is
defined by the quadrics
— h € Buniquely defines A
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Relation of A, ;, with the Burkhardt quartic
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A = Jac(C) A=ExF @

* 6(A) = V(Go, ...Gg): A is * 0(A) S V(Go, ..., Gg): the

defined by the quadrics quadrics only Qeﬁne the
] Segre embedding
— h € B uniquely defines A L P2 x P? s P8

— h € Bis a singularity
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Relation of A, ;, with the Burkhardt quartic

Coefficient vectors: h € B,d € Band doho +...d,h, =0

A = Jac(C) A=ExF §j

* 6(A) = V(Go, ...Gg): A is " 0(A) & V(Go, .., Ga): the

. quadrics only define the
fi h
defined by the quadrics S s

L P2 x P2 — P8

— h € Bis a singularity

— h € Buniquely defines A

The neutral element

« Even theta structure: 0p = (to 1t : ty ity ity t, i ty 1 5 : t3) for
some (to : 2ty : 2t, : 2t5 : 2t,) € H(B)
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Relation of A, ;, with the Burkhardt quartic

Coefficient vectors: h € B,d € Band doho +...d,h, =0

A = Jac(C) A=ExF §j

* 6(A) = V(Go, ...Gg): A is " 0(A) & V(Go, .., Ga): the

. quadrics only define the
fi h
defined by the quadrics S s

— h € Buniquely defines A L P2 x P? s P8

— h € Bis a singularity

The neutral element

« Even theta structure: 0p = (to 1t : ty ity ity t, i ty 1 5 : t3) for
some (to : 2t; : 2t, : 2t5 : 2t,) € H(B)
+ 0dd theta structure:
0p=(0:5:—51:5,:55:5,:—S,: —S, : —S3), for some
(So :S81:5,:53) € P3
21



(3, 3)-Isogeny formula (Decru-K. '26)

Let Aq , be a p.p. abelian surface in Hesse form, and (P,, P,,Q,,Q,)
the canonical symplectic basis of A4 4[3]. Then the (3,3)-isogeny
f B Ad’h — Ad',h' = Ad,h/<Q17 Qz> iSZ

o F Clromenainy) F }
[ ) ]_)‘ Cubing }_)[ Fourier ]_)[ Scaling ]_)[ Fourier ]_)[ 0'(f(P)) ]

We assume that 3 { Aut(Ag p).
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the canonical symplectic basis of A4 4[3]. Then the (3,3)-isogeny
f B Ad’h — Ad',h' = Ad,h/<Q17 Qz> iSZ

o? F Clrornnning) F !
[ ) ]_)‘ Cubing }_)[ Fourier ]_)[ Scaling ]_)[ FenTitr ]_)[ 0'(f(P)) ]

« Scaling vector A = (Ao : - -+ : \,) is computed using 9-torsion
points Q;, Q,.

We assume that 3 { Aut(Ay p).

22



(3, 3)-Isogeny formula (Decru-K. '26)

Let Aq , be a p.p. abelian surface in Hesse form, and (P,, P,,Q,,Q,)
the canonical symplectic basis of A4 4[3]. Then the (3,3)-isogeny
f B Ad’h — Ad',h' = Ad,h/<Q17 Qz> iSZ

o? F Clrornnning) F !
[ ) ]_)‘ Cubing }_)[ Fourier ]_)[ Scaling ]_)[ FenTitr ]_)[ 0'(f(P)) ]

« Scaling vector A = (Ao : - -+ : \,) is computed using 9-torsion
points Q;, Q,.

« Description is also valid for non-generic isogenies:
f:ExE —Jac(C)orf :Jjac(C) — E x E

We assume that 3 { Aut(Ay p).
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Computing arbitrary (3, 3)-isogenies

Goal: Given (S;,S;) C Ag s[3], compute Ag, — Agn/(51,S2)
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— Find a linear transformation M : P& — P8 with:
* M(Agn) = Ag p forsome d’, b’
« M({S5,,S,)) = (Q},Q,) ("in canonical position”)
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Computing arbitrary (3, 3)-isogenies

Goal: Given (S;,S;) C Ag p[3], compute Agp, — Agn/(S1,S2)

— Find a linear transformation M : P& — P8 with:
* M(Agn) = Ag p forsome d’, b’
« M({S5,,S,)) = (Q},Q,) ("in canonical position”)

— M is a symplectic transformation

« In correspondence with automorphisms of the Burkhardt

-1 =1 =1 2

-1 -1 2 M; = diag(1,1, w,w,w).
« Easy to compute the correct M

quartic B
« Aut(B) = (Mo, My, My, M5) with
T2 2 2 o M, = diag(1,w,1,w,w)
Mo = 5 PR M, = diag(1,1,1,w?, w)
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SageMath package: level-3-arithmetic

Implementation SOCE
https://github.com/sabrinakunzweiler/level-3-arithmetic

« Elliptic curves and abelian surfaces in Hesse form
« Functionality to compute 3"- and (3", 3")-isogenies
« Kummer surfaces



https://github.com/sabrinakunzweiler/level-3-arithmetic

SageMath package: level-3-arithmetic

Implementation SOCE
https://github.com/sabrinakunzweiler/level-3-arithmetic

« Elliptic curves and abelian surfaces in Hesse form
« Functionality to compute 3"- and (3", 3")-isogenies
« Kummer surfaces

Work in progress
(with J. Eriksen, M. Houben, K.
Rijnders)

- Addition formulas
* (2,2)-isogenies
* pairings



https://github.com/sabrinakunzweiler/level-3-arithmetic

Conclusion




Main takeaway

- Computing (4, ..., ¢)-isogenies in level-¢ seems easy
(shown for g = 1,2 and ¢ = 2,3).
 General pattern

E)Z
[ 0:(P) £-th power }_)[ Founer [ Scalmg Fourler U J

(Decomposition of (¢, ..., ¢)-isogeny in the level-/ theta model)
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Main takeaway

- Computing (4, ..., ¢)-isogenies in level-¢ seems easy
(shown for g = 1,2 and ¢ = 2,3).
 General pattern

G)Z
[ 6:(P) £-th power }_)[ Founer [ Scalmg Fourler e J

(Decomposition of (¢, ..., ¢)-isogeny in the level-/ theta model)

— some work in progress
+ ¢ = 4 (with T. Decru, T. Lange, D. Lazzarini, L. Maino)
+ ¢ = 3 (radical isogeny formulas)
« ¢ =i+ 1where i? = —1 (with the MIKE team)
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Main takeaway

- Computing (4, ..., ¢)-isogenies in level-¢ seems easy
(shown for g = 1,2 and ¢ = 2,3).
 General pattern

G)Z
[ 6:(P) £-th power }_)[ Founer [ Scalmg Fourler e J

(Decomposition of (¢, ..., ¢)-isogeny in the level-/ theta model)

— some work in progress
+ ¢ = 4 (with T. Decru, T. Lange, D. Lazzarini, L. Maino)
+ ¢ = 3 (radical isogeny formulas)
« ¢ =i+ 1where i? = —1 (with the MIKE team)

Thank you!
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