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AIM SQuaRE: improved tabulation of local fields

https://www.lmfdb.org/padicField/

e more fields (1,393,286)

o families with generic defining polynomials

@ more invariants, e.g. residual polynomial invariant, indices of
inseparability

@ new diagrams and knowls

e distinguished (pseudo canonical) defining polynomials
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https://www.lmfdb.org/padicField/

Distinguished Defining Polynomials

Ingredients

@ Krasner-Monge reduction for Eisenstein polynomials

@ Qystein polynomials as defining polynomials of general extensions
@ Reduction of @ystein polynomials
o

Selection of distinguished polynomials among the reduced polynomials
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L= K(m) = K[x]/(#)
| p(m) =0
e=p%e| ¢ € Ok|x] Eisenstein
|
K =Qp(&) = Qp[x]/(v) unramified extension
v(§) =0
f v € Fp[x] Conway or JR'06 Polynomial

|
Qp



Let ¢ € Ok[x] and ¥ € Ok|x] be Eisenstein of degree e with
vp(disc(p)) = vp(disc(v))) = e+ ae+ b — 1 where b < e.

If o =1 mod p¢ for ¢ > 1+ 2a+ 22 then

KX/ () = K[x]/(¥)-



Slope 0 Reduction of Eisenstein Polynomials

o(x) = x© + Zf;ll ©i + > o1 € Ok|x] Eisenstein and ¢(7) = 0.

We use transformations of the uniformizer of the form © = 7 to reduce
©o0,1-
@ Find theset D of all § € K™ such that

log¢(0,10°) mod (#K — 1)

is minimal.

@ The set of slope 0 reductions of ¢ is

My = {w(x) =% (%x) 0 € D}
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Ramification Polygon of an Eisenstein polynomial

e

o(x) = (x — ) H(x — mj) € Ok|x] Eisenstein, e = p"¢, and L = K()

=2 vi(pi)
Ramification Polynomial
e ; Y o(mx + ) - vi(p1)
p(x) = Z%Pix = €0 )
1= m, = U
has roots (m; — m)/7 o
Newton polygon of p
. . . R r VL(ppwufl)
is ramification polygon of ¢ |
t R I
mo =0 mzy' - vi(ppe)
. 0 —
—1 + + - - - - < O
—e = _EpW _pW _pwl qu~1 _1
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Ramification Polygon of an Eisenstein polynomial

e

o(x) = (x — ) H(x — mj) € Ok|x] Eisenstein, e = p"¢, and L = K()

=2 vi(pi)
Ramification Polynomial
e ; Y o(mx + ) - vi(p1)
p(x) = Z%Pix = €0 )
1= m, = U
has roots (m; — m)/7 o
Newton polygon of p
. . . R r VL(ppwufl)
is ramification polygon of ¢ |
t R I
mo =0 mzy' - vi(ppe)
. 0 —
— . . N ‘0
—e = _EpW _pW _pwl qu~1 _1

The ramification polygon is an invariant of L/K.
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Ramification Polygon of an Eisenstein polynomial

e

o(x) = (x — ) H(x — mj) € Ok|x] Eisenstein, e = p"¢, and L = K()

i=2 vi(pi)
Ramlflcatlon Polynomial

G vele)
p(x) = Zplx ==

c OL[X]
has roots (77, —7)/m

Newton polygon of p
. . . r VL(ppwufl)
is ramification polygon of ¢

.""‘ I
my = di ’ r VL(pP""l)
my = 0
—1 - -~ - - - - - B
—e:—EPW w w1 _pwwl _1 0

The ramification polygon is an invariant of L/K.

Hasse-Herbrand function of L/K is given by e®(m) zlryin vi(pi)+i-m.

<i<e
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Additive Residual Polynomials of Eisenstein polynomials

¢ € Ok]|x] Eisenstein of degree e, ¢(m) =0, L = K(n)

p(x) = w ramification polynomial of ¢

The additive residual polynomial to slope m is ﬂ;(x) = (’;T(;Tnf)))

Segment of with slope m
of ramification polygon

p(x)

Vi (pwy ™)

'VKPM)

r VL(pWi)
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Additive Residual Polynomials of Eisenstein polynomials

¢ € Ok]|x] Eisenstein of degree e, ¢(m) =0, L = K(n)

p(x) = w ramification polynomial of ¢

The additive residual polynomial to slope m is ﬂ;(x) = (’;T(;Tnf)))

~ -
~ -

p(ﬂ'mx) 7} VL(ij.ﬂ-mPWj)

Segment of with slope m - VL(PWJ-)

of ramification polygon

p(x)

-- r VL(pWi)
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Additive Residual Polynomials of Eisenstein polynomials

¢ € Ok]|x] Eisenstein of degree e, ¢(m) =0, L = K(n)

p(x) = w ramification polynomial of ¢

The additive residual polynomial to slope m is ﬂ:,(x) = (’;T(;Tnf)))

o) e iy )
Segment of with slope m T ve(pw;)
of ramification polygon
p(x)
- r VL(pWi)
A ) = (AT s
m e®(m) pYi —pWi
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Additive Residual Polynomials of Eisenstein polynomials

¢ € Ok]|x] Eisenstein of degree e, ¢(m) =0, L = K(n)

p(x) = w ramification polynomial of ¢

The additive residual polynomial to slope m is ﬂ;(x) = (’;T(;Tnf)))

/o)
Segments with slope less .’
and greater than m -
p(x) et o)
.
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Additive Residual Polynomials of Eisenstein polynomials

¢ € Ok]|x] Eisenstein of degree e, ¢(m) =0, L = K(n)

p(x) = w ramification polynomial of ¢

The additive residual polynomial to slope m is ﬂ;(x) = (’;T(;Tnf)))

o) T
R R L)
Segments with slope less ,’
and greater than m -
o) et o)
o

Sebastian Pauli (UNCG) Distinguished Defining Polynomials 9/17



Additive Residual Polynomials of Eisenstein polynomials

¢ € Ok]|x] Eisenstein of degree e, ¢(m) =0, L = K(n)

p(x) = w ramification polynomial of ¢

The additive residual polynomial to slope m is Ay (x) = <p(7rmx))

ﬂ-ed’(m)
p(rmx) T
- -7,
- 0,
\\ 7’ m .
« b vi(pu P
4
Segments with slope less .’
and greater than m -
p) e o)
+ p(mmx)\ _ _pWi - N ’
An(x) ( —ed(m) ) — xP —
_pWI

Sebastian Pauli (UNCG) Distinguished Defining Polynomials

9/17



Slope m Reduction of Eisenstein Polynomials

Krasner (1937), modernized by Monge (2014)

Proposition
e—1 . o0 .,

@ =x%+ > pix" € Ok[x] Eisenstein with p; = > ¢; ip/ and root 7
i=0 j=1

e—1 .
w = m+ym™! where v,(7y) = 0 with minimal polynomial ¢ = x®+3 1;x’
i=0

ﬂ:,(z) be the additive residual polynomial of ¢ for the slope m
® ik =ik forall i, k such that i + ek < e(P(m) + 1).
o If h=ed(m), i=hmod e, k= (hdive)+1, and nn = p/n€ then

— _ — _
Vik =Pix—An(¥) 7 k
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Slope m Reduction of Eisenstein Polynomials

® ik =ik forall i, k such that i + ek < e(P(m) + 1).
o If h=e®(m), i=hmod e, k= (hdive)+ 1, and n = p/7€ then

= _ —+ __
¢i,k =®Pik — An(v) -7 8

We use transformations of the uniformizer of the form w = 7 + yn™*! to
reduce ¢; x:
@ Let § be the reduction of ©i k given by reducing its coordinate vector

by the matrix representation of ﬁ;.
Q Let O = {9 €K :pixla) -3 =7k -Zj;,(é)}.

© The set of slope m reductions of M,, is
{XL/K(CV +6- v(a)™1) 0 e @}

where x; k() is the minimal polynomial of 3 € L over K.
If X; is surjective then 1); ; = 0 for v € Mp,.
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Reduction Algorithm

Input ¢ = x° + Z @ix" € Ok|x] Eisenstein

Output Set M of reductlons of ¢
@ find the ramification polynomial p and ramification polygon R of (.
@ compute the set My of slope 0 reductions of ¢

@ for me {1,...,[m]} where m is the steepest slope of R:
o M, 0
o for ¢ € Mp,_1:
o let My be the set of slope m reductions of .
o My < MU M,

Q fory € M[,f,ﬂ and m > m:
e 1); < 0 where j = e®; x(m) mod e, k = (e®, /x(m)dive)+1
@ return Mfﬁﬂ
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Let v(x) € Zp[x] monic and irreducible modulo p.

e—1
p(x) = v(x)°+ > o ((x) + g5(x)
=1

is v-@ystein when p | ¢7(x) and deg ¢} < degv, and min; vp(ip5 ;) = 1.




@ystein Polynomials

Definition
Let v(x) € Zp[x] monic and irreducible modulo p.

e—1
p(x) = V() + Y @i (I(x) + pp(x)
i=1
is v-@ystein when p | 7 (x) and deg p} < degv, and min; vy(¢g ;) = 1.

@ Ore called @ystein polynomials regular Polynomials.

@ In Ford, P., Roblot the are called polynomials in Eisenstein form.
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@ystein Polynomials

Definition

Let v(x) € Zp[x] monic and irreducible modulo p.

e—1
p(x) = v(x)°+ > o ((x) + g5(x)
i=1

is v-@ystein when p | 7 (x) and deg p} < degv, and min; vy(¢g ;) = 1.

Ore called @ystein polynomials regular Polynomials.

In Ford, P., Roblot the are called polynomials in Eisenstein form.

Every finite extension of Z, can be defined with an @ystein
polynomial.

v(a) is a uniformizer of L and O = Ok|a].
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Ramification Polygon of @ystein polynomial

¥(x) e ZQ’Z)’ ic Zp[x] Dystein polynomial of degree
n=fe=f-ep” with Y(a) = 0 and L = Qp(a)
vi(pi)
Ramification Pol I
amification oynomla (@) + ) - vi(p1)
Zp' =t ,
m, = d—‘;
vi(pre)
Newton polygon of p _((f_l)e)
. P . K r VL ppwu—l
moq=—1 is ramification polygon of ¢ :
my = c% - vi(ppm )
mo = 0 —”””,,,,,.
i : - r---- 0
—fe —e = —ep"” —p” —p" —p"t -1
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Reduction of @ystein Polynomials

o(x) °+ Zw, ) with F(x) =Y %Y ot kP
j=0 k=1
Ramification ponnom|a|
(a)x + «)
piX = —————~
Z ve(a)
Additive residual polynomials to the slope m
oy _ [ Pr(a)"x)
Reduction relation
F—1 .
> (¢ 0 @ = W@ AL (@),
j=0
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Distinction

Let ¥(x) = v(x)€ + Yty ¥r(x)v(x) + 352 i (x)pX be v-Bystein and

()
¥(x) is distinguished when:
@ log, ¥y 1(a) is minimal.
@ the coefficients of residual polynomial invariants have smallest
discrete logarithms

)=
0.

© ¢ is Krasner-Monge reduced.

@ ¢ is minimal among the polynomials satisfying the above with respect
to a lexicographic ordering.
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False Friends

e ¢ root of v(x) = x% + 2x + 2 € Zp[x]

e p; € Z3(&)[y] distinguished relative defining Eisenstein polynomials

@ ; € Z3[x] distinguished absolute defining @Dystein polynomials

such that Q3(&)[y]/ (i) = Qs[x]/(¢i)

Defining Polynomials

Ramification Polygon

wl(y)=y9+(6£+6)y +36y°+3 (=9,0),(-1,7)
P1(x) = v(x)° + (3x + 3)v(x )7—|—3x1/(x)6+3 (—18,9),(—9,0),(~1,7)
soz(y):y9+(3~£+3)y +3£y +3 (-9,0),(-1,7)
Pa(x) = v(x)° + (6x +3)r(x)° +3 (-18,9),(-9,0),(-1,7)
¢3Eyg=yz§(6£(+3)y 7;3( " 0o (-9,0),(-3,6),(—1,15)
P3(x) =v + (9x + 18)(x)® + (24x + 15)v(x)’

—|—3XV(X)6+(27X—|—27)I/(X)+3 ( 18 9)7( )a( 56)7( 715)
The polynomials 1 and > and ¥, and 3 are ‘false friends’. The

distinguished polynomial (1 is the reduction of the false friend of 3.
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