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Notation

Let k be a finite field, and X a smooth, projective, geometrically
integral curve over k .

Definition
Let DivX be the group of Weil divisors on X and PrincX the
subgroup of principal divisors of X . The class group of X is the
quotient

ClX = DivX/PrincX .

Definition
Let k(X ) be the function field of X . The gonality of X is

gonX = min
f ∈k(X )\k

deg(f ).
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Divisor enumeration

Given a divisor D ∈ DivX , the Riemann-Roch space of D is
defined by

L(D) = {0} ∪ {f ∈ k(X )× : vx(f ) ≥ −vx(D) ∀x ∈ X}.

This is a k-vector space, and we denote by ℓ(D) its dimension.

We have
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Divisor enumeration

for d = 1, 2, . . . do
for all D ≥ 0, deg(D) = d do

if ℓ(D) ≥ 2 then
return d

The number of divisors which need to be considered grows
exponentially with the gonality of X . However, this approach is
still viable for curves of moderate genus over small fields, and is
used for instance by Derickx-van Hoeij (2014), Derickx-Sutherland
(2017), Najman-Orlić (2024) and Orlić (2026).
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Computing Riemann-Roch spaces

Hess (2002): polynomial and ideal arithmetic

▶ Fast, but becomes a bottleneck when dealing with thousands
or millions of divisors

Instead, we exploit the redundancy that occurs when computing
large numbers of Riemann-Roch spaces.
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Computing Riemann-Roch spaces

If E ≤ D0 (i.e. E = D0 − D, D effective), then

L(E ) ⊆ L(D0).

If D = n1x1 + · · ·+ nrxr for some distinct xi ∈ X , ni ∈ Z≥1, then

L(D0 − D) = L(D0 − n1x1) ∩ · · · ∩ L(D0 − nrxr ).
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Computing Riemann-Roch spaces

We compute the subspaces L(D0 − nx) ≤ L(D0) using series
expansions of a basis of L(D0).

▶ Gives L(D0 − nx) as the nullspace of a ℓ(D0)× n deg(x)
matrix.

▶ kerA ∩ kerB = ker(A | B).
▶ Requires polynomial and ideal operations.
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Computing gonalities

for d = 1, 2, . . . do
for all D ≥ 0, deg(D) = d do

if ℓ(D) ≥ 2 then
return d

Instead, we use the Riemann-Roch theorem:

ℓ(D)− ℓ(KX − D) = deg(D)− g + 1,

where KX is a canonical divisor on X . Note that ℓ(KX ) = g(X ).
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Najman-Orlić (2024)
compute the
gonalities of 65
different modular
curves X0(N) over
various finite fields.
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Computing class groups

We base ourselves on the index-calculus style method developed by
Hess (2005).

▶ Requires, in part, computing Riemann-Roch spaces L(D) for
many (nearly) effective divisors D.

▶ As for gonalities, we need to transform the set of divisors for
which we compute Riemann-Roch spaces to apply our linear
algebraic procedure.
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Thank you for listening!


