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o Let %), be an isogeny class of ordinary abelian varieties over F,
(g =p?) with commutative Fq-endomorphism algebra determined by
the Weil polynomial h(X), which is then squarefree.
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Setup/Goal

o Let %), be an isogeny class of ordinary abelian varieties over F,
(g =p?) with commutative Fq-endomorphism algebra determined by
the Weil polynomial h(X), which is then squarefree.

Let K=Q[X]/h(X)=Q[r] and R=Z[n,q/n] c K.
For A€ .9, identify Frobs— 7, Endr,(A) c K.

after Deligne ‘69: There is an equivalence & from the category %
with Fg-homomorphisms to the category of fractional R-ideals in K
with R-linear morphisms.

@ Z has been used for: isomorphism classes, principal polarizations,
group of points, ...
In the paper, we focus on isogenies, to efficiently return

e non-principal polarizations (not in this talk).
e isogeny graphs.
e pretty pictures.
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An example in dimension 1

¢-isogeny graphs of ordinary elliptic curves
@ are very structured (thanks Kohel);

@ have a very cool name ... ¢-volcanoes (thanks Fouquet-Morain);
@ they are good friends of ANTS:

THE OPEN BOOK SERIES 1

Tsogeny volcanoes

Andrew V. Sutherland
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An example in dimension 4

Consider the geometrically simple isogeny class with LMFDB label
43.c_ab_af ai.
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An example in dimension 4

Consider the geometrically simple isogeny class with LMFDB label
43.c_ab af ai

The 2-isogeny graph has 14 vertices, in 5 connected components, here
colored by endomorphism ring

/O /O
O (o]

(within each component a darker color indicates a larger End).
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Base change to Fg: 1763 isomorphism classes. Its 2-isogeny graph has 35
components: two with 49 vertices, nine with 17, twelve with 94, and twelve
with 32 vertices. Some of them (same convention on colors; no relation

with the previous pictures):

VA [,
. /o /0 o,\‘0 . /o /' o\o
G0+0 600
o\o‘\.o‘__—.o /o o\o‘_\.."_ao /o
/ \
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Definition
@ An isogeny ¢: A— B of degree larger than 1 is called minimal if, given
a decomposition ¢ =11 oo, then either w1 or ¥, is an isomorphism.

@ The length of an isogeny ¢ is the smallest r >0 such that there exists
a decomposition ¢ = @1 0---0¢, of ¢ into minimal isogenies ;.

For any isogeny ¢: A— B in %, if | =%(A) and J=%(B) then there is
an element x € (J:1)n K™ such that F(¢) = x.

From now on, we simply write ¢: A— Be %, Zxled.
Proposition
Q deg(¢) =[J: xl]. since ordinary: no problem at p.

@ The isogeny ¢ is minimal if and only if the inclusion xI C J is
maximal, that is, the quotient J/xl is a simple R-module.

© The length of the isogeny ¢ equals the length of J/xI as an R-module.
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Example : minimal isogenies can make End'’s jump.

Let h(X)=X*+6X2+25=(X2-2X+5)(X?+2X +5), giving the isogeny
class .#, with LMFDB label 2.5.a g.
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Example : minimal isogenies can make End'’s jump.

Let h(X)=X*+6X2+25=(X2-2X+5)(X?+2X +5), giving the isogeny
class .#;, with LMFDB label 2.5.a_g.
The lattice of inclusions — all of index 2 — of the End’s in %, is:

@ R has a unique singular maximal
ideal m with R/m =F,.

K @ The conductor fs = (S :0k) satisfies

* * S/fs=R/m, and (fs:fs)=0Ok.

@ The isogeny AL Bv‘%l-fscs is
minimal, has degp =2, is

. descending

End(A) =Gk 2End(B)=S ...
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A
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Example : minimal isogenies can make End'’s jump.

Let h(X)=X*+6X2+25=(X2-2X+5)(X?+2X +5), giving the isogeny
class .#;, with LMFDB label 2.5.a_g.
The lattice of inclusions — all of index 2 — of the End’s in %, is:

@ R has a unique singular maximal
ideal m with R/m =F».

K @ The conductor fs = (S :0k) satisfies

* * S/fs=R/m, and (fs:fs)=0Ok.

@ The isogeny AL Bv‘%l-fscs is
minimal, has degp =2, is
descending
End(A) =0k DEnd(B)=S ...

@ ... but the inclusion S C O is not

_ 5 minimal!
R=7 [71', T

o—)S

i
Y/

L
\/
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Endomorphism rings

Theorem

Let ¢p: A— Be g, Z x-1<J. Assume ¢ is minimal and let m be the
maximal ideal of R such that J/xI = R/m. Then:

© ¢ is horizontal or vertical: End(A) < End(B) or End(B) < End(A).
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Endomorphism rings

Theorem

Let ¢p: A— Be g, Z x-1<J. Assume ¢ is minimal and let m be the
maximal ideal of R such that J/xI = R/m. Then:

© ¢ is horizontal or vertical: End(A) < End(B) or End(B) < End(A).
@ Ifm is regular then ¢ is horizontal.

© If ¢ is vertical then m is singular.

Q Let T=End(A)UEnd(B) and S =End(A)nEnd(B). Then

|T/S|= IR/mllengthR(T/S). In particular, ¢ is vertical if and only if
[R:m] divides the index [T : S].
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Definition
@ Two isogenies ¢1: A1 — By and ¢2: Ay — B» are said to be equivalent,
denoted @1 = >, if and only if there exist isomorphisms i1 : A7 — A
and i»: By — B> such that i o1 =(r0i].
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Isogeny Graphs

Definition
@ Two isogenies ¢1: A1 — By and ¢2: Ay — B» are said to be equivalent,
denoted @1 = >, if and only if there exist isomorphisms i1 : A7 — A
and ir: By — By such that i oW1 =(@a0I1.
@ The full isogeny graph ¢ of an isogeny class .#, is the directed
multigraph whose vertices are isomorphism classes of abelian varieties
in £, and whose edges are equivalence classes of isogenies of deg. > 1.

© Let D be a positive integer. The D-isogeny graph ¢ is the subgraph
of ¢ with edges &P of degree dividing D.

Q Let D and r be positive integers. The graph ¢P" is the subgraph of
@ with edges &P" of degree dividing D and length at most r.
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Proposition
then

Given @1: A1 — B1,p2: Ay — By e % i x1-heh, xo-hcb, respective/y,

3ka, kg € K* such that
Q1= @2 < kpali=bh, kgJy =) and

xoka = kpxi
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Proposition

Given @1: A1 — B1,p2: Ay — By e % L%i x1-hch, xo-bh< b, respective/y,

then
3ka, kg € K* such that

p1=@2 < kah=h, kgJp=J> and
Xoka = kpxq

Caution! Composition is not well defined on equivalence classes. Need to
take into account automorphisms:
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Proposition

Given @1: A1 — B1,p2: Ay — By e % L%i x1-hch, xo-bh< b, respective/y,

then
3ka, kg € K* such that

p1=@2 < kah=h, kgJp=J> and
Xoka = kpxq

Caution! Composition is not well defined on equivalence classes. Need to
take into account automorphisms:

Proposition
Given, in %),

o p: A-BLx-Hel,

° w:B—»C«%y-IQJ,

@ p an automorphism of B Zze (1:0)%,
then

Woprywopow <> ze(H:H)*(J:J)".
v
4 December 2025  10/15
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Computing ¢P: strategy
e \ertices are in bijection with the ideal class monoid ICM(R) of R.

@ Pic(R) acts on the vertices by ideal multiplication: the orbits are
called weak equivalence classes.
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e \ertices are in bijection with the ideal class monoid ICM(R) of R.

@ Pic(R) acts on the vertices by ideal multiplication: the orbits are
called weak equivalence classes.

@ Side note: [ = LJ for some invertible L < [l = Ju as Ru-modules,
for every maximal R-ideal m.

Edges: Compute first minimal edges, i.e. ¥P'1, then compose.

Done by computing maximal M c J such that [J: M] divides D.

For each M find the source vertex, i.e. I,x such that x-/ =M.
This is annoying! But ...

o
@ For each target J, need to compute minimal edges to J.
o
o
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Computing ¢P: strategy

e \ertices are in bijection with the ideal class monoid ICM(R) of R.

@ Pic(R) acts on the vertices by ideal multiplication: the orbits are
called weak equivalence classes.

@ Side note: [ = LJ for some invertible L < [l = Ju as Ru-modules,
for every maximal R-ideal m.

Edges: Compute first minimal edges, i.e. ¥P'1, then compose.
For each target J, need to compute minimal edges to J.
Done by computing maximal M c J such that [J: M] divides D.

For each M find the source vertex, i.e. I,x such that x-/ =M.
This is annoying! But ...

... Pic(R) acts on edges too:

Stefano Marseglia 4 December 2025 11/15



|
Computing ¢P: strategy

e \ertices are in bijection with the ideal class monoid ICM(R) of R.

@ Pic(R) acts on the vertices by ideal multiplication: the orbits are
called weak equivalence classes.

@ Side note: [ = LJ for some invertible L < [l = Ju as Ru-modules,
for every maximal R-ideal m.

Edges: Compute first minimal edges, i.e. ¥P'1, then compose.
For each target J, need to compute minimal edges to J.
Done by computing maximal M c J such that [J: M] divides D.

For each M find the source vertex, i.e. I,x such that x-/ =M.
This is annoying! But ...

... Pic(R) acts on edges too: if L is an invertible R-ideal and x-/<J
is a (minimal) isogeny, then x-/IL < JL is a (minimal) isogeny.
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Computing ¢P: strategy

e \ertices are in bijection with the ideal class monoid ICM(R) of R.

@ Pic(R) acts on the vertices by ideal multiplication: the orbits are
called weak equivalence classes.

@ Side note: [ = LJ for some invertible L < [l = Ju as Ru-modules,
for every maximal R-ideal m.

o Edges: Compute first minimal edges, i.e. ¢P'1, then compose.
@ For each target J, need to compute minimal edges to J.

@ Done by computing maximal M c J such that [J: M] divides D.
o

For each M find the source vertex, i.e. I,x such that x-/ =M.
This is annoying! But ...

... Pic(R) acts on edges too: if L is an invertible R-ideal and x-/<J
is a (minimal) isogeny, then x-/IL < JL is a (minimal) isogeny.

@ So: need to enumerate min. isogenies only once per weak eq. class.
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Computing ¢P: strategy

@ We implemented this in the Magma intrinsics
MinimalIsogenyGraphBuilder and IsogenyGraphBuilder.
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MinimalIsogenyGraphBuilder and IsogenyGraphBuilder.

@ We included SageMath code to plot the graphs.
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Computing ¢P: strategy

@ We implemented this in the Magma intrinsics
MinimalIsogenyGraphBuilder and IsogenyGraphBuilder.

@ We included SageMath code to plot the graphs.

@ We have also the Magma intrinsics IsogenyOrbitBuilder in which
the output is modulo the action of Pic on both source and target
(independently). Useful for storing!
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B
Connectedness and diameter
Theorem

Let D>1 and 58 be the set of maximal R-ideals above fr = (R : O).
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Connectedness and diameter

Theorem
Let D>1 and #5"8 be the set of maximal R-ideals above fgr = (R:Ok).

© Suppose that there exists a set # of (non-necessarily invertible)
maximal ideals | of R such that Pic(Ok) = (I0k|l € #), and that
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Theorem
Let D>1 and #5"8 be the set of maximal R-ideals above fgr = (R:Ok).
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Connectedness and diameter

Theorem

Let D>1 and #5"8 be the set of maximal R-ideals above fgr = (R:Ok).

© Suppose that there exists a set # of (non-necessarily invertible)
maximal ideals | of R such that Pic(Ok) = (I0k|l € #), and that
Ny =lem ({|R/1| : e 58 y #}) divides D.
Then the isogeny graph 4P is connected (as a directed graph).

Stefano Marseglia 4 December 2025 13 /15



Connectedness and diameter

Theorem

Let D>1 and 58 be the set of maximal R-ideals above fr = (R : O).

© Suppose that there exists a set # of (non-necessarily invertible)
maximal ideals | of R such that Pic(Ok) = (I0k|l € ), and that
Ny =lem ({|R/1| : e 58 y #}) divides D.
Then the isogeny graph 4P is connected (as a directed graph).

Q Let & be as in (1) above and set Sy =¥ (e (0rdpic(a,) ([[Ok]) - 1).
Then the diameter of 4P'! satisfies:

2lengthr(Ok/R)+ S if R is Bass,

diam(¢P1) < .
2(lengthp(Ok/fr)—1)+Ss»  otherwise.
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Connectedness and diameter

Theorem
Let D>1 and #5"8 be the set of maximal R-ideals above fgr = (R:Ok).

© If the isogeny graph 4P is connected (as a directed graph) then D is
divisible by the integer

Ngsing = lem ({|R /1] : L€ #5108} .
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Connectedness and diameter

Theorem
Let D>1 and #5"8 be the set of maximal R-ideals above fgr = (R:Ok).

© If the isogeny graph 4P is connected (as a directed graph) then D is
divisible by the integer

Ngsing = lem ({|R /1] : L€ #5108} .

Q Assume that 4P is connected. Then

lengthz(R/fr) < diam(¢P1).
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Thank you for your attention!
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