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Infinitely many twists satisfying the
Birch--Swinnerton-Dyer conjecture
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They start computing, for E/Q
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4. In this section we describe our results. We have applied the methods described
in §§ 2, 3 to the curves

(30) I':y*=2*—Axz—B
for all integers A, B with 0 < |A4| <20, 0 <|B| < 30; to the curve
(31) y*=22—D

for all integers D with | D | < 400; and to the curve
(32) y* = a*— Dz

for all integers D with | D | < 200. We have also dealt with a few higher ranges of 4, B
and a few larger values of D. The calculations needed for each curve take very little time;
as we had to put a great deal of effort into producing a working program, it would have
been uneconomical not to do a lot of cases.
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(Weak)

(Strong)

This remarkable conjecture relates the behavior of a function L at a point where
it Is not at present known to be defined to the order of a group Ll which is not
known to be finitel — John Tate, 1974




C. R. Acad. Sc. Paris, t. 294 (19 avril 1982) Série I — 471 N

THFORIE DES NOMBRES. — Sur les produits partiels eulériens attachés aux courbes ( g )

elliptiques. Note (*) de Dorian Goldfeld, présentée par Jean-Pierre Serre. [ .
P & i p p+1-N, ptN (good reduction),
Soit E une courbe elliptique sur Q, satisfaisant 4 la conjecture de Taniyama-Weil [1]. Posons Pg (x) = 1_[ N,/p,ou p < x
» est le nombre de points de E mod p, et supposons gue P, (x)~C (log x)" pour x —» o0. Alors la fonctxon Le (s) 1 p N Spl |t mu |t| pl |Cat|ve red UCtIOn
auacheeaEsausfanél hypothése de Riemann (i. €. n’a pas de zéro s tel que Re (s) > 1), et son ordre en s=1est égala a. = < ’ ?
 ieanir P, o e 211 ). - —1 p | N, non-split multiplicative reduction
’ ’
0 p | N, additive reduction.

LEs) =||0d-ap™>" 1 |0-ap=+p')" R > 312
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What are the known cases of BSD?



(7.3) Theorem. Assume that L(E, 1)=0. Then there is a rational point P in E(Q)
such that L(E,1)=o-Q-{P,P) with acQ ™. In particular:

1) If L(E, 1)%0, then E(Q) contains elements of infinite order.
2) If L(E, 1)%0 and rank E(Q)=1, then formula (7.2) is true for some non-
zero rational number «.
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Theorem. Strong BSD is known if r,, < 1 and N < 5,000
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Theorem 11.1. Suppose E is as above and 111 is the Tate-Shafarevich group of E
over K.

() If L, 1) £ 0 then E(K) is finite, I is finite, and for all primes p of K not
dividing # (0™),

# (L ) = N(p)™®) where m(p) = ordp( #(E(K)) Lw‘;’ 1)) :

In other words, Gross’ refinement [9] of the Birch and Swinnerton-Dyer conjecture for
E is true up to powers of primes dividing # (0™ ).



Since Rubin, there’s been lots of development towards the
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ZETA ELEMENTS FOR ELLIPTIC CURVES AND APPLICATIONS

ASHAY A. BURUNGALE, CHRISTOPHER SKINNER, YE TIAN AND XIN WAN

ABSTRACT. Let E be an elliptic curve defined over Q with conductor N and p f 2N a prime. Let L be an
imaginary quadratic field with p split. We prove the existence of p-adic zeta element for F over L, encoding
two different p-adic L-functions associated to E over L via explicit reciprocity laws at the primes above
p. We formulate a main conjecture for £ over L in terms of the zeta element, mediating different main
conjectures in which the p-adic L-functions appear, and prove some results toward them.

The zeta element has various applications to the arithmetic of elliptic curves. This includes a proof
of main conjecture for semistable elliptic curves E over Q at supersingular primes p, as conjectured by
Kobayashi in 2002. It leads to the p-part of the conjectural Birch and Swinnerton-Dyer (BSD) formula for
such curves of analytic rank zero or one, and enables us to present the first infinite families of non-CM elliptic
curves for which the BSD conjecture is true. We provide further evidence towards the BSD conjecture: new
cases of p-converse to the Gross—Zagier and Kolyvagin theorem, and p-part of the BSD formula for ordinary
primes p. Along the way, we give a proof of a conjecture of Perrin-Riou connecting Beilinson—Kato elements
with rational points.
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Quadratic Twists of elliptic curves

John Coates, Yongxiong Li, Ye Tian and Shuai Zhai
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with rational points.
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Theorem 1.7. Let E be an elliptic curve of conductor N denoted by 46al, 62al, 66b1, 69al, 77cl, 94al,
105a1, 106d1, 114b1, 115al, 118cl, 118d1, 141b1, 141cl, 141el or 142cl in Cremona’s labelling. Let M > 1
be a square-free integer with (M, N) =1 and EM the quadratic twist of E by the character associated to the
extension Q(\/M )/Q. Suppose that the following conditions hold:

(a) L(1,EM) +#0, and

(b) E has ordinary reduction at the primes dividing M .
Then the BSD conjecture holds for EM, i.e. EM(Q) and III(E™M) are finite, and

L(1, EM) _ #II(EY) - T]g ce(EM).

QE'M #E M(Q)%or
Moreover, the conditions (a) and (b) are satisfied by infinitely many M.







10.4.3. The Birch and Swinnerton-Dyer formula: a rank zero quadratic twist family.

Theorem 10.12. Let E be a semistable elliptic curve defined over Q with conductor N, and M > 1 a
square-free integer with (M, N) = 1. Let EM) denote the quadratic twist of E by the character associated

to the quadratic extension Q(v/M)/Q. Suppose that the following conditions hold.
(i) We have
L(1, EM)Y £,
(ii) The 2-part of the BSD formula holds for EM),
(i) as(E) =0,
(iv) For all odd primes p, E[p| is an absolutely irreducible Gg-representation,

(v) For any prime p|N, there exists a multiplicative prime q # p at which E|p| is ramified,
(vi) E has ordinary reduction at prime divisors of M.

Then the Birch and Swinnerton-Dyer conjecture is true for EM) | that is, E?M)(Q) and III(EM)) are
finite, and

L(1,EM)  #IUEM) - [Ty, co(EXD)
Qpon #EM(Q)Z; '
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finite, and
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Example 1. For semistable elliptic curves £ up to conductor 150, the conditions of Theorem 10.12 are
satisfied by?2 the curves denoted in the LMFDB database by

e 46al, 69al, 77cl, 94al, 114bl, 141bl and 142cl,
e 62al, 66bl, 105al, 106d1, 115al, 118c1, 118d1, 141cl and 141el

for infinitely many M. Here for the elliptic curves in the first bullet point we rely on [41, Thm. 1.5] for the
conditions (i)-(ii), and for the curves in the second bullet point on [148, Thm. 1]. This gives the first infinite
families of non-CM elliptic curves satisfying the Birch and Swinnerton-Dyer conjecture.
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conditions (i)-(ii), and for the curves in the second bullet point on [148, Thm. 1]. This gives tjpe first infinite
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THEOREM 1.5. Let E and M be as in Theorem 1.1. Assume further that

(1) HI(E")[2] = 0;
(2) all primes £ which divide 2C split in Q(~/M);
(3) the 2-part of the Birch and Swinnerton-Dyer conjecture holds for E.

Then the 2-primary component of III(E™)) is zero, and the 2-part of the Birch and
Swinnerton-Dyer conjecture holds for E(M)
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Our proof of this theorem is based on Theorem 1.5 and prior work on the p-part of the BSD formula. The
existence of infinitely many M satisfying the conditions (a) and (b) relies on [41, 148].
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22We are grateful to Shuai Zhai for his assistance in finding these examples.
Then the 2-primary component of III(E™)) is zero, and the 2-part of the Birch and
Swinnerton-Dyer conjecture holds for E(M)
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What we did (1/2)
We extended 150 to 500,000. This required:

1. Carefully collecting the conditions from:(BSTW, CLZ, Z, SU, S, CGS)

2. Actually proving and identifying infinitude of twists



IWASAWA-LAND

Theorem 2.18. Let E/Q be an elliptic curve of conductor N that satisfies the following condi-
tions:

(1) E is semistable.

(2) a’3(E) € {_2, —-1,0,1, 2}

(8) E does not admit a rational p-isogeny for p € {3,5,7}.

(4) For any prime p|N, there exists a multiplicative prime q # p at which E[p| is ramified.
(5) E is optimal in its isogeny class.

(6) E has analytic rank 0.
(7) BSD(E,2) is true.
(8) One of the following two sets of conditions hold.
(a) E(Q)[2] =0, ordy(L™8)(E,1)) =0
(b) E(Q)[2] = Z/2Z; ordy(L8)(E, 1)) = —1; writing E : y*> = f(x) and the 2-torsion
point as (xo,0), none of f'(xo), —f'(xo) or —Ag are squares in Q; III(E")[2] = 0,
where E' .= E/E(Q)|[2] is the 2-isogenous curve of E.
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Then there exist infinitely many squarefree integers d satisfying the following:
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Theorem 2.18. Let E/Q be an elliptic curve of conductor N that satisfies the following condi- Then there exist infinitely many squarefree integers d satisfying the following:
tions:

(1) E is semistable.

(2) a’3(E)E{_2,_17071a2} (1) (d,3N) = 1.

(8) E does not admit a rational p-isogeny for p € {3,5,7}. (2) d=1 (mod 4).

(4) For any prime p|N, there exists a multiplicative prime q # p at which E[p| is ramified.

(5) E is optimal in its isogeny class (83) E has ordinary reduction at prime divisors of d.

(6) E has analytic rank 0. (4) (a) in Item 8a, for every p|d, p is inert in the number field Q[z]/(f(z)), where f(z) is
(7) BSD(E, 2) is true. the two-division polynomial of E; for every p | N, p splits in Q(\/E) ;if Ag > 0, then
(8) One of the following two sets of conditions hold. d > 0. B
(a) E(Q)[2] =0, ordy(L®8)(E,1)) =0 (b) in Item for every p|d, p = 1 (mod 4), and orda(#E(F,)) = 1; and for every
(b) E(Q)[2] = Z/2Z; ordy(L8)(E, 1)) = —1; writing E : y*> = f(x) and the 2-torsion p | 2N, p splits in Q(\/E)
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where E' .= E/E(Q)|[2] is the 2-isogenous curve of E.
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Theorem 2.18. Let E/Q be an elliptic curve of conductor N that satisfies the following condi- Then there exist infinitely many squarefree integers d satisfying the following:
tions:

(1) E is semistable.
(2) as(E) € {-2,-1,0,1,2}. (1) (d,3N) = 1.
(8) E does not admit a rational p-isogeny for p € {3,5,7}. (2) d=1 (mod 4).

%ﬁ 207." anyt.pm'rlnfz pl.iV,‘ there ea:;'sts a multiplicative prime q # p at which E|p| is ramified. (3) E has ordinary reduction at prime divisors of d.
is optimal in its isogeny class.

(6) E has analytic rank 0. (4) (a) in Item 8a, for every p|d, p is inert in the number field Q[z]/(f(z)), where f(z) is
(7) BSD(E, 2) is true. the two-division polynomial of E; for every p | N, p splits in Q(\/E) ;if Ag > 0, then
(8) One of the following two sets of conditions hold. d > 0. B
(a) E(Q)[2] =0, ordy(L®8)(E,1)) =0 (b) in Item for every p|d, p = 1 (mod 4), and orda(#E(F,)) = 1; and for every
(b) E(Q)[2] = Z/2Z; ordy(L8)(E, 1)) = —1; writing E : y*> = f(x) and the 2-torsion p | 2N, p splits in Q(\/E)
point as (xo,0), none of f'(xo), —f'(xo) or —Ag are squares in Q; III(E")[2] = 0,
where E' .= E/E(Q)|[2] is the 2-isogenous curve of E.

Therefore, by Theorem and Theorem 2.14, such E as above admit infinitely many quadratic
twists E4 that unconditionally satisfy BSD.




s [infinite_bsd e 4 "] #1080 B0

= ec_labels_500k.txt X ¥ VvV Q @O - {} twists_of_ec_labels_500k.json X

ants_xvii > infinite_bsd > output > = ec_labels_500k.txt ants_xvii > infinite_bsd > output > {} twists_of_ec_labels_500k.json > ...
oY OULDL, \LLLLYU, OUZ.dsl = --- — iewa s o .

53 805b1, CLZ20, 805.b1l i 384 1,
54 834d1, CLZ20, 834.f1 385 505

ii 55 862c1, CLZ20, 862.e2 386 1,
£

ofel ]

ll'!- "!' I"!—Il“"!—"!—“llll

56  869cl, CLZ20, 869.b2 387 "1842c1":
57 898c1, CLZ20, 898.d2 388 1,

58  926al, CLZ20, 926.a2 389 793
59  943al, CLZ20, 943.a2 390 1,

60  955al, CLZ2@, 955.a2 391 "1934al1":
61  957al, CLZ2@, 957.al 392 1,

62  974cl, CLZ20, 974.c2 393 65,
63 978b1, CLZ20, 978.d1 394 145,
64  994el, CLZ20, 994.f2 395 185,
65  995al, CLZ20@, 995.b2 396 377,
66  1005al, CLZ20, 1005.bl 397 481,
67 1006b1, CLZ20, 1006.a2 398 545,
68  1011bl, CLZ20, 1011.a2 399 865,
69  1023al, CLZ20, 1023.a2 400 985
70 1074b1, CLZ20, 1074.b1l 401 1,

71  1074el, CLZ20, 1074.el 402 "1947a1":
72 1077bl, CLZ20, 1077.c2 403 il

73 1106b1, CLZ20, 1106.c2 404 1,

74  1195al, CLZ20, 1195.b2 405 "1954c1":
75 1202al1, CLZ20, 1202.a2 406 1,

76 1221cl, CLZ20, 1221.b2 407 65,
77 1239al1, CLZ20, 1239.a2 408 185,
78  1245b1, CLZ20, 1245.al 409 481,
79 1253al, CLZ20, 1253.a2 410 905,
80  1266b1, CLZ20, 1266.bl 411 985

81 1337al, CLZ20, 1337.a2 412 Il
0 oh ) 0 b < 413 "1967al1":
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ants_xvii > infinite_bsd > output > = ec_labels_500k.txt
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55
iﬁb 56
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£;> 58
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69
70
71
72
73
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75
76
77
(:) 78
79
80

£33 81

oUs01,
805b1,
834d1,
862cl,
869c1,
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926al,
943al,
955a1l,
957al,
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ants_xvii > infinite_bsd > output > {} twists_of_ec_labels_500k.json > ...
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384 1,
385 505
386 1,
387 "1842c1":
388 1,
389 793
390 1,
391 "1934a1":
392 1,
393 65,
394 145,
395 185,
396 377,
397 481,
398 545,
399 865,
400 985
401 1,
402 "1947a1":
403 1
404 1,
405 "1954c1":
406 1,
407 65,
408 185,
409 481,
410 905,
411 985
412 1,
413 "1967al1":
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Why infinitely many twists?

The conditions on d are mostly there to let one deduce BSD(L ;, 2) from BSD(E, 2).



(1) (d,3N) =1.

(2) d =1 (mod 4).

(3) E has ordinary reduction at prime divisors of d.

(4) (a) in Item 8a, for every p|d, p is inert in the number field Q[z]/(f(z)), where f(z) is

the two-division polynomial of E; for every p | N, p splits in Q(\/E) ;if Ag > 0, then
d > 0.

(b) in Item for every p|d, p = 1 (mod 4), and ordz(#E(F,)) = 1, and for every
p | 2N, p splits in Q(+/d).
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(4) (a) in Item 8a, for every p|d, p is inert in the number field Q[z]/(f(z)), where f(z) is
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(1) (d,3N) =1.
(2) d =1 (mod 4).
(3) E has ordinary reduction at prime divisors of d.

(4) (a) in Item 8a, for every p|d, p is inert in the number field Q[z]/(f(z)), where f(z) is
the two-division polynomial of E; for every p | N, p splits in Q(\/E) ;if Ag > 0, then
d> 0.
(b) in Item for every p|d, p = 1 (mod 4), and ordz(#E(F,)) = 1, and for every
p | 2N, p splits in Q(+/d).

Prime twists of elliptic curves 1193

Lemma 4.1. Let £t N be a prime. Then the following are equivalent:
1) |[E(Fe)| #0 (mod 4),
2) E(Fy)[2] = Eo(F,)[2] = Z/2Z,
3) £ is inert in both Q(E|[2]) and Q(Ey[2]).
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How did we end up doing this”?

What we did (2/2)

We were actually attempting to verify a conjecture of Radziwill—Soundararajan:



1034 M. Radziwilt, K. Soundararajan

straightforward, and combining this with the Keating-Snaith conjecture for
L (%, Ed), we are led to formulate the following conjecture.

Conjecture 1 Let E be given by the model y* = f(x) for a monic cubic
polynomial f with integer coefficients. Let K denote the splitting field of f
over (), and let G = Gal(K /QQ) denote the associated Galois group, which
we view as a subgroup of S3. Given g € G let c(g) denote one plus the number
of fixed points of g (viewed as an element of S3), and define

1 1 1

U(E) = —- — — Z logc(g) ando(E) =1 + —- E (log c(g))*.
2 |G| G|
geG geCG

As d ranges over &, the distribution of log (IH_I(Ed)I / JI?D is approximately
Gaussian with mean w(E)loglog|d| and variance o (E)*loglog|d|. More
precisely, for any fixed V € R and as X — o0,

log (|LI(Eq)|/v/Id]) — w(E) loglogld| _
Vo (E)loglog |d| a

{de£,20<|d|5X:

s

2w Jv

~|{d € &, |d| < X) (%/we—édx).



1034 M. Radziwilt, K. Soundararajan

straightforward, and combining this with the Keating-Snaith conjecture for
L (%, Ed), we are led to formulate the following conjecture.

Conjecture 1 Let E be given by the model y* = f(x) for a monic cubic
polynomial f with integer coefficients. Let K denote the splitting field of f
over (), and let G = Gal(K /QQ) denote the associated Galois group, which
we view as a subgroup of S3. Given g € G let c(g) denote one plus the number
of fixed points of g (viewed as an element of S3), and define

1 1 1

U(E) = —- — — Z logc(g) ando(E) =1 + —- Z (logc(g))*.
2 |G| G|
geG geCG

As d ranges over &, the distribution of log (IH_I(Ed)I / JI?D is approximately
Gaussian with mean w(E)loglog|d| and variance o (E)*loglog|d|. More
precisely, for any fixed V € R and as X — o0,

og (LIEDY/V) ~ w(Bloglogid
Vo (E)loglog |d| a

{de£,20<|d|5X:

s

2w Jv

~|{d € &, |d| < X} (%/we—%z-dx).


https://radzi-sound-conjecture.netlify.app/46a1_maxd100000_nf100_20260116_185105_pdf
https://radzi-sound-conjecture.netlify.app/46a1_maxd100000_nf100_20260116_185105_pdf
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