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The problem

Let K be a number field with maximal order Zk and we fix a subgroup U of the units Z; generating the field, i.e. QU = K.
Now let I be a fractional ZU-ideal. With this we can construct group extensions

O—~I1—E—U—1

where the conjugation action of U on / < E is given via the natural multiplication of U on I < K. In other words, we have E = E() for
some cocycle 7 € Z%(U, I). We call the constructed group E an nf-extension of U by /.

Our goal is to classify all such extensions up to isomorphism.

Note that these kinds of groups naturally arise when looking at group extensions of the form Z" — E — A where Ais a f.g. abelian group
acting irreducibly and faithfully on Z". Namely, the resulting representation p : A — GL(n,Z) gives Q" a vector-space structure over the field
K := Q(p(A)) with p(A) < Zy.

We denote the set of isomorphism classes by Fixing only U, we denote the set of isomorphism classes by
E(U,I) :={E | E an nf-extensionof Uby I}/ = . £(U) := {E | E an nf-extension of U by any fractional ideal /}/ = .
Immediately, we have a natural surjection Taking h, ..., I, to be representative ideals of the ideal class monoid

ICM(ZU), we have a natural surjective map

i E(U, 1) y E(U).

H2(U, I) s E(U, .

Isomorphisms between nf-extensions and compatible pairs

Any group isomorphism ¢ : E — E' between nf-extensions E € £(U, ) and E' € £(U', I') induces a commutative diagram

0 > | > E > U > 1
I
0 > I > E’ > U > 1
where 1 and v are isomorphisms satistying the equation
p(a- u) = p(a) - v(u), forallael,ue U.

We call such a pair (v, u) of isomorphisms a compatible pair and denote the set of compatible pairs by Comp((U, /), (U, I')). Taking
r € Z%U,I)and 7' € Z%(U', I') with E = E(7) and E’ = E(7') this implies

I VY = (r (v (W), v (V) =LV, foralld v e U

It turns out that two nf-extensions E = E(7) and E' = E(7’) are isomorphic to each other if and only if there exists a compatible pair
(Vz M) such that T(V»M) — 7.I.

The set of compatible pairs Comp((U, /), (U, I')) is given by group isomorphisms (v: U — U',u: I — I'wherev: K=QU — QU' =K
defines a field isomorphism and u is of the form

p(a) = c, - v(a), forallac |/,

with ¢, € K* such thatc, - v(/) =T
Algorithm to compute £(U, /) Algorithm to compute £(U)
1. Calculate the second cohomology group H%(U, ). 1. Calculate Fix(U) := {v € Aut(K) | v(U) = U}.
2. Calculate the group of compatible pairs Comp(U, /). 2. Obtain representative ideals /4, ..., |, of the ideal class monoid
3. Compute the orbits of the Comp(U, /)-action on H4(U, /) and take ICM(ZU).

one representative 7; € H4(U, I) from each orbit. 3. Compute the orbits of Fix(U) acting on ICM(ZU) and take one
= We have £(U, ) = {E(m1), ..., E(mh) }. representative J; from each orbit.

4. Calculate £(U, Jj) forj=1,...,m.

= We have £(U) = | |;£(U, J)).
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