
Carmichael Numbers:
Composite 𝑛 such that 𝑎n−1 ≡ 1 (mod 𝑛) for all a coprime to 𝑛.

𝒊 𝒏 , index of a Carmichael number 𝒏:

𝑖 𝑛 =
𝑛 − 1

𝜆 𝑛
.

𝒗𝟐 𝒏 , 2-adic valuation of an integer 𝒏:
Largest integer 𝑁 such that 2N |𝑛. 
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OURS GOES TO 211: EULER PSEUDOPRIMES TO 47 PRIME BASES FROM CARMICHAEL NUMBERS
 

Why Pseudoprimes?

Carmichael Number Classification
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1230 bits Euler Pseudoprime that survives up to 211

We identify Carmichael numbers with the highest density of Euler 
liars and create a multiplicative algorithm to build a 1230-bit Euler 
pseudoprime that passes up to base 211, i.e., to 47prime bases.

Solovay-Strassen Test [2]

Public-key cryptography relies on prime numbers.

Primality is often checked using probabilistic tests      
rather than full proofs.

An adversary can carefully choose composite numbers 
that can fool such tests.

Euler Pseudoprime to base 𝑎:

Odd composite 𝑛 such that 
𝑎

𝑛
≡ 𝑎

𝑛−1

2  (𝑚𝑜𝑑 𝑛)

epsp(𝒂) :
The set of Euler pseudoprimes that pass all consecutive prime 

bases until and including 𝑎

Class Index h<k? # of Euler Liars

A Even N.A 1

2
𝜑 𝑛

B1 Odd Yes 1

2ℎ+1
𝜑 𝑛

B2 Odd No 1

2𝑘−1
𝜑 𝑛
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Why Class A Carmichael Numbers?

Class Carmichael numbers 
with smallest factor 

>150

Found 
𝑒𝑝𝑠𝑝(𝑎),
 𝒂 ≥ 𝟑𝟕

Found 
𝑒𝑝𝑠𝑝2(𝑎),
 𝒂 ≥ 𝟑𝟕

A 7 029 697 128 063 507 767

B1 6 978 344 17 43

B2 271 231 0 0

Multiplication scheme

Start from list [1] of 
Carmichael numbers 

up to 1024

Filter out 
numbers with 

small factors

Test prime bases 
and group into 

epsp(𝑎)

Keep squarefree 
Carmichael 

number products

Input pairs
Choose n1 and n2 in epsp(𝑎) both in Class A,

with 𝑣2 𝜆 𝑛1 >  𝑣2 𝜆 𝑛2

Multiply already 
found Euler 

Pseudoprimes  

Algorithm for Class A Euler 
Pseudoprimes

Valuation filter

𝑣2 𝑛2 − 1 > 𝑣2 𝜆 𝑛1

Coprimality filter
gcd 𝑛1, 𝑛2 = 1

Build candidate

𝑛 = 𝑛1𝑛2,  𝜆 𝑛 = lcm 𝜆 𝑛1 , 𝜆 𝑛2

Carmichael filter
𝜆 𝑛 |(𝑛 − 1)

Prime base testing
Start from the second prime after 𝑎 and test 

consecutive prime bases

Stopping and storing
Stop at first failure and store in 

corresponding epsp set

Yes

Yes

Yes

Reject
No

Reject
No

Reject
No

Observations

Number of elements of 𝑒𝑝𝑠𝑝2(𝑎) after multiplying two elements of 𝑒𝑝𝑠𝑝(37)

Size of epsp𝟐(𝒂) 

Totals by construction

epsp(𝑎) 128 080

epsp2(𝑎) 507 810

epsp3 1,2 𝑎 4 703 395

epsp4 2 2 𝑎 71 300 609

epsp8 4 2 2 2 𝑎 ∗ 49 250 584

epsp16 8 4 2 2 2 2 𝑎 ∗ 651 128

Numbers to check again 𝒆𝒑𝒔𝒑 

epsp2 37 × epsp2 37 1 895 586 378 0.020 %

epsp2 37 × epsp2(𝑎), 𝑎 ≥ 41 4 157 347 387 0.018 %

Same base product

Gap in epsp𝟐(𝒂) 
Carmichael 
class B1, B2
Non- 
Carmichael Carmichael 

class A

Very nice 
logarithmic descent

Mod 120

* : Smaller set of inputs

% 𝟏 𝒎𝒐𝒅 𝟐𝟎

Carmichael 88.30

epsp 𝑎 98.13

epsp 2𝑎 99.97

Let n = ςi=1
k pi and let h be the number of factors pi with v2 λ n = v2 pi − 1 .

Definitions

𝑎 > 37, smallest factor > 150
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