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LARGE SMOOTH TWINS FROM SHORT LATTICE VECTORS

ERIK MULDER, BRUNO STERNER, AND WESSEL VAN WOERDEN

ABSTRACT. Finding the largest pair of consecutive B-smooth integers for a
fixed B, also called a B-smooth twin, is computationally challenging. It has
only been provably done for B < 100 and heuristically for 100 < B < 113. We
improve this by detailing a new algorithm to find such smooth twins based on
solving the shortest vector problem (SVP) in a well-constructed lattice. Using
an estimate of the largest B-smooth twin that we develop in this work, we
are able to significantly increase B and notably report the heuristically largest
twin with B = 751, which has 196 bits. By slightly modifying the lattice, we
are able to find even larger twins, but the resulting smoothness bound will not
always be optimal. This notably includes a 213-bit twin with B = 997, which
is the largest twin found in this work.

“Such pairs lead to sets of “nearly” dependent logarithms of primes. For instance
the number K = log(63927525376) — log(63927525375) = 13log(2) — 3log(3) —
3log(h) — Tlog(7) + 4log(11) 4+ log(13) — log(23) + log(41), which cannot be zero be-
cause of the unique factorisation theorem, is, however, less than 1.56427-107 1.7

- D.H. Lehmer [28]

1. INTRODUCTION

In 1991, during what can be considered the golden age of integer factorisation,
Schnorr [36] proposed a factoring method" based on solving the closest vector prob-
lem in the so-called prime number lattice. While his strategy looked promising,
the growing and necessary lattice dimension when you increase the input integer
provides an obstruction to the feasibility of the algorithm. As a result, it did not
compete with other factoring algorithms such as the number field sieve [29].

Many modern integer factoring techniques use smooth integers which are integers
with only small prime factors. We quantify this properly to say that an integer n is
B-smooth if p | n = p < B for all primes p, where we refer to B as the smoothness
bound. We refer to [26] for the factoring relevance of these integers and beyond.

Recently the problem of finding pairs of consecutive smooth integers, which we
call smooth twins, has attracted attention. The primary relevance of these smooth
twins comes from isogeny-based cryptography. Certain cryptosystems, including
the original versions of SQIsign [24, 25] and a variant of POKE [8, 15], either work
with large smooth twins whose sum is prime or a small variant of this. To formalise
this, we call a pair of consecutive integers (r, 7+ 1) a B-smooth twin if their product
7+ (r+1) is B-smooth and drop B from this notation when it is implicit from the
context. We call a B-smooth twin strictly B-smooth if it is not (B — 1)-smooth.

It is known that the set of B-smooth twins is finite [39] and one can find all such
twins by solving exponentially many Pell equations in B. This has been done for
B = 100 [31] and heuristically for B = 113 [16] — the largest of these twins have
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64 and 75 bits (respectively). We call the largest B-smooth twin an optimal twin.
In the other direction, for an input bit size b, the optimal smoothness bound is the
smallest smoothness bound B such that there is a b-bit B-smooth twin.

For cryptographic relevance one requires 256-bit smooth twins. We call these
cryptographic smooth twins. The optimal smoothness bound for such a twin is
B = 1250. So finding them from solving (at least a large proportion of) Pell
equations is far beyond computational reach. Other methods [16, 17, 38] exist that
find such cryptographic smooth twins but one obtains larger smoothness bounds.

Contributions. In this work we revisit Schnorr’s factoring idea and repurpose
it to find large smooth twins. We observe that the shortest vectors in the prime
number lattice often correspond to smooth twins. So using state-of-the-art SVP
algorithms [5, 22, 41] we find short vectors in the lattice and see whether they
correspond to smooth twins. By parametrising the lattice correctly, one can search
for smooth twins of a particular size including the optimal twins. With current SVP
algorithms, we can find heuristically optimal twins with much larger smoothness
bounds. For instance, we found the following 196-bit 751-smooth twin

r=7"-11-17-29-47-59-67-83%-89-151%-163 - 173 - 271 - 347 - 461
-491 - 547 - 587 - 619 - 661 - 683 - 701, and
r+1=2-3-132.19-31-41-71-73-97-157% - 1813 - 191 - 227 - 241 - 293
-307% - 337 - 557 - 617 - 727 - 751

(1)

which we believe is optimal. As mentioned earlier, the only known provable optimal
twins have B < 100. For 100 < B < 113 optimal twins are only known heuristically.

In order to convince the reader that this 751-smooth twin is likely the optimal
twin, we develop theoretical bounds and estimates for optimal twins based on some
heuristics. In particular, the standout result is the following.

Theorem 1.1. Assuming Heuristic 3.1, as B — oo we have the following asymp-
totic for optimal B-smooth twins (r,r 4+ 1):

r~ VB,

This result explains the asymptotic behaviour of optimal twins, but for concrete
and small B this estimate deviates from the precise size. For this regime one can
use numerical techniques to get a better approximation for optimal twins.

Already in 1975, Erdds essentially showed, under analogous heuristic assump-
tions, that the largest B-smooth twin grows as r ~ OWB) [23]. We improve on
this by making the constant in the exponent explicit.

By introducing some trade-offs in the lattice, one can find even larger twins. One
cannot expect the resulting twins to be optimal using these trade-offs. For instance
we found the following 213-bit 997-smooth twin

r=19%.41-43%2.53-59%.732.83.173-227-241 - 281 - 337 - 3972 - 433
- 541 - 577 - 593 - 787 - 821 - 839 - 8572 - 967, and
r4+1=2%.3.52.13%.23.37-47-79-107-127- 131 - 151 - 157 - 167 - 179
- 1817 -193 - 223 - 283 - 317 - 367 - 379 - 601 - 709% - 743 - 941 - 997

2
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and, with the estimates that will be developed in Section 3, we suspect that the
optimal 997-smooth twin should have approximately 227 bits. We discuss the chal-
lenges to find larger smooth twins relevant for cryptography.

For some fixed values of B, we attempt to find all B-smooth twins from our ap-
proach by expanding a known set of smooth twins [10]. In particular we conjecture
to have the complete set of 200-smooth twins. The only known way to verify this is
to comprehensively solve 246 Pell equations which is computationally challenging.

In addition, we put our algorithm in a cryptographic context and get new pa-
rameters for the original version of SQIsign [24] with smaller smoothness bounds.
With a theoretical decrease of 19.85% on the signing time, these new parameters
are a competitive alternative that could be considered for future use.

A Python3 implementation of our algorithm is publicly available at

http://github.com/WvanWoerden/SmoothTwins,

and a dataset containing the conjectured complete set of 200-smooth twins, and
some of the largest smooth twins for B < 1100, is publicly available at [34]

https://zenodo.org/records/18234089.

Notation. For a smoothness bound B, Pg := {2,3,...,q} = {p < B} will be the
set of primes up to B with cardinality 7(B) = #Pp. We will denote log(-) and
log,(+) for the natural and base-2 logarithm respectively. We denote val,(y) for the
valuation of y € Q at p. For two functions f, ¢ : N — R we write f(n) = O(g(n)) if
there is some C' > 0 and N € N such that |f(n)| < Clg(n)| for all n > N. We write
F(n) = Qg(n)) if gln) = O(f(n)); f(n) = o(g(n)) if £(n)/g(n) — 0 as n — oo;
and also f(n) ~ g(n) if f(n)/g(n) — 1 as n — oo.
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HYPERFORM? consortium funded through Bpifrance and 1’ Agence nationale de la
recherche through a Plan France 2030 grant (ANR-22-PETQ-0008 PQ-TLS); and
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tion to quantum-resistant cryptography” (ALLRP 578463-2022), and the NSERC
Discovery Grant program?®. Part of this work was executed while the third author
was employed by IMB at Université de Bordeaux under the CHARM ANR-NSF
grant (ANR-21-CE94-0003). Experiments presented in this paper were carried out
using the PlaFRIM experimental testbed, supported by Inria, CNRS (LABRI and
IMB), Université de Bordeaux, Bordeaux INP and Conseil Régional d’Aquitaine *.

2. EXISTING METHODS FOR FINDING SMOOTH TWINS

We give a short summary of two methods that find all or almost all B-smooth
twins for a fixed and small smoothness bound B.

Solving Pell equations. Let x = 2r + 1 so that 22 — 1 = 4r(r + 1) is B-smooth.
Decompose this into its squarefree part, D, and its square part, y2. Then the pair
(x,y) is a solution to the Pell equation X2 — DY2 = 1. One reverses this to solve
all 27(B) Pell equations, one for each D = [Lep, £ with e, € {0,1}. Lehmer [28]
gives provable conditions on these equations to ensure all B-smooth twins are found.

23ee https://project.inria.fr/hyperform.

3See https://nserc-crsng.canada.ca/en/funding-opportunity/
archived-alliance-consortia-quantum-grants-call-proposals-supporting

4See https://www.plafrim.fr.
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This is computationally infeasible for large B — the complexity to solve these
equations is at least 27(B)+o(m(B))  Thig ignores the fact that the fundamental
solution is (in the worst case) doubly exponential in B. Finding such solutions
would add another exponential to this complexity®. In practice one can adopt an
early abort strategy that only considers solutions up to some reasonable bound. If
this bound is exponential in B, then processing each discriminant becomes poly-
nomial in B and the total complexity becomes 27(B)+o(7(B))  With this, one could
heuristically get all B-smooth twins (as done for B = 113 [16]).

Conrey-Holmstrom-McLaughlin (CHM). This algorithm [12] recursively builds an
increasing chain of B-smooth twins S(® = {1,...,B—1} € SO C ... € SO C

SN ... ¢ §(=1 = §() yntil no more twins are found (which is ensured by
Stgrmer’s [39] result). For each r, s € S with r < s compute

t s+1

v r+1 s’

where ged(t,#') = 1, and include ¢ in the next set SU+1) when ¢’ = ¢ 4+ 1. This
produces a B-smooth twin (¢,¢ + 1) and shows the correctness of the recursion.
This procedure produces a large but incomplete set of B-smooth twins. It is
conjectured that the proportion of B-smooth twins not found with CHM is o(1) as
B — oo. The experiments in [10] report the results with B = 547. The largest
twin found in that run has 122 bits which we will see later is far from optimal.

3. SMOOTHNESS HEURISTICS
The Dickman-De Bruijn [19, 18] function is the continuously differentiable func-
tion p : [0,00) — [0,1] that satisfies the following difference differential equation
plu) =1, (0 <u<1);
up(u) = —plu—1), (u>1).
Other than p(u) = 1 —log(u) for 1 < u < 2, there is no closed form for p(u) in
terms of elementary functions for arbitrary u > 1. A simple approximation of this

function is p(u) &~ u~* and a better one is given by p(u) ~ e*(ulog(u))~*. These
approximations are derived from the asymptotic expression [26, §3.9]

(1) p(u) = (””)

ulog(u)

(3)

as well as a more precise statement due to De Bruijn [18, Eqn (1.8)]. From a
computational perspective, numerical methods [40] exist for evaluating this function
which are built into many popular computer algebra packages.

This function is related to the distribution of smooth integers at an asymptotic
level. More precisely, if U(N, B) denotes the number of B-smooth integers m < N,
then for a fixed u > 0 and as N — oo we have [19, 18]

U(N, NY%) ~ p(u)N.
While this expression is asymptotic, experimentally p(u) is a good estimate for the

probability that an integer of size N is N'/%-smooth.

SWe refer to [28, §6] and [31] for some discussion on getting around this.
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3.1. Heuristics on the optimal twin. It is believed that the smoothness prop-
erty in very short intervals is mutually independent. A more formal and general
statement is conjectured which has only been proven in a small range [32]. This fact
has been utilised in practice [17, 38] owing to its accuracy for concrete instances.
This conjecture implies that the probability that two close integers of size N are
N'/“_smooth is p(u)?. Therefore, for large enough N, the number of N*/*-smooth
twins in the interval [§, 2] is heuristically roughly p(u)?N. This means that if
p(u)2N = 1, then we expect roughly one N'/“-smooth twin of size N, and not many
greater than N. This gives us the following heuristic on the optimal B-smooth twin.
We will use this heuristic in combination with (4) to prove Theorem 1.1.

Heuristic 3.1. As B — oo, the largest B-smooth twin (r,r + 1) satisfies

p(u) ~ W
where u = log(r)/ log(B).

As a precursor, we need the principal branch of the Lambert W function — the
function Wy : Rsg — Rsg such that for any x > 0 and y = Wy(x) > 0 we have
ye¥ = z. It is known that Wy(z) = log(x) — log(log(z)) + o(1) as z — oo [13]. We
need a slight modification of this which is summarised in this short lemma.

Lemma 3.2. Consider the function x — xlog(z) for x > 1 (so that xlog(xz) > 0).
Then the principal branch of its inverse is the function x — x/Wy(x) for x > 0.

Proof. Starting from ylog(y) = x, with > 0 and y > 1, we express y solely in
terms of x by first rewriting this as (z/y)e®/¥ = x and then obtain z/y = Wo(z). O

Proof of Theorem 1.1. We start with p(u) = 1//r from Heuristic 3.1. Using the
asymptotic expression from (4) and u = log(r)/log(B), this can be rearranged to

(5) ulog(u) = (e + o(1))VB.

We need to address the o(1) term here since this is a priori with respect to u and
not B. Write g(u) for this o(1) term. We will show that limp_, . u = 00, which
implies that limp_, g(u) = 0 as well. Let T :=liminfp_, o |€ + g(u)].

Suppose that T = 0. Note that the optimal B-smooth twin satisfies r > B2 — 1
and hence u = log(r)/log(B) > 1.5 for large enough B. So the denominator and
exponent of (4) are positive for large enough B and we get liminfg_, o p(u) = 0.
Since p(u) is a strictly descending function for u > 1 with limit 0 we must have
limp_ s, u = 00. This contradicts the assumption that 7" = 0.

Hence we know that T > 0. By (5) we have liminfp_, |ulog(u)| = oo and, as
the map = — |xlog(z)| has no poles other than co, we must have limg_, o, u = 0.
This implies that the o(1) in (5) is also with respect to B. Using Lemma 3.2 we
can express u as

_ (e+oW)VB (¢ + o))V
Wo((e+o0(1))VB) 1+ 3log(B) —log(1+ log(B)) +o(1)’
We can now conclude that
Blgnoo log(r)/VB = Bli_r}rlooulog(B)/\/E = 2e. O
5

(6)
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Smoothness bound B Approximate log, (r) Smoothness bound B Approximate log,(r)
200 91.138890 1500 282.426575
500 154.417132 2000 329.581941
750 193.534196 2500 371.202628
1000 226.657489 3000 408.877910
1100 238.750073 4500 506.210979
1250 255.920233 10000 767.101783

Table 1. Heuristic size of optimal twins for various smoothness bounds
B, i.e. approximate solutions to p(u) = 1//.

Numerical computations for small B. Theorem 1.1 gives a strong description of
the asymptotic behaviour of optimal B-smooth twins. However for concrete and
small B this is not effective and one needs a more explicit solution to the equation
rp(u)? = 1 underlying Heuristic 3.1. One cannot solve this equation exactly and so
we resort to numerical techniques to approximate the solution.

One starts with an initial guess for r, such as the one given in Theorem 1.1,
and uses a root-finding algorithm, such as the bisection or Newton’s method, to
iteratively get a better approximation for r. One can exploit the differentiable
condition (see (3)) for Newton’s method and get a faster convergence rate. But we
found that the bisection method was sufficiently fast for the values of B we were
interested in.

For small B < 113 these numerical estimates for optimal twins correlate well to
actual optimal twins found by solving Pell equations, see Figure 2. As a result we
estimate the size of optimal twins for larger B, see Table 1.

4. LATTICE THEORY

A lattice L is a discrete subgroup of the Euclidean space R™. Equivalently, any
lattice £ can be described by a basis B € R™*" such that

L=L(B):= {sza Tx; € Z} ,
i=1

with R-linearly independent columns by, ..., b,. We denote rk(L) = n for the rank
of the lattice, which coincides with the dimension of its R-linear span.

The discrete nature of a lattice allows us to define some geometric properties. The
minimal distance between any two distinct lattice points is called its first minimum,
denoted by A1 (£). Equivalently, it equals the length of the shortest non-zero vector:

A(L) == min |v].
vel\{0}
Next, we have the (co)volume vol(L) of a lattice which equals the volume of the
quotient space spang(L)/L. For any basis B of £ we have:

vol(£) := vol(spang(L)/L) = det(B' B)'/2.

The volume vol(£) of a lattice can be seen as the inverse density of the lattice,

i.e., vol(£)~! is roughly the number of lattice vectors per unit volume. In a dense

enough lattice of rank n there must always be some short non-zero lattice vector,
6
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which is quantified by Minkowski’s theorem saying that

2vol(L£)/" 1/
< — = . "
(L) < vol(BT) /7 V2n/me - vol(L)/™,

where vol(B™) is the volume of a unit ball of dimension n. In a typical random
lattice one can give a more precise estimate of the first minimum. In practice, we
usually never have precisely such a random lattice, however, unless they have some
special structure, most lattices still satisfy the following simplified heuristic.

Heuristic 4.1 (Gaussian Heuristic). Let £ be a lattice and let S C spang(L) be a
sufficiently nice body with positive Fuclidean volume. Then the expected number of
non-zero lattice points in S roughly equals |[£ N S\ {0}] = volgyan()(S)/ vol(L). In
particular, for a lattice of rank n this implies that

(L) = gh(c) = OO V/n/2me - vol(£)'/"
1()~g().—W~ n/2me - vol( .
4.1. The shortest vector problem (SVP). One of the main computational
lattice problems is that of finding short non-zero lattice vectors. Finding a lattice
vector v € £ of minimal length ||v|| = A1 (£) is known as the shortest vector problem
(SVP). While the best provable algorithm for SVP runs in time and space 2"+°(")
in the rank n of the lattice [3, 4], heuristic versions can be much better. The fastest
heuristic algorithm for SVP runs in time 20-2927+e(®) and space 20-2075n+0(n) (9],
We commonly refer to these algorithms as lattice sieving algorithms. In practice,
these algorithms can solve SVP up to dimensions 150 in reasonable time [5], with
record computations stretching up to dimension 200 [22, 41].

The above complexities are for finding an (almost) shortest vector in a typical
lattice for which A;(L£) = gh(L£). These seem to be the hardest cases to find a
shortest vector both in theory as in practice. The lattice we will consider has some
special structure and therefore does not always fall into this regime. For example,
when the short vector v € £ we aim to find is shorter than what the Gaussian
Heuristic predicts. Alternatively, even if the lattice satisfies A1 (L) &~ gh(L), the
short vector v € £ we aim to find does not always have to be the shortest vector.

The case ||v]| < gh(L£). We call a shortest vector v € £ unusually short if ||v|| =
A1(L) < gh(L£). Finding such an unusually short vector is typically easier by run-
ning a lattice reduction algorithm such as BKZ [37] which makes polynomially many
calls to an exact SVP oracle in dimension 8 < n. The dimension 5 depends on n
and the ratio gh(£)/A1(£) which is called the gap. The larger the gap, the lower 5
will be relative to n in order to successfully recover the unusually short vector.

The case ||v|| > gh(L). We consider the case where one wants to find a sufficiently
short vector v € £ for which gh(£) < ||v]| < C'-gh(L) for some C' > 1. Finding any
such short vector is typically easier than finding a shortest vector, again by the use
of a lattice reduction algorithm. In fact, in a typical lattice there are according to
the Gaussian Heuristic roughly C™ of such vectors. However, in our case we will be
interested in finding a specific (or a few specific) vectors among those C™ vectors.
Finding a needle in such a haystack will quickly become infeasible, and thus we are
typically constrained to quite low values of C'. The current best heuristic algorithms
for SVP naturally compute almost all vectors up to length \/m -gh(L£) and thus
in practice we typically constrain ourselves to C' < \/m in large dimensions.
7
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Dimensions for free. One can consider the projected lattice (L) of rank n—k where
7 projects away from k (primitive) lattice vectors. For a shortest vector v € £ (with
|v]|  gh(L)) its projection 7(v) might have |7 (v)|| < \/4/3 - gh(7(£)) and thus
7 (v) can be found by running the SVP algorithm on 7(£). Then v can be recovered
by an appropriate lifting. One thus decreases the rank of the SVP by k dimensions,
which for typical lattices can heuristically be picked as k = 6(n/log(n)) [20].

5. GENERALISED PRIME NUMBER LATTICE

Here we reintroduce and generalise the prime number lattice that will be the
main subject throughout the rest of this work. We remark that other names have
been used for the lattice including the “Schnorr-Adleman lattice”.

Let a,a; € R, for i € {1,...,n}, and P = {p;}?_; be a finite subset of distinct
primes of size n. We call the a;’s weights and call P a factor base. We say that
a positive integer is P-smooth if all its prime divisors are in P. Note that for
P = P = {p < B} this coincides with being B-smooth.

Definition 5.1. We define the prime number lattice adjoined to a, a; and a factor
base P, denoted L, «, P, to be the lattice with the following basis matrix:

log(p1)a  log(p2)er -+ log(pn)o
oy 0 o 0
e az 0
0 0 o an

When P = Pp we call this lattice the full prime number lattice (or simply the full
lattice) with respect to the smoothness bound B.

Besides the relevance of this lattice to integer factoring which was alluded to
in the introduction, the lattice also plays a role in lattice sphere packings, where
it was used to prove the NP-hardness of SVP under randomised reductions [33].
Historically one restricts the weights «; to be either log(p;) or /log(p;). We write
«a and «; abstractly for the time being and make concrete choices later on.

A vector B, o, px in this lattice where & € Z™ can be associated to a quotient of
coprime P-smooth integers a, b which we call a P-smooth rational (or just a smooth
rational). The concrete smooth rational is apparent in the first entry of the lattice
vector: ay . log(p;)z; = alog(a/b). Moreover, the association goes the other
way since x; = val,, (a/b), so we get the following correspondence:

Lemma 5.2. For each o and o, there is a one-to-one correspondence® between
P-smooth rationals and lattice vectors in L o, p given by:

n
a .
g = prz €Q+— Ba@“pw c Loe,a,-,P~
i=1
The other entries in the lattice vector are «;x; for each i. These help to balance
out the contribution of the first entry «log(a/b) with the size of the exponents |z;|.

6A more appropriate name for this lattice might be the “smooth rational lattice” given this
correspondence. But we chose to call it the “prime number lattice” for historical context.

8
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5.1. Properties of the prime number lattice. Due to Lemma 5.2 the length of
each vector can directly be computed from the smooth rational a/b and its rational
prime factorisation. Such lengths should be considered relative to the Gaussian
Heuristic and thus the volume of the lattice. This gives the following lemmas.

Lemma 5.3. Let v = By o, px € Lo, p be a lattice vector corresponding to a
P-smooth rational a/b=T];_, p{* with ged(a,b) = 1. Then we have

2_ 2 a\2 ¢ 2
ol = a2 1og (3 )+ ;:1:(@%) .
Moreover we have the following bounds

n N2 n
iy i) < ]2 — a2 - log (%)2 < (; |xio¢i|)2.

n

Proof. The first statement follows from Lemma 5.2 and the second follows from the
general norm-inequality *||y[|? < ||ly||3 < [|ly|? where y := (z;a;)7 ;. O

Lemma 5.4 (Volume). We have

n

vol(Lo,a; p) = |2+ Z(log(pi)/ai)2 +1- HO”"

i=1 i=1
If a; == log(p;), the above simplifies to vol(Lq 0g(p:),p) = Va?n +1- ]} log(p;).

Proof. Let C' be the basis where each i-th column of B, , p is divided by a;.
Then vol(Ly a;,p) = vol(L(C)) - [[}—, «i- The first row of C is a vector ¢’ =
(log(pi)- /), and the remaining n rows form an identity matrix I,,. So we have
C'C =1I]1I,+ cc’ which has eigenvalues 1+ ||c||?,1,...,1 and thus determinant
1+|le||?. Sovol(La,a;,p) = v/1+ |le]|> 1=, a; from which we obtain the result. [

5.2. Finding smooth twins from the prime number lattice. We give some
intuition for finding smooth twins from this lattice. Recall from Section 4 that one
can find a short vector v in a lattice £ if the ratio ||v||/ gh(£) is not too large.

First we consider the norm of the vector v = Bx € L, o, p corresponding to a
smooth rational a/b. Lemma 5.3 says that

2 _ 2 a\? S N2
ol = a2 -1og (7 ) Jr;(:rzai).

Observe that for a smooth twin (a,b) = (r,r + 1) we have that a/b is very close
to 1 and thus log(a/b) ~ 0, while for other smooth rationals the contribution of
|log(a/b)| can be much larger. More precisely, for large enough r we have the
approximation o?log(a/b)? ~ (a/(r + 1))?. From this we see that we can actually
pick v up to size O(r) to get a? -log(a/b)? = O(1). In other words, we can increase
« significantly without increasing the length of v much.

For the ratio of the vector v relative to the Gaussian Heuristic, we also have to
consider the sparsity or equivalently the volume of the lattice. From Lemma 5.4 we
see that this is mainly determined by «, in particular increasing o makes the lattice
sparser. As we can freely increase o up to O(r) essentially without increasing the
norm of v one could hope that the lattice becomes sparse enough for v to be a short

9
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vector in the lattice. To make this reasoning more precise we first give a concrete
and optimal choice of a in the following proposition.

Proposition 5.5. Let a/b be a B-smooth rational and P,y = {p € P : p | ab}.
Choose a factor base P = {p;} D P, 1, withn = #P; and weights a; fori=1,...,n.
Set 1 :=log?(a/b) and Bz = 1 (xia;)? where x; = valy, (a/b). Then the choice

o
(n—=1)3

minimises the GH ratio ||v|/ gh(La,a;,p), among all o € R, where v € Ly o, p 1S
the corresponding vector to the smooth rational a/b.

O = Qopt =~

Proof. Consider the following function f(a) = ||[v||*/ gh(La,a;,ps)? as a one variable
function in terms of o. With Lemma 5.3 and Lemma 5.4, we approximate’ f(a) as

272/n5
« 1 B2 _ n
fla) = 2 + a2l where v = 5o

Minimising this expression in « is a straightforward calculus exercise. The result
of this exercise gives the desired expression for agpt. [l

Corollary 5.6. With P,n, (1,82 and v defined in the Proposition 5.5 and the
optimal choice o = aopt, we have

P) '

n—1 0%

In Section 6 we analyse this expression for f(copy) and show that, for at least
the optimal smooth twins, the corresponding lattice vector is either the shortest
vector or one of the shortest. A priori computing this copt requires knowledge of
the smooth rational itself since the terms use it and their factorisations. However
by estimating 81 and (2 one can choose « approximately. It might not give the
absolute shortest vector among all a’s but it will still correspond to a short vector.
One can also pick several o over some range in the hope that one is close to agpt.

The straightforward strategy to find smooth twins is now as follows: first one
picks a smoothness bound B and uses the factor base Pg. Then one makes a choice
of «, which is hopefully close to a,p (from Proposition 5.5), before constructing
the full lattice £ = L4 a,,p;- Then one computes short vectors in £ using the
techniques from §4.1 (either lattice sieving, BKZ reduction and/or dimensions for
free depending on the GH ratio). Finally, for each short vector v = B o, p, one
computes a = [[;., oop;* and b =[], .op; * and checks if |[a — b = 1.

Remark 1. We note a similarity between the CHM algorithm (see Section 2) and
our sieving-based SVP solver. Modulo the multiplicative versus additive subtlety
(since we work with logarithms), the procedure in the CHM algorithm and lattice
sieving correspond to the same process — yet the two algorithms take different
paths to find large smooth twins. The CHM method starts with small pairs that

"Two approximations are made here: (1) is to remove the 1 from Lemma 5.4 which contributes
negligibly to the volume; and (2) is the Gaussian heuristic approximation from Heuristic 4.1.

10
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are already very close and constructs pairs of increasing size. Whereas the lattice
siever starts with large pairs that are far apart and reduces their difference.

While the optimal twins will typically correspond to the shortest vectors the same
cannot be said about the smaller twins simply because there are more of them. So
one will not be able to find these twins by finding the shortest vector in the full
prime number lattice. Furthermore, in high dimension when ||v||/gh(£) > 1, and
especially above \/m, recovering v can quickly become infeasible. Fortunately
there are a few some solutions to this problem which we highlight here.

Guessing. Instead of working with the full lattice to find B-smooth twins, one can
guess a set () of prime factors that do not appear in the smooth twin and work
with the factor base P = Pg \ Q. The idea is that a B-smooth twin typically only
uses a small fraction of primes from Ppg in its factorisation. More precisely, with
this factor base P we work in a sublattice of the full lattice by removing all vectors
that correspond to smooth rationals containing a factor in Q). If the guess is correct
this decreases both the lattice dimension as well as the ratio ||v||/ gh(L).

Remark 2. By splitting the factor base into a fixed and a guessing part one could
interpret each guess as a Bounded Distance Decoding problem (BDD) in some
fixed lattice. Preprocessing [21] could allow a low amortised cost for many BDD
instances [27], which we leave as future work.

Dimensions for free. We can alternatively reduce the lattice sieving dimension with
the dimensions for free technique as explained in Section 4. Even if the vector is
not unusually short, one could still hope to find it with this technique at a lower
probability. We will refer to the number of dimensions we decrease the lattice by
as the amount of lifting we perform. Just as for the guessing strategy varying the
amount of lifting gives a trade-off between success probability and cost.

6. ANALYSIS

We analyse the resulting expression from Corollary 5.6 to determine the shortness
of vectors in the full prime number lattice corresponding to optimal smooth twins.
In other words we make a blanket estimate of r = e2¢V5B for optimal twins (coming
from Theorem 1.1) and analyse ||v||/ gh(La,,,,qa,,ps)- We give both theoretical and
experimental analyses for various continuous choices of «; (in terms of log(p;)).

Recall the expressions for 81, B2 and 7 which are used in the GH ratio as

n

(7) 61 = logz(a/b)7 By = Z(xiaif and v =

=1

where with our choice of factor base P = Pp we have n = 7(B). The expression
B1 (and more precisely ﬁll / ") is straightforward to analyse.

Lemma 6.1. Assuming the optimal twin estimate for smooth twins, r = 626\/§,
we have B%/" — 1 as n — oo.

Proof. Start with this asymptotically more precise statement 31 = 1/r%[14+0(1/7)].
Using the Taylor series for log (1 + ) for small x and the prime number theorem,
B = nlog(n) + O(nlog(log(n))), we get log ( 11/") — 0 asn— oo. O

11
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6.1. Theoretical analysis with a; = log(p;). Now we deal with analysing 82 and
~. This is non-trivial to do generically, i.e. without an explicit choice of a;. The
most challenging aspect in doing this generically is analysing (o in its entirety as
well as the sum Y, ((log(p;)/c;)?) in . For certain choices of o; these quantities
can be analysed. In particular we make a choice of a; = log(p;) for this analysis.

Lemma 6.2. Taking o; = log(p;), as n — oo we have

v~ \/Z(log(n) + log(log(n)) — 1).

Proof. With our choice of a; we can rewrite v from (7) as

v= \/% \/ﬁj];[llog(pj)

By Lemma A.1 we have ([}, log(pi))l/n ~ log(B) — 1. Since n'/?" — 1 and (once
again) B ~ nlog(n) we obtain the desired result. O

1/n

Lemma 6.3. Taking o; = log(p;) and the optimal twin estimate, we have

16¢2B 1\?
Ge <ﬁ2<4(2e\/3+> .
n T

Proof. Recall that By = Y7, 22 log®(p;) and, by Lemma 5.3, we have the inequality

n e loe(p) )2 i 2
(S b logp])” _ ) _ (3 fo o)) -

n

(8)

One can calculate that > |2;log(p;)| = log(r) + log(r + 1). Using the optimal
twin estimate, this is bounded below by 4ev/B and bounded above by 4ev/B + 2 /r.
Substituting these bounds in (8) gives the desired lower and upper bounds. ]

Proposition 6.4. Let v € L = L, py be the lattice vector corresponding to an
optimal B-smooth twin (r,r + 1) with the optimal choice o = aqp, and weights
a; = log(p;). Then we have

Proof. Combining Lemma 6.1 and Lemma 6.2 we get

nﬁ%/n 2me
ol log(n) + log(log(n)) — 1’

and Lemma 6.3 gives an upper bound for (1/fa2/(n — 1))'~%/" which again by the
prime number theorem can be solely expressed in terms of n. In particular we have

(V) -otvmm)

n—1

Combining these together with Corollary 5.6 gives the intended result. Moreover
with the lower bound in Lemma 6.3 we also have |[v||/gh(£) = Q(1/(nlog(n))*/?).
O
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Figure 1. Plots on the set of strictly 199-smooth twins with o = awpe.

6.2. Experimental analysis with different «;. The theoretical analysis sug-
gests that, for large enough B, the lattice vector corresponding to an optimal
B-smooth twin is unusually short and one should be able to find it with BKZ.
However this abstracts the constant in the big O term from the generic bounds
(notably from f3) and it is unclear from this analysis whether the ratio is less than
or greater than 1 for small B. So we conduct experimental analysis to assess their
GH ratios ||v||/ gh(£) for all B-smooth twins. We will observe that for the largest
twins we are in the scenario where either ||v]|/gh(£) = 1or 1 < ||v||/ gh(£) < 1/4/3
— so one needs to do lattice sieving to find them.

We also experiment with more generic weights «; = log®(p;) which is non-trivial
to analyse theoretically primarily due to the more complex 3o analysis. The influ-
ence of «; is considered further in §7.2. For now we consider the GH ratio ||v||/ gh(£)
for several exponents e in a; = log®(p;) on the set of strictly 199-smooth twins. We
think our set of such twins is complete, see Conjecture 7.1, and it should therefore
give a good representation.

In Figure la we see that the exponents e = 1 or e = 1.25 lead to the most
twins with a small GH ratio. Among all strictly 199-smooth twins the ratio
v/ gh(Lay,. log(p:),Ps) i on average 1.28 and no larger than 2.3. When min-
imising the ratio with respect to the exponent e (through numerical computations)
the average and largest ratio among these twins is 1.25 and 2.2 respectively. The
twins with a larger ratio typically contain an unusually large prime power due to the
larger contribution from (x;c;)?. For instance this is the case for the 199-smooth
twin (r,7+1) where r = 107°—1 which clearly has a large power of 107. In Figure 1b
we see a dependency between the GH ratio and the size of the twins. Notably the
ratio for larger twins becomes better, which is in line with our theoretical analysis.

Non-continuous weights. Instead of continuous choices of a; (in terms of log(p;))
one might want non-continuous weights: e.g. «; = log(p1)/n, for some n > 1,
and «; = log(p;) for ¢ > 2. This might be necessary when one needs to (say) find
smooth twins with a large power of a certain prime. We discuss this further in §7.2.

Remark 3. The plots in Figure 1 use the optimal a = oy for each twin which
does not correspond to the same « across the board. For a single a the largest ratio
will far exceed 2. Moreover « influences the size of the resulting twin that one gets
as a shortest vector.

13
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Figure 2. Comparing the numerical estimates for optimal B-smooth
twins (marked with a blue plus) against known largest twins with B <
547. The red dots mark the sizes of the largest strictly B-smooth twins,
while the orange line indicates the cumulative largest twin.

7. SMOOTH TWIN RESULTS

We report on results using the prime number lattice. Experiments ran on the
PlaFRIM cluster using CPU nodes (64 ZEN2 cores, 2.35GHz, 256GB RAM) and
GPU nodes (64 ZEN3 cores, 2.60GHz, 2 NVIDIA A100 GPUs, 512GB RAM). We
used G6K [5] and its GPU extension [22] for lattice sieving ®. These tools, developed
for lattice-based cryptanalysis, have achieved SVP records up to dimension 180 [22].

7.1. Optimal twins from CPU sieving. Using heuristic estimates from §3.1, we
search the full lattice for large, heuristically optimal twins. From Proposition 5.5,
the optimal « for a B-smooth twin (r,r+1) is aopy &= \/B2/(n — 1) -r. With weights
a; = log(pi), v/B2/(n—1) = O(y/log(n)) (Proposition 6.4). For an unknown
b-bit twin, we approximate o ~ py/log(n)2® for small u. Experiments suggest

B2/(n — 1) remains small for other values o; = log®(p;).

For example take B = 200, the optimal twin is estimated at =~ 91.14 bits (Ta-
ble 1). Using a = 2% and weights a; = log(p;) in L9294 1og(p1), Pago» the 6th shortest
vector yields a previously unknown 95-bit 199-smooth twin.

r=32.52.7°.11%3.59-712-101 - 127 - 173 - 197 - 199 and
(9) 10 2 2 2 2
r4+1=2%.13.172.23-37%2.41-47-61-79-107% - 1132 - 137.

Exceeding the estimate, this twin is likely optimal. With aqgp ~ 296324 " this twin
corresponds to the 3rd shortest vector in L, log(p:),Paoo-

The lattice dimension in this example is 7(200) = 46, well below SVP records.
An SVP call costs 20-2927(B)+o(m(B)) (Section 4.1), which is significantly less than
the 27(B)+o(m(B)) Jower bound Pell equations cost (Section 2). This saving is the

8Available  at https://github.com/fplll/g6k and https://github.com/WvanWoerden/
G6K-GPU-Tensor respectively

14


https://github.com/fplll/g6k
https://github.com/WvanWoerden/G6K-GPU-Tensor
https://github.com/WvanWoerden/G6K-GPU-Tensor

Algorithmic Number Theory Symposium XVII, Groningen, July 6-10, 2026

10! §

10° 4

10-! 4

Normalised Frequency

/U})

O DD DO DD DD DDDHS L DSOS
R N N N N N N N N N N N N R N N SR RN

log,(r)

Figure 3. Histogram of the normalised number of smooth twins (r,r +
1) found of each bit size versus a varying scalar « in the normal regime.

main contributing factor that allows us to find larger optimal twins. Figure 2
compares the strictly largest B-smooth twins against our estimates from §3.1.
Using CPU sieving in the lattice Lo1s2 16g(p,), Pssr» We found a conjectured optimal
180-bit 647-smooth twin:
r=2%.73.17%.23.47-61-131* . 139% - 163 - 179 - 197 - 223 - 257 - 293
=379 - 443 - 563 - 569 - 617 - 647, and
r+1=3-5-13-19-31%-41-59-71-127-137 - 151% - 233 - 263 - 307 - 349°
=431 - 467 - 509 - 523 - 601 - 643.

7.2. Influence of parameters. We examine the influence of the parameters using
CPU-based G6K with B = 691 (7(B) = 125) and a factor base P C Pgg1. We
performed 64 seeded trials for each parameter set. In the histograms normalised
frequency represents the total number of unique (unless otherwise stated) smooth
twins found divided by 64. By default we fix the weights to be a; = log(p;)¢ with
e = 1, leave out k = 15 primes in the guessing phase and lift [ = 5 dimensions with
the lifting strategy (sieving dimension 125—k—1 = 105). Each trial changes some of
these parameters and takes a few hours on 16 cores. We study two regimes: normal
(maximising total number of twins found, a = 2'59) and power-of-two (seeking
large powers of two, o = 2128). In the latter, we scale a; = log(2)/n with = 20.

Size of found twins («). In Figure 3 we consider the influence of o on the size of
smooth twins (r,r 4+ 1) that are found in the normal regime. We varied log,(«)
from 144 to 150 with increments of 2. Consistent with Proposition 5.5, twin size
scales with «, peaking in the interval log,(r) € [logy(a) — 3,logy(a) — 2). Larger o
yield fewer twins in total, reflecting the scarcity of larger B-smooth twins.

Diagonal exponent (e). We varied the exponent e in «; = log(p;)¢ from 0.5 to
1.5 (step 0.125) in both regimes. Results are in Figure 4. In the normal regime
(plotting logy(r)), 1.125 < e < 1.375 is optimal, peaking at e = 1.25. Larger e
slightly reduces the average twin size relative to «. In the power-of-two regime
(plotting valy(r(r 4+ 1))), 0.875 < e < 1.25 is optimal, peaking at e = 1.125.

Guessing versus lifting (k,1). We compare guessing (k) and lifting (I) by varying
k € {5,10,15,20} with k + | = 20, balancing lattice dimension against success
probability”. In the normal regime (Figure 5a), counting duplicates favors (10, 10)

9The case k = 0 is not considered as otherwise each trial would use exactly the same lattice.
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Figure 5. Comparing guessing versus lifting (d4f); varying the guessing
and lifting dimensions (k, ) while keeping their sum k + [ = 20 fixed.

or (15,5) over (5,15) or (20,0). For unique twins, guessing dominates, with (15,5)
being optimal. Lifting appears to disproportionately find the same unusually short
twins repeatedly. Similarly, in the power-of-two regime (Figure 5b), (15,5) is opti-
mal for duplicates, while (20, 0) performs nearly as well for unique twins.

Scaling and exponent trick for finding large powers of two. To find twins with large

powers of two (see Section 8 for motivation), we test two methods. The first method

replaces p; = 2 with p; = 2/ (f > 1), ensuring found twins satisfy f|vala(r(r +1)).

Increasing f makes the lattice sparser, potentially aiding the search, but misses

twins where f { vala(r(r 4+ 1)). The second method decreases a; by a factor n >

1, reducing the norm penalty for large powers of two. This makes the lattice
16



Algorithmic Number Theory Symposium XVII, Groningen, July 6-10, 2026

p1 =2/ exponent | ay = log(p1)/n
10

factor p;

Scalar n
-
101 | - EEE - . -
LIt}
- 20
IOEERS - R e - B n

® o > S
N R bl v N " e
& & N o §
valy(r(r +1)) ~ » v v >
valy(r(r + 1))

2
Yz
o
4
Uy

S
el
5
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on finding smooth twins with a large power of two.

denser and requires balancing the choice of 7. We test a; = log(p1)/n for n €
{1,5,10, 20, 40}.

Results in Figure 6 show that using p; = 2/ yields more twins with f|valy(r(r +
1)). Downscaling o with n = 5 finds twins with valy(r(r+1)) > 35, whereas n = 1
finds essentially none > 25. Increasing n beyond 5 has little effect.

7.3. Results from GPU lattice sieving. We now detail our GPU experiments.
The found twins are available at [34]. Memory constraints limited the effective
sieving dimension to 137. Sieving at this dimension takes half a day on one PlaFRIM
node. With this, using B = 773 (n(B) = 137), we found a 195-bit 743-smooth
twin (10) and a 196-bit 751-smooth twin (1). Both align with heuristic optimality
estimates.
r=7-19"-23-37-47*.79-89-97° - 103 - 211 - 2297 - 271% - 283 - 307
-401? - 503 - 541 - 557 - 631 - 643, and
r+1=2".5%.11-13-43%.53-59- 131 -137- 149 - 163 - 223° - 281 - 313
-337-353 - 409 - 449 - 547 - 563 - 653 - 709 - 743.

(10)

For larger B > 773 (w(B) > 137), we use a combination of lifting and guessing.
For instance with B = 823 and lifting [ = 5 dimensions, we found a 200-bit 809-
smooth twin (estimated optimal size: 202 bits).

r=20.173.23.29%.47-53%.59-67%-107-131-137- 163 - 193 - 271
-277-283 313 - 359 - 397 - 433 - 523 - 751 - 787 - 809, and
r4+1=33.5%2.72.11-19-41%.71-73-89-139 - 179 - 2632 - 269 - 5572 - 577

-587% - 607 - 677 - 683 - 709 - 733

This twin can also be found with guessing k¥ = 5. One should remove a subset
Q@ C Pgp devoid of factors of r(r + 1) and small primes. The success probability for
choosing @ C Pg \ P3po with #Q =5 is &~ 0.3224.

Increased lifting and guessing finds larger twins but potentially sacrifices opti-
mality. For instance for B = 997 (w(B) = 168), we ran experiments for varying
k+1=168 — 137 = 31 and k > [ following §7.2. With k = 18,] = 11, we found
a 213-bit 997-smooth twin (2), which is far from optimal. Experiments with larger
B and increased lifting/guessing yielded no larger twins.
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CHMp CHMs.7 SVP
B=150: 73,694 74,006 (+512) 74,007 (+1)
B=200: 346,192 348,840 (+2,648) 348,865 (+25)
B=250: 826,750 835,613 (+8,863) 835,880 (+267)
B=300: 2316631 2,350,100 (+33,469) 2,353,597 (+3,497)
B=350: — 5,431,970 5,456,952 (+24,982)
B =400: — 11,840,978 11,980,453 (+139,475)

Table 2. Cumulative number of B-smooth twins found. The subscript
in CHMp denotes applying the CHM algorithm with B as input.

Cryptographic smooth twins. Isogeny-based cryptography typically requires 256-bit
twins. While Section 8 discusses relaxing this requirement, we address here the
challenge of finding such twins. Table 1 suggests needing B ~ 1250 (7w (B) = 204)
for 256-bit twins. Current SVP records reach dimension 200 (with lifting) [5, 22, 41],
putting this just beyond reach. Even if one incorporates lifting and guessing, one
would need a large amount of trials in order to find the desired smooth twin —
adding to the computational cost.

7.4. Towards enumerating all B-smooth twins. The main obstruction to find-
ing all B-smooth twins with our lattice approach is that not all smooth twins cor-
respond to short vectors in the full lattice (see Figure 1). To find them through
SVP instances a sufficient (and possibly large) amount of guessing is required (we
discuss this further in Remark 4).

Alternatively one can use the lattice approach to add previously undiscovered
twins to a known set of B-smooth twins. One still needs to incorporate guessing to
find the obscure twins. If the known set is large then one can minimise the amount
of necessary searching and plausibly conjecture the complete set of B-smooth twins.

A large proportion of B-smooth twins for B < 547 was found using the CHM
algorithm [10] (Section 2). Notably the larger B-smooth twins are not found with
the CHM algorithm, most of which our SVP solver should find with minimal guess-
ing. We extensively searched for B-smooth twins with B < 400 and found many
new twins. In particular we found 25 new 200-smooth twins including the twin in
(9). We did further experiments to find more 200-smooth twins with large guessing
amounts. After 1-2 weeks of effort no further twins were found. So we conjecture
to have the complete set of 200-smooth twins as summarised in Conjecture 7.1, and
available at [34].

No formal claims are made for larger B but we note down in Table 2 the cumu-
lative number of B-smooth twins found in this and prior work. We did not extend
our experiments to B = 547 due to the increasing computational effort.

Conjecture 7.1. There are exactly 348,865 many 200-smooth twins.

Remark 4. By Theorem 1.1, the number of distinct prime factors in B-smooth

twins is heuristically at most O(n(4ev/B)) = O(v/B/log(B)) which for large B is

only a small fraction of all O(B/log(B)) primes up to B. Therefore, by doing a very

large amount of guessing, with say k = 7(B) — O(v/B/log(B)), we could use the

SVP approach alone to find all B-smooth twins. Trying all (”(If )) subsets P C Pp
18
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of size n —k and polynomially many distinct a’s, the resulting complexity turns out
to be subexponential in B. Despite this potential gain, it is only practical for very
large B and not the small B that we have worked with. A similar heuristic analysis
can be made with the Pell equation approach. For all square-free discriminants
D < 646\/§, one would early abort solving the equation z? — Dy? = 1 using the
continued fraction of v/D, namely when z becomes larger than 2¢2¢VB . This should
also give a subexponential complexity, but which only pays off for huge B.

8. APPLICATIONS

8.1. SQIsign parameters. We revisit the original version of SQIsign'®, which we
call SQIsign1D, and find new parameters. In particular one works with a prime p
such that 2/ - T | p? — 1 where f is as large as possible and T =~ p°/* is odd and
B-smooth. This condition implies that not all of p? — 1 needs to be smooth, which
differs from the fully smooth twin scenario.

The main idea in this prime search is to adopt a boosting strategy and search for
a prime of the form p = py(r) = 2r2—1 for a smooth r. As p?—1 = 4r?(r—1)(r+1)
we need smooth divisors in r — 1,7 + 1. We also ensure that r has a large power of
two (which is amplified by the squaring in py + 1).

Sieve-and-boost approach. Instead of doing an exhaustive search on smooth r which
is expensive, one can do a tailored exhaustive search over integers of the form!!
r = 21".39 .m where m is smooth. Then for each such r factorise the smooth parts
of r — 1 and r + 1 and see if this gives the necessary amount of smoothness. This
strategy was adopted for the first round of the NIST submission [11].

Twin-and-boost approach. If (r,r £ 1) is a smooth twin with 2/’ | 7 and p = pa(r),
then p? — 1 has a smooth factor 4r2(r £ 1) ~ p3/2. If f = 2f" 4+ 1 < log,(p)/4 then
2f . T < p3/2; so one simply needs to check primality of p. For larger f one requires
more small prime factors in r F 1. Depending on how much larger f is relative to
log,(p)/4, the probability that one has these factors is not too small [6].

So a sufficiently good smooth twin oracle can give SQIsign1D parameters. This
observation was first noted in [10] but they were unable to instantiate the oracle with
the CHM algorithm. On the other hand we can instantiate this properly with our
lattice approach aimed at finding smooth twins with a large power of two (see §7.2).
In particular we found the exceptional prime p = p2(r) with factorisations

p+1=25.5%.23%.672.712.732.892.113% . 137* - 163% - 229 - 2632 - 2932, and
p—1=2-3-72.11-13%-31-47%.792.103 - 151 - 241% - 353 - 367 - 389 - 449
- 463 - 499 - 50355971 - 1032403334060991048097384477.

With a significantly smaller smoothness bound (on the smooth part of p? — 1)
compared to the parameters in [11], this offers a better signing performance in ac-
cordance to the SQIsign1D estimator sage script provided in [15]. In particular one
could theoretically get a modest 19.85% improvement for signing. However we note
that this will not compete with the second round submission [1] to NIST’s signature
call. So we present this prime to expand diversity of SQIsign1D parameters.

10For accessible resources on SQIsign and its variants we refer to [24, 25, 30, 11, 14, 7, 35, 1].
HThe inclusion of the power of three is not mandatory but it simplifies certain steps in the
signing procedure and was a design choice made in the original NIST submission.
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APPENDIX A. ASYMPTOTICS FOR THE GEOMETRIC MEAN OF THE LOGARITHMIC
PRIMES

We provide an elementary proof of the following statement. The proof is adapted
discussion from a stack exchange post'? in order to get an asymptotically precise
statement. To our knowledge this result is not publicly recorded.

Lemma A.1. As x — oo we have
Ho)
[ toz(p) = log(z) =1 —o(1),
p<z

where the product is over the primes less than x.

Proof. We consider > __log(log(p)) which by Abel summation is

Z log(log(P)) = T((E) log(log(x)) B /21 t;:)(gt()t)dt

Using the prime number theorem in the integral term we have

c o) “ t/log(t) + O(t/ log*(t))
/2 tlog(t) dt_/g tlog(t) di

~ o) O <log§(9c)) B lzg(f:c)) o (107;(22@) |
So we have

> "log(log(p)) = 7 (x) <log(10g(33)) . (bg;(gg)))

= log(z)

p<z

p<z

and exponentiating gives

[T tosto) = (1onte) exp{ 5~ (1og; <z>> }Y(z) |

p<z

Finally, using the elementary fact that e/(*) = 1 + f(z) 4+ o(1) when f(z) = o(1),
we obtain the intended result. ]
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