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ABSTRACT. We give an algorithm for choosing a distinguished defining poly-
nomial for a p-adic field extension. This algorithm formed an important in-
gredient in the recent expansion of the database of p-adic fields within the
L-functions and modular forms database.

1. INTRODUCTION

It follows from Krasner’s Lemma that a p-adic field has only finitely many ex-
tensions of a given degree. It is thus natural to seek a list of polynomials ¢(x)
such that each extension is generated by exactly one ¢(x). Once the list has been
created, looking up an extension defined by some other polynomial ¢ (z) requires
an algorithm which matches 1(z) to one of the chosen ¢(x) defining an isomorphic
extension. Such an algorithm, polredpadic (Algorithm 6.15), is the central result
of this paper. Note that this algorithm also enables the creation of the list of ()
in the first place by taking the list with repetition from [ , §2.4, 3.3], running
polredpadic on all of them, and then removing duplicates.

The LMFDB [ ] is a massive online database of number-theoretic objects
of many different types. It contains a database of p-adic fields, initially created by
Jones and Roberts | | and recently extended by the present authors | ].
The polredpadic algorithm played a central role in enabling the enumeration of
the 890,111 degree 16 and the 314,543 degree 20 extensions of Q2. While the sheer
number of fields prohibits practical enumeration in some degrees (there are over
114 billion degree 32 extensions of Q2), the process is now completely automated
and straightforward to carry out for any particular degree. Moreover, the same ap-
proach works to enumerate fields with more restricted invariants, such as a specific
discriminant or family [ , §1.2].

Our basic approach rests on work of Krasner | ] as modernized by Monge
[ |. In the case where L/Q,, is totally ramified, this theory gives a collection of
near-canonical Eisenstein polynomials, each of which defines L. We generalize this
approach to the case that the inertia degree is larger than 1, replacing Eisenstein
polynomials with @Dystein polynomials (see Section 3), and give a process to pick a
distinguished polynomial among them (see Condition 6.14).

The name polredpadic is inspired by the PARI-GP | ] function polredabs
which computes a (pseudo) canonical defining polynomial of a number field and en-
ables searching the LMFDB’s number field database given an arbitrary irreducible
polynomial over Q.

Date: June 5, 2026.
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The paper is structured as follows. In Section 2 we set up notation and de-
scribe how we select polynomials defining unramified extensions. In Section 3 we
define v-Qystein polynomials for an unramified polynomial v(z), give Algorithm 3.5
for finding an (Jystein polynomial generating an arbitrary extension, and connect
@ystein polynomials to Eisenstein polynomials over the maximal unramified subex-
tension. In Section 4 we recall the theory of ramification polygons and generalize
them from their original context of Eisenstein polynomials to @ystein polynomials.
In Section 5 we recall the theory of residual polynomials, which are attached to
the segments of the ramification polygon and provide an invariant allowing for the
division of families into subfamilies (Definition 5.4). We also define distinguished
residual polynomials, which provide one part of the recipe for selecting a distin-
guished polynomial for L/Q,,.

Section 6 forms the core of the paper, describing how to reduce an @ystein poly-
nomial to a set of near-canonical options and then how to pick a distinguished
polynomial from among them. We first give the process for Eisenstein polynomials
from | ], with modifications to ensure compatibility with the generic poly-
nomial of the family [ , 83.3]. As part of this process, we recall additive
residual polynomials and generalize them to @ystein polynomials. The main the-
orem underpinning the reduction process is Theorem 6.8, which describes how the
minimal polynomial of a root « of a v-@ystein polynomial ¢ changes when making
a substitution of the form a — o + yv(a)™. This theorem enables setting many
p-adic digits of the coefficients of 9 to 0 without changing the extension (see Corol-
lary 6.10), and also provides a reduction algorithm for the remaining coefficients
(Algorithm 6.12). Section 6 ends by defining a total order on @Dystein polynomials,
allowing for the selection of a distinguished defining polynomial. We close with a
complexity analysis of our algorithms in Section 7.

Our implementation in Magma, | ] of the algorithms in this paper is avail-
able on GitHub at https://github.com/roed314/padic_db and data is available
on the LMFDB at https://www.lmfdb.org/padicField/.

We thank the American Institute of Mathematics for supporting this work through
an AIM SQuaRE and the three anonymous referees whose comments have improved
the quality of the paper. Roe was supported by SFI-MPS-SSRFA-00005427.

2. SETUP AND NOTATION

Let K be a finite extension of Q, with inertia degree fx, ramification index ey,
and degree nxg = fxex. Let mx be a uniformizer for K and let vg : K — ZU {0}
be the valuation on K normalized so that vg(rx) = 1. Let O = {a € K :
v () > 0} be the ring of integers of K and let (7x) = {a € K : vk (a) > 0} be
the maximal ideal of Ok. For «, 8 € K, we write a ~ 8 when v (o — 8) > vk (a).

We denote the residue class field of K by k = Ok /(nk) and by ¢ = #x its
cardinality. For a generator &z of the cyclic group x* and 7 € k> we let logEK 5

be the smallest n € Z>( with E?{ =7.

Let Rx be a fixed set of representatives of x in Ok with {0,1} C R.

Let ¢ € Ok/[z] have degree n. We write ¢(z) = Y7 ¢;2’, and for each coeffi-
cient we write p; = > @i ke, where @; ; € Ri.

Let K5 be a separable closure of K and let L/K be a finite subextension of
K*®P /K, with inertia degree f, ramification index e = ep® with p f ¢, and degree
n =ef = ep¥f. We denote by L,,/K the maximal unramified subextension of
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L/K, by Ly/K its maximal tame subextension and by A the residue class field of
L. Then [Ly, : K] =[A: k] = f, [Lo : Lu] = €, and we get the standard tower of
subextensions

f € v
(21) K g Lur g LO pg L.

Let ¢ be a defining polynomial for L/K and let 5 be a root of ¢ such that L = K ().
For v € K[z] we denote the characteristic polynomial of v(8) by xr,x(v(8)) =

X (7) = Rese (¥(1), 2 — y(t)).
For p(z) = Y1, pix’ € Op[z] we call the lower convex hull N of

{(=i,vL(p;)) : 0 <i < n}

the Newton polygon of p. Its slopes yield the multiset of valuations of the roots of
p. We denote the 7 -content of p by

conty, (p) = ﬂ_iﬂinogign v (pi) )
Unramified extensions. The standard choice for defining these extensions are
Conway polynomials, which were introduced by Parker | , Section 2.8.3] and
are the default in Magma | ], SageMath [ ] and other systems. Unfortu-
nately Conway polynomials have not been computed for all primes and extension
degrees considered in the p-adic field database of the LMFDB. See | , Section
7] for the Conway polynomials known in 2023.

For the database, when no Conway polynomial is known we follow the procedure
from [ ] which is in the same spirit, but with fewer restrictions. We pick
the polynomial whose roots over F, are primitive of multiplicative order p/ — 1
which is smallest according to the lexicographic ordering used in the definition
of Conway polynomials: for v(z) = 2™ + S0 (—1)" ‘vz’ € Z[z] and p(z) =
™+ E?:_Ol(—l)"_iuixi € Z[z] with 0 < v;,u; < p we define 7 < [ when there
exists k with v; = p; for all ¢ > k and vy < pg. The code allows users to make a
different choice if desired.

In our complexity analysis in Section 7, we assume that a table that includes
all such polynomials needed in our algorithms has been precomputed, since the
computation of these polynomials is not a focus of this paper.

LMFDB. Following the choice made in Magma and Sage, in the LMFDB we define
unramified extensions using polynomials with coefficients in {0, 1,...,p—1} that are
congruent to the coefficients of the polynomials described above. By construction
a root & over F,, of such a polynomial ¥ is a primitive element and is used as the
base of discrete logarithms. For a p-adic field K with residue field F s, we choose
the set of representatives

Ric ={cpe1& 4 ealtciee{0,1,...,p—1}}.
In particular, if fxr =1 we get Rx = {0,1,...,p—1}.

3. OYSTEIN POLYNOMIALS

Every totally ramified extension L/K of degree e is generated by a root of an
Eisenstein polynomial ¢(z) = z¢ + Zf;ol pixt € Oglz], where vi(p;) > 1 for
1 <i<e—1and vkg(pg) = 1. In the following we consider a generalization of
FEisenstein polynomials that can be used to define any finite extension of a local
field.
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Definition 3.1. Let v(z) € Ok|z] be monic and irreducible modulo 7x. A monic
polynomial ¢ € Ok|z] is v-Qystein when

2) o) = V()" + Y i) + i)

for some e € Zsg, where g | ¢i(z) and degpf < degv for 0 < i < e—1, and
cont,, (¢§) = mr. We call (3.2) the v-expansion of ¢.

We chose the name Qystein to honor Qystein Ore and to avoid confusion with
Ore polynomials which are elements of Ore extensions in ring theory. @ystein
polynomials are called regular polynomials in | ] and polynomials in Eisenstein
form in | ]

Let o(z) = v(2)° + 520 @i (x)v(z)" € Oklz] be a v-Qystein polynomial with
U(x) # x and set f = degv. Let v € K®*P be a root of ¢(x) and set L = K ().
Because 7 is irreducible we have f7,/x > f and because (@) = 0 we have vy (a) = 0.
The polynomial ¢*(y) = y°¢ + 2:01 i (a)y’ € Orly] has the root v(a). Since
v (p§(a)) =1 and v (pf(a)) > 1 the lower convex hull of

{(_ea 0)7 (_e +1, 'UK(@Zfl(O‘)))v cee (O’UK(‘:DS(O‘)))}

consists of a single segment of slope % Thus, for the root v(a) of ¢* we have

vi(v(a)) = 1 which yields a lower bound for the ramification index of L/K,
namely ey ;g > e. Now, since er,xfr/k < ef = degy we have e ;x = e
and fr,x = f. Furthermore, v(a) is a uniformizer of L, O = Ok[a], and

v (disc(L/K)) = vk (disc(gp)). Over the unramified subextension L, = K[z]|/(v)
of L/K the polynomial ¢ factors into f = degv polynomials of degree e.
Every finite extension of a local field can be generated by an @Dystein polynomial:

Lemma 3.3. Let L/K be finite with inertia degree f and ramification index e and
let m1, a uniformizer of L. Let v € Ok[x] be monic of degree f such that U € k[z]
is irreducible and let « € Oy, be a root of v(x) — wr,. Then the minimal polynomial
of a over K is a v-Oystein polynomial.

Proof. We have v(a) = 7p, and k(@) is the residue class field of L/K by construc-
tion. Hence the result follows from | , Proposition 4.5]. O

The constant coefficient.

Lemma 3.4. Let L/Ly,/K as in (2.1) and let o € L be a root of v(x) — . Write

Y(x) = z¢ + Zf;ol izt € Ly[x] for the minimal polynomial of wp over Ly, and

o(z) = v(x)e + Zf:_ol o (z)v(z)t for the minimal polynomial of a over K. Then

@5 (a) ~ tho.

Proof. By Lemma 3.3 ¢ is a v-Qystein polynomial. Since v(a) = 7, and ()

0 we have —¢y = v(a)® + Zf;ll piv(a)t ~ v(a)® Also —pj(a) = v(a)¢
e—1 7 e

>iz1 @i (@)r(a)' ~v(a)e.

The OM-algorithm and @ystein polynomials. The OM-algorithm' [ ]
determines the essential p-local invariants of a square-free integral polynomial, facil-
itating both a number of important computations for global fields [ ] and the

O+

LOther similar algorithms, such as Round 4 [ ], can also be used.
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p-adic factorization of the polynomial | ]. The ‘O’ in OM-algorithm stands
for Okutsu and Ore, and the ‘M’ for Mac Lane and Montes.

It is well known that Qystein polynomials are irreducible. In addition, they have
the property that their Okutsu invariants are found after only one step of the OM-
algorithm. Ore | ] asserts that every finite extension of Q, admits a regular
defining polynomial, which we call an @ystein polynomial. Unfortunately, Ore’s
result is only theoretical, and does not provide a practical method to find a regular
defining polynomial for a given extension. Lemma 3.3 gives this construction.

With the OM-Algorithm and Lemma 3.3 we find a defining @ystein polynomial
¢ € Oklx] of a finite extension L/K. We assume that for each f € Z-o we can
look up a monic polynomial v(z) € Ok|[z] of degree f such that ¥ is irreducible
over K.

Algorithm 3.5 (Dystein).

Input: ¢ € Ok|z] irreducible
Output: v € Ok|[z] monic irreducible over x and
v € Ok[z] v-Qystein such that K[z]/(v) = Klz]/(v)

Denote by 8 a root of ¢ and write L = K(3)
(1) with the OM-algorithm find:
e the ramification index e of L/K and II € K[z] with vk (II(3)) = 1/e
e the inertia degree f of L/K
(2) let v € Ok|[z] be monic of degree f with U € k[z] irreducible and let 5 € A be
a root of v
(3) use the output of the OM-algorithm to find I' € K[z] with I'(8) =7
(4) o« T(8) - “EER=E)
(5) return v and the characteristic polynomial ¢ = xx(3)/x (@) of a

After step (3) we have vk (v(I'(8)) — II(8)) > 1. One iteration of Newton lifting
in step (4) is sufficient to obtain o € K(8) with vg (v(a) —II(8)) > L. Hence
v (v(a)) =1, so xy(e) is Dystein.

In the LMFDB we choose the polynomials in step (2) to be Conway polynomials
or the polynomials from | ] described in Section 2.

Given a v-Qystein polynomial p(z) = v(x)® + Zf:_ol o (z)v(z)" € Oklz] we
can find an Eisenstein polynomial ¢ over L,, = K|z]/(v) such that L, [z]/(¢) =
K[z]/(p) as follows. Because the polynomial v(z) splits into linear factors over A,

say U(z) = (z — &) -+ (z — &), we have
ple)=v@)f=@—-£§)° - (r—&)° (mod 7g)

where & € Ly, is a lifting of £;. So Hensel lifting yields f = degv coprime factors
of ¢ of degree e over L,,. Let ©* € O, [z] be the factor of ¢ that corresponds to
the factor (z — &1)¢ of v°. Then ¥(x) = *(z + &) is Eisenstein and Ly, [x]/(¢)) =
K[z]/(#)-

4. RAMIFICATION POLYGONS

Ramification polygons of Eisenstein polynomials were introduced by Krasner
[ ], and can be found with slightly varying definitions in later work | ,
, , ]. They are a formulation of the Herbrand invariant of an
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extension of local fields; see | , Section 2| for various perspectives on these.
Here we generalize the notion of ramification polygons to @ystein polynomials.

Definition 4.1. Let p(z) = v(x)® + Zf;& i (z)v(x)' € Oklz] be v-Dystein and
let a« € K*°P be one of its roots. We say that

o) — £ @)+ a)

v(e)®
is the v-ramification polynomial of p. We say that the Newton polygon N () of p
is the ramification polygon of ¢; note that N'(p) does not depend on v.

If we write p(z) = > i, piz’ we have

(12) s = vla)i~ Z (7) s

Qg —

Denote the roots of ¢ by a = ay,...,a, € K. Then the roots of p are Ta()l for

1 <4 < n and thus the slopes of the ramification polygon A () determine the
valuations of the differences of the roots of .

Lemma 4.3. Let ¢ € Ok|[z] be a v-Oystein polynomial of degree n = fe = fep™
and set L = K[x]/(p). Then the ramification polygon N (p) of ¢ is obtained from
the ramification polygon N, of the totally ramified extension L/Ly, by adding
a segment with endpoints (—n,n —e), (—e,0).

Proof. There are n — e roots & of p(z) such that & # «; these all give roots of
p(x) with L-valuation —1. Let ¢ (x) be the minimal polynomial over L., of the
uniformizer 7y, = v(a) of L. Then the roots of ¢ have the form 7, = v(&), where
@ is a root of ¢ such that @ ~ a. Since v(z) € Oklz] and T(x) is separable, we

have v (7 — 71) = v (& — «). Hence the multisets {vL(‘;‘(;aa) tp(a) =0, a~a}

and {UL(%LW_LTFL) : (7)) = 0} are equal. The lemma now follows from the relation

between the slopes of the Newton polygon of p(x) and the valuations of its roots. O

It follows from the lemma that N(p) is determined by the extension L/K, so we
may denote it by Ny, x. Using the description of the ramification polygon for the
totally ramified case (see | , Lemma 1] or [ , Lemma 3.2]) we obtain the
ramification polygon of a general extension L/K of degree fe = fep®

NL/K = {(_ef7 (f - 1)6), (_ea O)7<_pw’ 0), (_pwlva(pwl))’ te
(4.4) s (= 0L (Pwny ) (*L’UL(Pl))}

for some w = wg > w1 > -+ > Wy_1 > W, = 0.

We have vk (disc(L/K)) = vi(disc(¢)) = f - (e + vr(p1) — 1), and each of the
segments of N corresponds to a subextension of L/K (see | , Algorithmus 4.4]
or | , Section 3.4] for an algorithm).

Hasse-Herbrand function. Let ¢ € Oglz] be Eisenstein of degree e and let
a be a root of p. Set L = K(a) and let p(x) = w be the ramification
polynomial of ¢. Denote the endpoints of the segments with positive slope of the
ramification polygon of ¢ by (—p"#, vr(ppw:)) where 0 = w,, < -+ < wo = w. Let
@1 K :[0,00) = [0,00) be the Hasse-Herbrand function of L/K, which is defined
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e

FIGURE 4.1. General form of the ramlﬁcatlon polygon of a v-
Qystein polynomial ¢ = v(z)¢ + Y20 ¥ (x)v(z)! € Okla] of
degree n = f-e = f-ep”. The segment of slope —1 only ex-
ists when f > 1 and a segment of slope 0 indicates € > 1.

in | , IV §3] and discussed in | , Section 2.2]. Then we have (compare
[ , Section 2] and | , Section 3])
(4.5)

e®pyr(m) = min {vr (ppe.) +mp™} = win{or(p;) +i-m} = contr, (p(n'z))

for m > 0. Now suppose, ¢ € Og|x] is v-Oystein of degree fe, Ly, = Klz]/(v),
L = K|[z]/(p) with v-ramification polynomial p and ramification polygon A/. Then
.. /k(r) = = and thus &y /x = ®r./k °®r/p, = P/, Using (4.5) and
Lemma 4.3 we get

(4.6) e®r/k(m) = 1I<Ilii£1n{v];(pi) +1i-m} = cont,(q)(p (¥(a)™x)).

Because @,/ only depends on the ramification polygon N of L/K, we can set
(I)N = (I)L/K

5. RESIDUAL POLYNOMIALS

Let NV be the Newton polygon of a polynomial p € Op[z]. To each segment S
of N we attach a polynomial A € A\[x]. These polynomials were first introduced as
zugeordnete (associated) polynomials by Ore | , | and have been called
residual polynomials in more recent work. The residual polynomials of the segments
of the Newton polygon of a polynomial yield information about the unramified part
of the extensions generated by the factors of the polynomial.

Let p(z) = 31" pix® € Op[z] with roots Bi, . . ., 8, and denote by N its Newton
polygon. Let (—i,v(p;)) and (—j,vr(p;)) be the endpoints of a segment of N of
slope m = 4 and let 8 € L be aroot of p with vz (8) = m. We divide the polynomial

p(Bz) whose roots are %, cel % by its content WZL(pj)ﬂj and get

ot B e PitkdB* iika
J
UL(pJ)/Bj lz% 'UL(pj)ﬁ] ZZ: UL(pJ Z ’UL(p] T oy T mod 77,.
= :J
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Let 6 = 27 Dividing the above by #7, replacing 3¢ with §7¢ and replacing 6 - ¢

with z yieids the residual polynomial of the segment of slope m of N:
Definition 5.1. Let p(z) = Y., p;z’ € Or[z] and suppose the Newton polygon
of p has a segment S with endpoints (—4,v.(p;)) and (—j,vr(p;)) of slope m = £.
Then the residual polynomial of S is
B ) R—
Am(z) — Z itk 7’[)L(pj)zk‘ c /\[Z]
k=0

_ d T adN
Each root of A,, has the form 6 - (%) = (ﬁ—;), where (; is a root of p with

L
v (Bi) =m = 5-

Denote the slopes of ' by m; < mg < --- < m, and the residual polynomials
by A, It follows directly from Definition 5.1 that the constant coefficient of A,,,
is equal to the leading coefficient of A,,, +1- The nonzero terms of A, correspond
to the points of the form (—h, v (pr)) on the segment of slope m.

The residual invariant. We now consider the residual polynomials attached to
the segments of the ramification polygon Af (p) of an Eisenstein polynomial .
If mq,...,m, are the slopes of N(@land A, 1s the residual polynomial of the

segment of slope m; we write A, = (A, ..., Am,)-
Let a = aq,...,a, € K°P be the roots of ¢. Then the roots of the ramification
polynomial p(z) = W are of the form %=% and if vy, (22%) =m = L we

_ (a;—a)?
have A,, ( T ) =0.

Let § € Of and 8 = da. Then the minimal polynomial ¢ € Og[z] of f is
Eisenstein and has the same ramification polygon N as ¢. Let (%ﬂ) be a

root of the residual polynomial A, of the ramification polynomial p of ¢ for the

segment of AV with slope m = g. Then by the proof of | , Proposition 4.4],

the corresponding residual polynomial B,,(z) of the ramification polynomial o of

1 has a root ((_H'BM) with

(=1+8:/8)* 1 (-1+ai/a)!
Bt st ot :
Thus By, (2) = 74,3 2) for some 7 € 1.
Since the ramification polynomials p and ¢ are monic the respective residual

polynomials A,,, and B,,, of the first segment (with slope m; = fl—ll) are also
monic. Therefore we get

— —(— A — =

B, (2) =3 WA, 672,

Because all uniformizers of L/K are of the form 8 = da where vy (6) = 0 and
because the residual polynomials are only affected by ¢ € k* as described above we
obtain an invariant of L/K. Note that our formulation of the invariant 4 differs in
the ordering of the polynomials from | , Theorem 4.7], because of the different
ordering of the segments in the ramification polygon.

Theorem 5.2. Let ¢ € Og[x] be an Eisenstein polynomial with ramification poly-

gon N. Denote by m; = Ctl—ll,...,mu = fi—“ the slopes of the segments of N and
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let A, be the residual polynomial of the segment of slope m;. Let L = K|x]/().
Then the following is an invariant of L/ K :

(53) Ay = {(wlzml(gtlz),%zm (3%), T A (Et”z)> 3 HX}

<(=t1) deg Ay i) deg Ay,

where 7, = ¢ and ¥; = 75,;_ 15 fori=2,...,u. We write

Apj =[Amys o Am,)-

We say that Ay is the residual invariant of the extension L /K. This invariant
is an important tool in the enumeration of generating polynomials for extensions of
local fields | ]. Together with the ramification polygon and the constant coeffi-
cient modulo 7% the residual invariant determines a subextension T of the splitting
field N of an Eisenstein polynomial such that N/T is a p-extension | , Theorem
9.1]. This data also determines the Galois groups of Eisenstein polynomials whose
ramification polygon consists of a single segment | , Section §].

The residual invariant for general extensions. It is natural to extend the
definition of the residual invariant to include extensions L/K generated by a root

o of an Qystein polynomial ¢(z) = v(z)® + 30—, ¢t (z)v(z)" by setting

(i—3)/d
Z pirav(@)Ft=ve e 2P € A[z].

Unfortunately, in this setting there may exist d1,d2 € O with 61 = 2 (mod 7x)
for which the residual polynomials of the minimal polynomials of 6 and doar differ
for some slope m, which means that the equivalence relation used to define Ay /x
in the Eisenstein case may not be well-defined. To avoid this difficulty we base the
residual invariant of L /L., /K on Ar .. Therefore we need to consider the action
of Gal(Lyu/K) = Gal(\/k) on Ar,r.,

Definition 5.4. Let L/L,,/K and let (A,,,,...,A,,) be a representative of the
residual invariant Ay, /7, of the totally ramified extension L/Ly,. Let v; (1 <4 < u)
be as in Theorem 5.2. We call

Apjk = {(U(ﬁlzml(gtlz)), . ,a(ﬁuzmu(gtuz))) L TENX aEAut()\/ﬁ;)}
the residual invariant of L/K.

Distinguished residual polynomials. We choose a distinguished representative
of each residual invariant Ay, /i defined in Theorem 5.2 using the following ordering:

Definition 5.5. Let (§) = F), g(2) = Y>_i_ g2 € Fy[z] and h(z) = 37 hiz' €
Fy[z]. We write g >¢ h when g; = h; for i > j and logg g; > logg h; for some
0 < 7 < n. With lexicographic ordering, we extend this ordering to the tuples
of polynomials in the residual invariant of an Eisenstein polynomial. We call the
smallest tuple in the residual invariant distinguished.

To find the distinguished representative of A, we find § € x* such that

(5.6) (71, (" 2), 7o Aa (02, - Fu A (52))
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. . . _ <(—t1) deg Am _ _ <(=ti)deg A,
is minimal with respect to >F . where 7, = (5( f1) deg Am, and 5; = %»_15( i) deg Am,
for i = 2,...,u. Repeated applications of Lemma 5.7 below yield [ = b+ cA such
. .. = =

that (5.6) is minimal for § = & .

When a = bg+r for a,q € Z, b € Z~¢, and 0 < r < b we write r = a mod b and
q = a div b. The following elementary lemma will be useful:

Lemma 5.7. Let Q,e € Z~ and a € Z>o. Set g = ged(e, Q) = se +1Q, d =
adivg, A=Qdivg, b= (—s-d) mod Q, and

m=min{(a+k-e)mod Q: k €Z}.

Then m = amod g, and m = (a+ k- e¢) mod Q if and only if k = b+ cA for some
ceZ.

Definition 5.8. The distinguished residual polynomial tuple of L/L,,/K is the
tuple that is distinguished among the conjugates of the residual invariant of L/ Ly,
under the automorphisms of L,,/K.

Families and subfamilies. Let ¢ € Ok[z] be Eisenstein and set L = K{z]/(y).
Then the first wx-adic digit of the constant coefficient of all defining Eisenstein
polynomials of L/K is in Cp/x = {Py 10" : § € £}, which is an invariant of L/K.

For an @ystein polynomial ¢ € Ok |z] we can choose ¢§ | such 1, = @} (@)
where ¢ € Ly, [z] is a defining Eisenstein polynomial of L = Klz|/(¢) over Ly,.
Since the Aut(L,,/K)-conjugates of 1 yield the same extension over K, in this
setting the invariant becomes Cp x = {0(®g1)0" : 0 € Aut(\/k), s € A*}. To
combine Cy, /g with the residual invariant Ay, we restrict the transformations of
the residual polynomials to those that fix a representative of Cr, /. We set (compare
[ , (4.2)] for the totally ramified case):

ALk = {(G(ﬁlzml(gtlz)), e a(ﬁuzmu(gtuz))) S6ENS O'=1, UEAut()\/n)}

with v; as in Theorem 5.2. With the above we refine the definition of family from
[ ] and | , Section 1.2] and obtain:

Definition 5.9. A family F of extensions of K is the set of all extensions of K
that have the same ramification polygon. We call the subset of all extensions L/K
in F that have the same Cy,x and the same AE/K a subfamily.

This notion of subfamily is used in defining labels for p-adic fields in the LMFDB,
but does not reappear in the remainder of this article.

6. REDUCTION

Reduced Eisenstein polynomials were introduced by Krasner | ] and their
theory was brought into modern form by Monge | ]. We recall their construc-
tion and generalize it to Dystein polynomials.

Zeroth reduction step for Eisenstein polynomials. We refine the first reduc-
tion step [ , Algorithm 1] for an Eisenstein polynomial ¢ € Ok|[z], in which
the leading coefficient ¢ ; of the constant term (g is reduced. Because transform-
ing o1 also impacts the residual polynomials, out of all the transformations that
lead to a reduced value for ¢g 1, we choose those that yield the smallest residual
polynomials with respect to >F . (see Definition 5.5).
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Fix £ € k such that (£5) = kX and let £x € Ok be a lift of . We first find
all s € Z>¢ such that the transformation z — x£,° yields polynomials

V() =L p(aly”) = 2+ -+ 0o, &K
with logEK (@07@?) minimal. That is, with Lemma 5.7 we find all s for which
(a+s-e)mod (¢g—1)=min{(a+k-e)mod (¢—1):0<k < q—2}

where a = loggk ©o,1- Among these polynomials we find those whose residual
polynomials are minimal given the constraints above. This choice assures compat-
ibility with the generic defining polynomials [ | but also means that the
residual polynomials of distinguished polynomials in general do not match their
distinguished representatives.

The definition of being a distinguished v-@ystein polynomial is given in Defini-
tion 6.14 below. We build up the definition through a series of conditions.

Condition 6.1. For an Eisenstein polynomial ¢ € Ok|[z] to be distinguished we
require that for all Eisenstein polynomials ¢ with K[z]/(y) = K|x]/(¢) we have
(1) logg, (®0,1) < logg, (¢0,1) and
(2) Ay < Ay when logg (Po1) = logg, (vo,1)-

When e = p* exactly one representative of Ay x satisfies Condition 6.1. Re-
ducing o1 is the first step in our reduction algorithm for Eisenstein polynomials.

Algorithm 6.2 (polredOram).
Input:  Eisenstein ¢ € Ok|[z] of degree e with ramification polynomial p
Output: {(z) = 0°(3z) : § € Rk and ¢ satisfies Condition 6.1} and a distin-

guished representative of Ay,

Write (€5) = k.

(1) compute the residual polynomials (A, ... Ay, ) of p.

(2) find the set E of all § € x* such that logg (010 ) mod (## — 1) is minimal.
(3) find the set D of all § € E such that

- - — —<t1 — —<tu
(Bm17' LR Bmu) = (r}/lAWh (6 Z)a ce aFYuAmu((; Z))

is minimal with respect to 2E . (see Theorem 5.2 and Definition 5.5).
(4) return {6°p(+x): 6 € D} where § € Ry is a lift of § and (B, ..., Bm,)

Constant coefficient of @ystein polynomials. Because for @ystein polynomi-
als we do not have a straightforward connection between constant coefficient and
residual polynomial transformations, the following is simpler than Condition 6.1.
Let o(x) = v(z)° + Zf:_ol of(z)v(x)' € Oklz] be v-Dystein. In the following we
will be concerned with the reduction of the ¢f. We write ¢f(z) = > 7o, goz‘)kwll%

1 -
where ¢, = Z;—;o Pi kv with of, ;€ Ri.

Condition 6.3. Let ¢ € Olz] be v-Oystein. For ¢ to be distinguished we require
that for all v-Qystein polynomials ¢ € O [x] with K[z]/() = K[xz]/(¢) we have

logg, (71(€.) < logg, (T, EL).
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Additive residual polynomials. In | | additive residual polynomials are
called residual polynomials of components; in | | they are denoted by S,,;
and in [ ] they are denoted by U,,.

root of ¢, and p(z) = p(v(a)r + a)/v(a)® the ramification polynomial of . For
m € Z>o we call

Definition 6.4. Let o(z) = v(x)° + Zf_l i (z)v(x)' € Oklz] be v-Oystein, a a

o) - (o 2T )
" Contl/(a) (p(]j(a)mz))
the additive residual polynomial of ¢ attached to the slope m.

Lemma 6.5. For m € Z~q, A;(x) is additive. Suppose the ramification polygon
N of ¢ has a segment of slope m whose endpoints have abscissas —p*, —p?, with

0<v<u<w. Then Zjn(x) has top degree p* and bottom degree p*.

Proof. Set 7, = v(a), pm(r) = @(x7 Mz + @), and 0, (v) = —em(@) - They

contwL(gam)

Om(x) € Op[z] is a primitive polynomial whose image in A[x] is Z; (x). The roots

of 0,,,(x) have the form 2= where & is a root of p(z). It follows from Lemma 4.3
L

and (4.4) that there are n — p* roots & of ¢(z) such that vy, (%) < 0. These
L
m—+41
correspond to primitive factors of 6,,(z) of the form —t—x + 1. The remaining

a—«

roots a of p(x) satisfy vy, (%) > 0, and give primitive factors of the form
L

x — 9= Hence there is ¢ € \* such that C’lz:,;(x) is the product of the factors
L
T — (&m;f‘l) € Az] such that vy, (&m;ﬁ) > 0.
L L

As in the proof of Lemma 4.3 we let ¢(z) be the minimal polynomial over Ly,
of the uniformizer 7, = v(a) for L. Set § = v'(a) € Of. Corresponding to
each root & of ¢(x) such that & ~ « there is a root 7, = v(a@) of ¥ (z) such that
7L — 7L ~ 0 - (& — «). Hence there is v € A* such that 72;(6*11:) is the mth
additive residual polynomial of ¢ (z). Since the conclusions of the lemma hold for
the Eisenstein polynomial ¢(z) | , Lemma 1], they hold for ¢(z) as well. O

When ¢ is Eisenstein the residual polynomials of segments of the ramification
polygon N of ¢ with positive integral slopes correspond to additive residual polyno-
mials. Namely, when A has a segment S of slope m € Zq then A (2) = 29 A, (2)
where —j is the abscissa of the right endpoint of S. When N has no segment of
slope m then Z:L is a monomial.

Although the additive residual polynomials do not carry new information beyond
the residual polynomials, they are a useful tool for the reduction of Eisenstein and
(ystein polynomials as we will see in Proposition 6.6 and Theorem 6.8.

As we have seen in (4.6), the content of p(v(a)™z) is equal to e®pr(m), which
only depends on the ramification polygon.

Reduction of Eisenstein polynomials. We recall the method used in | ]
for reducing an Eisenstein polynomial ¢ € Ok[z] and introduce our choice of rep-

resentatives of the cokernel of the additive residual polynomials A’ e klz]. Let
m € Zso and let p(x) = %;”L) be the ramification polynomial of p. Because ¢
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is Eisenstein the additive residual polynomial to the slope m is Z;(x) = %.
s

The reduction is based on the following result, which describes how a change in the

uniformizer of L changes the coefficients of the defining polynomials in terms of the

additive residual polynomials, compare [ , pp- 156-7], | , Lemma 2.5], or

[ , Proposition 5.5]:

Proposition 6.6. Let ¢ € Ok[x] be Fisenstein, let wp, be a root of v(x), and
set L = K(mp). Let v € Of and m € Zso; then § = 7p, + 'yW’L”H is another

uniformizer of L. Let ¢(x) € Ok[x] be the minimal polynomial of B over K. Let

Zjn(z) be the additive residual polynomial of ¢ for the slope m and set n = 7w /75 .

Then
(1) ik = ik for all i,k such that i + ek < e(®p, (m) +1).
(2) Set h=e®r/k(m), i =hmode and k = (hdive) +1. Then

(i — Yip)n* = A (y)  (mod mp).

This proposition leads to a reduction algorithm (see [ , Algorithm 2]),
in which starting at slope m = 1 the coefficients of ¢ are reduced iteratively.
If Z; : Kk — K is surjective we can choose 7 € Op so that the transformation
T — @ —|—’y7r2’+1 gives 1), , = 0 where 4, k are defined in statement (2). Otherwise,

we can still alter i, , by an element of the image of the additive polynomial Z;:

Definition 6.7. Let £ be a generator for A over F, and set d = [\ : F,] = f-[r : F,);
then B = {1,¢,... ,Edil} is an IF,-basis for A. Let A" e r[z] be additive and let T

be the d x d matrix whose ith row is the coordinate vector of A (Elil) with respect
to B. Let E be the reduced row echelon form of T" and set r = rank(E) = rank(T).
Let 8(z) € x[z] and let ¥ be the coordinate vector of 3(£) with respect to B. For
1 <1i < rlet F; be the ith row of F and assume that the leftmost nonzero entry of
E; is in column j;. Set w = v — Z:Zl vj, i, where vj, is the j; entry of ¥, and let n
be the element of A whose coordinate vector with respect to B is w. We define the
reduction of B(x) by A" to be the unique y(z) € k[z] such that deg(y) < f and
V(&) =7

Reduction of @ystein polynomials. We now generalize the reduction algorithm
for Eisenstein polynomials to Qystein polynomials. Let ¢ € K[x] be a v-Qystein
polynomial, let o be a root of ¢, and set L = K(«). We investigate the effect of
the transformation o — « + yv(a)™ on the coefficients of the respective minimal
polynomials. Generalizing Proposition 6.6 to @Dystein polynomials we obtain:

Theorem 6.8. Let ¢ € Ok|z] be a v-Oystein polynomial written as

e—1 f—1 oo
p(x) = v(@) + Y @i (@)v(x) with ¢} (x) =Y a7 Y @f vl and ¢} € Ric.
i=0 j=0 k=1

Let a be a root of ¢ and set L = K (). Let B = a+v(a)v(a)™ ! for somem € Zx
and v € Oklx] such that deg(y) < f, vr(v(«)) =0, and v (v(8)) = 1. Then the
minimal polynomial ¥ € Ok[z] of B over K is of the form

e—1 f—1 oo
() = vl) + Y _ i (@)vle) with i () =D 2’ 3 074w and ¥, € R
=0

j=0 k=1



Algorithmic Number Theory Symposium XVII, Groningen, July 6-10, 2026

DISTINGUISHED DEFINING POLYNOMIALS FOR EXTENSIONS OF p-ADIC FIELDS 14

Let p(z) = % be the v-ramification polynomial of v, and for m € Ny set
Al (z) = % Then

(1) ¢ J = Z] . for all i,k such that i + eE < e(ch/K(m) +1).
(2) Set h = e®p i(m), 7 = hmode and k = (hdive)+ 1. Let n € Oklz]
satisfy n(a) = g /v(a)®. Then
f—1
e —t
> (#r v 5) @ = 0@ AL (@),
§=0

Note that the condition vL( (B)) =1 is always satisfied for m > 0, since in this
case V() = v(a + y(a)v(a)™) = v(a) + v(a)?6 for some § € L with v, (§) > 0.

P?‘gOf-l We have (8) —¥(8) = ¢(8) = p(a+y(@)v(e)" ) = p(v(a)v(a)™)v(a).

o
|
—

e—1f—1

e(B) —(B) =D _ (1 (B) — vi( ZZWZ (056 — U7 0) v(B) ' The.
k=1

=0 5=0

I
o

Combine the two expressions for () — ¥(3) and divide by v(a)ete®r/x(m) to get
e—1f—1

; . v(B)irk o)v(a)™
(6.9) Z Z 6 kzl @z,j,k - wi,j,k) V(a)e(+e)<I>L/Ii<(m) = Z((’L()eiLEsz)) ’

i=0 j=0

Note that we have S ~ « and that since vy (7x) = e there exists n € Olx] with

n(e) = 7 /v(a)c.
Suppose m = 0. Since ®,/x(0) = 0, statement (1) holds vacuously. Further-

more, we have k= 1,7=0, so (6.9) gives
f

|
—

o (95,51 = ¥5,51) (@) = p(v(e)) = Ag (v(a))  (mod v(a)),

<.
I
=)

which implies statement (2) for this case.
For m > 0 we have v(8) = v(a + v(a)v(a)™*!) ~ v(a). Therefore by (6.9)

e—1f—1 v i+ek
>3 a3 (ot v el KT = A (mod )
1=0 j=0 k=1

If i + ek < e(®r/x(m) + 1) then ¢}, = ], since Af (v(a)) € Or. This gives
statement (1). All the terms on the left with i4-ek > e(®/x (m)+1) are congruent
to 0 (mod v(a)). By considering the remaining terms (those with i =7 and k = k)
we get statement (2). O

Let ¢ € Ok[z] be a v-Qystein polynomial with root o and set L = K(«). Then
every v-Qystein polynomial that defines L/K can be obtained from ¢ by a sequence
of transformations of the type described in Theorem 6.8.

Most of the coefficients of an Dystein polynomial can be easily reduced. We
write (—p*t, v (ppw1)) and (—1,v(p1)) for the endpoints of the segment of N ()
with steepest slope m = %. Let m > m be an integer and suppose
the minimum in (4.6) is not attained for ¢ = 1. Then there is 2 < j < n such

that vy (p;) +m-j < vg(p1) +m. Thus w > m > m, which contradicts
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the assumption that m is the steepest slope in N'(p). Hence for m > m we have
e®r(py(m) = vp(p1) +m. We get the following version of the Krasner bound (see,
for instance, | , Lemma 2.3]):

Corollary 6.10. Let ¢(z) = V(Z’)E+Zf;é V¥ (2)v(z)t € Oklz] and p(x) = v(z)°+
Zf;ol of (z)v(x)" be v-Oystein polynomials in Ok [x]. Assume that o}, (x) =0 for
all i,k such that i + ek > e(®r k(M) + 1) and ¢}, (x) = ¥ (x) for all other i, k.
Then Klz/ () = K[z]/(¢)-

Since the transformation used in Algorithm 6.2 (3) is not directly applicable for
(Dystein polynomials, we apply Theorem 6.8 for the horizontal segment.

Algorithm 6.11 (polredo0).
Input:  v-Qystein p(z) € Ok [z] with v-ramification polynomial p € O [z]
Output: {¢ € Oklz]: ¢ = xr/x(a + Ov(a)) with 0 € Ry, logg g, minimal}

De otebyﬁLe)\arootofV

( ) v a)e

@ A @ - (amiiii)

(3) 7+ min {log§ ( (®0.1(1)) EeLl> 0<I<#A-1,0¢€ Aut(/\/n)}
(4)

(5)

(6)

2

4) B(z) + 7~ le( ) — (po1 —&1)
O« {0 e Ry, : B(O) =0}
return {XL/K(a+9V( a)): 0 €0}

For m € Z~¢ not covered by Corollary 6.10 we apply the following algorithm. It

can be used for all @Qystein polynomials, including Eisenstein polynomials, which
are obtained by taking v(z) = .

Algorithm 6.12 (polredslope).

Input:  o(z) = v(z)° + 32y ¢t (x)v(z)! with root a and m € Zsg
Output: The set M of reduced polynomials obtained by substitutions of the form
ara+0-v()mt for e Ry,

(1) 77<—7nr</V( )¢
atv(a)mtlz
(2) A, %
(3) i+ e®p x(m) mode, k + (e@L/K( )div e)+1
4) let & be the reduction of ¢*, (a) by A , see Definition 6.7
i,k
6)66{9€Ruwwmi)*3:’*~AA>}
(6) M <+ {xr/q,(a+0 -v(a)"T1):0 €O}

Tamely ramified extensions. Let ¢(z) = v(z)¢ + > i_ (l)goj( w(z)t € Oklz]
be v-Qystein with p t € and Lo = K[z]/(¢). Because e®r,/x(m) = m and the
steepest slope is m = 0, by Corollary 6.10 for @(z) = v(2)¢ + o1 (z)TK We have
Lo = K[al/(5).

By Lemma 3.4, for ¢(z) = ¢ + ¢o17x € Lyulx] with ¢f ~ ¢§(&r) and
Y(B) = 0 we have L, (8) = K(¢.,8) = Lg. Let 0 : Ly, — Ly, witho : £, —
52“ for some 0 < u < f and let 3(°) be a root of ¥(7)(z) = ¢ + '(/J(()(’Tl)ﬂ'K € Ly [x].
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Then K (&1, 7)) =2 K (&1, 8). Substitution of x by &,z in ¥(?) and multiplication
by £l yields x€ + wéfl)flfm(. To satisfy Condition 6.3, we find [ and ¢ such that

logg @g"f lLe) = (aq" +le) mod (¢/ — 1)

is minimal, where a = logg $o1- As in Lemma 5.7 set g = ged(e,¢f —1). We
now find 0 < uw < f such that r = a¢® mod ¢ is minimal. Then the distinguished
defining Eisenstein polynomial of Lo/ Ly, is ¥(z) = 2¢+&} 7k and the distinguished
defining Qystein polynomial of Ly/K is

p(r) = v(z) + @5 1 (1)mr with degef ) < e and Bj1(€;) = &
Final Distinction. Since the reduction algorithm yields a set of reduced polyno-

mials rather than a unique reduced polynomial, we need to distinguish one of these.
We choose the polynomial that is minimal with respect to the following ordering.

Definition 6.13. Let v € Ok[z] be monic and irreducible modulo 7 and write
e—1 oo

plz) = v(@)*+) (Z wfk(x)ﬂlf<V($)i> € Okla] where ¢ € Rila], deg pjy < f
i=0 \k=1

Given 7,6 € X we write 7 >%, & when loggL J > loggL & (compare Definition 5.5).
For two v-Qystein polynomials ¢, ¢ € Oklx] we write ¢ >, ¥ when @5.(§1) =
Gir(€y) for all k < ko and all 0 < i < e, Bjy,, = Gy, for i <o, and By (€,) >¢,
Digho (€L)-

Main Algorithm.

Definition 6.14. A v-Qystein polynomial ¢ € O[] is distinguished if it satisfies
the following, given in order of precedence.
(1) ¢ satisfies Condition 6.1 or 6.3.
(2) The tuple of residual polynomials of ¢ is minimal (Definitions 5.5 and 5.8,
considering the constraint imposed by (1)).
(3) The coefficients of ¢ are reduced with Algorithm 6.11 for slope m = 0 and
Algorithm 6.12 for integral slopes m > 0.
(4) Among the polynomials that satisfy all of the above, ¢ is smallest according
to Definition 6.13.

We summarize all of this in the algorithm polredpadic.

Algorithm 6.15 (polredpadic).

Input:  v-Oystein polynomial p(x) € Ok[z] of degree fep® with vi (disc(p)) =
f(n+J—-1)
Output: the distinguished v-@ystein polynomial ¢ with Ok [z]/(¢) = Ok[z]/ ()

(1) compute the v-ramification polynomial p and ramification polygon N of .
where m is the steepest slope of N/
polredOram(yp, p) if ¢ is Eisenstein
(2) Mo « { polredO(y, p) otherwise
(3) forme {1,...,[m]}:
o M, «+ 0
e for ¢ € M,,—1: My, + M,,U polredslope(¢), m)
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(4) for ¥ € Mrz7 and m > m:
o j; « 0 where i = e®p /x(m) mod e, k = (e®p/x(m) dive) + 1
(5) return the distinguished polynomial in M7 according to Definition 6.13

7. COMPLEXITY

We denote by M(R) the cost in bit operations of multiplication in a ring R and by
M(R,n) the cost of multiplying two polynomials of degree up to n over R. When
we compute in Ok to an absolute mx-adic precision of ¢ then with fast Fourier
transform | | we get

M(Ok/(m%)) = M(k,c) = O(c-loge-loglogc- M(k)) = O(cM(k)) .

Also, if [L : K] = fep®, we have M(\) = M(x, f) = O(fM(x)) and M(Op /%) =
M(X,d) = M(k, fd). With the Cantor-Zassenhaus algorithm B € r[z] of degree n
can be factored in expected Z(k,n) = 5((712 + nlog(q))M(k)) bit operations where
q = #. The discrete logarithm logg 7 can be computed in L(A) := O(M(}) q’/?)
bit operations with Shanks Baby-Step Giant-Step algorithm, where ¢f = #\. See
[ ] for a survey of the discrete logarithm problem including more efficient
algorithms.

Aystein. For the computation of characteristic polynomials we use Newton rela-
tions:

Proposition 7.1 (compare | , Proposition 4.3.3]). Let ay, ..., a, be the roots
of p(x) = z™ +E?:_01 pixt € Oklz]. Write S(¢) = (S1,...,S,) with S, =Y, oF
where we set p; =0 for i < 0. Then

(1) Sk = —kon_r — Ei:ll On—iSk—; for 1 <k <n and

(2) Pnk = —Su/k = Si5) (pn—iSk—i)/k for L <k <n
Given (S1,...,S,) we write ¢ = X(S1,...,Sn) such that X (S(¢)) = ¢.

Let B € Ok|z] and write bgk) for the i-th coefficient of ¥ mod .
(3) Xo(B) = X(T1,. .., T,) where Ty, = nb{” + 377 ;b
(4) X () @) = il where () = x,(B) (wic).

Lemma 7.2. Let p € Og|[z]| be monic and irreducible of degree n. Let v = frg" €
K(z] where B € Og|[z]. Following Proposition 7.1, x,(7v) can be computed to a mr -
adic precision of b in C(p,u,b) := O(M(Og/(7%),n)logn) bit operations, where
c=b+max{n - u,ex[log,nl}.

Proof. We go through the parts of Proposition 7.1 in the order in which they would
be used in the computation of a characteristic polynomial.

(4) When the coefficients of v are not integral, to allow for the factor (w%)™
we increase the precision by n - u to avoid precision loss.

(1) Let E(t) = t"p(1/t) and S(t) = > po, Skt*. Then S(—t) = E'(t)E(t)~!
(mod t"*1). Using Newton inversion we compute the inverse E(t)~! of E(t)
in O(nlogn) and E'(t)- E(t)~! mod ¢"*! in M(Ok /(7% ), n) bit operations.

(3) With fast multipoint evaluation, it takes O(M(Og /(7% ),n)logn) bit op-
erations to compute all of the Tj.

(2) Similarly as in (1) this takes M(Og /(7% ),n) bit operations. O
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Our implementation of Proposition 7.1 uses O(n?) operations in Ok, which is
all that is needed for degrees of the polynomials that we are considering.

Proposition 7.3. Given an irreducible polynomial ¢ € Ok x| of degree n with dis-
criminant exponent b = vk (disc(v)), Algorithm 3.5 returns a v-@ystein polynomial
¢ € Oklz] such that K[z]/(¢) = K[z]/(p) in O(nb*M(k)) bit operations.

Proof. Let ¢ = |b/n| + 1. The costs of the steps of the algorithm are:

(1,3) The Okutsu invariants of ¢ can be computed in 6((712 + nb*)M(k)) bit
operations | ]. This includes the computation of IT and T
(2) By our assumption from Section 2 we can obtain v by lookup.
(4) The precision ¢ required in (1,3) is also an upper bound for the minimum of
the valuations of the coefficients of I" and II. To avoid precision loss we in-

crease the precision by cf, so « is computed in O(fM (OK/(W?Cf)7 n)) =

O(f(c+ cf)nM(k)) bit operations.

(5) With the bound for the valuation of the denominator from (4) this takes
C(th,e,c) = O(M(Ok /(75 ™),n)logn) = O(n(cn + ¢)M(k)) bit opera-
tions.

As 1) is irreducible we have b = v (disc(v))) > v (disc(K[z]/(¥))) = fle+j—1)
for some j € Z>¢ where e and f are the ramification index and inertia degree of
K|[z]/(+). Thus in total we get 6((nb2)l\/|(/i)) bit operations. O

Reduction. Let ¢ € Og[z] be v-Qystein of degree n = fe with inertia de-
gree f and ramification index e = ep® with ged(p,e) = 1 and vk (disc(p)) =
f(n+J—1). Let L = Klz]/(¢). Let p be the v-ramification polynomial of ¢,
let (—p",vr(ppws)) and (=1,v5(p1)) = (—1,J) be the endpoints of the steepest
segment of the ramification polygon A/, and let 7 be the slope of this segment. It
follows from Corollary 6.10 that it is sufficient to determine the reduced polynomials
over Ok / (7% ) for any € € Z~ such that

(7.4) c>dy(m)+1=v(p)+m+1=J+m+1.
We use the 7-adic precision of ¢ throughout this section.

Lemma 7.5. Let ¢ € Oglz] be an Fisenstein polynomial of degree e = ep™.

Algorithm 6.2 runs in O(eqéM(k)) bit operations.

Proof. The costs of the steps of the algorithm are:

(1) The coefficients of A,,,, ..., An, can be read directly from p.

(2) We need to compute up to w discrete logarithms at L(x) = O(M(k) /q) bit
operations each and apply Lemma 5.7 up to w times at O(log(e)log(q/))
bit operations each.

(3) Because #D < ¢, this can be completed in O(egc M(x)) bit operations.

(4) There are at most ¢ different ¢, each computed in eM(k,¢) bit operations.

In total, this algorithm can be completed in O(egéM(k)) bit operations. O

Lemma 7.6. Let ¢ € Oklz] be v-Oystein of degree n = fep™. Algorithm 6.11
returns the set of slope 0 reduced polynomials in O((¢//? + n?(C+ ex))M(k)) bit
operations.

Proof. The costs of the steps of the algorithm are:
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(1) Fast exponentiation computes 1 in O(log(e)M(A, nc)) bit operations.

(2) With (4.2) the relevant coefficients of the v-ramification polynomial can be
computed in O(n(p* — 1)e - M(k,¢)) bit operations.

(3) Evaluating & ,(£,,) takes O(fM(X)) bit operations, and its discrete log-
arithm can be computed in O(q//?M(X)) bit operations. Since Aut(A/x)
is generated by the Frobenius automorphism &; ~ qu the discrete loga-
rithms of the conjugates only need additional O(fM(Z/(q/ —1))) bit op-
erations. Computing the minimum for each of the f conjugates separately
and then taking the minimum takes O(f log(e)log(g)) bit operations with
Lemma 5.7. Since f = O(log(pf)), it can be omitted.

(4,5) We have degZ&|r =deg B = (¢ — 1)p®. We find the roots of B in expected
Z(A, (e—=1)p™) = 6((((6 — 1)p”)% + (e — 1)p” f log q) fM(k)) bit operations.
(6) Because B has #60 < degB = (e — 1)p® roots, this step takes up to

(e — 1)p* C(K,0,¢) = O(n*(€+ ex) M(k)) bit operations.
Adding these yields the statement of the lemma. |

Lemma 7.7. Let p € Oklx] be v-Oystein of degree n = fep™ and let m € Zxyg.
Denote by —p* and —p* be the abscissas of the endpoints of the segment of slope
m on N(p) (if there is no segment of slope m then u = v). Algorithm 6.12 runs in
6((f1°g2 T+ p“"n(c+ ex)) M(r)) bit operations.

Proof. The costs of the steps of the algorithm are:
(1) Fast exponentiation computes 1 in O(log(e)M(A, nc)) bit operations.
(2,3) With (4.2) this takes O(nM(k,¢)) bit operations
(4) The v-expansion of ¢ can be computed in O(fn - M(k,¢)) bit operations
and the coefficient ¢}, is computed in at most O(fc-M(k)) bit opera-

tions. By Lemma 6.5 Z; has at most u — v + 1 non-zero coeflicients.
An f x f matrix over x representing Z; : A = A where Z; € A and
its row echelon form (using Strassen’s algorithm) can be computed in
O(f(u—v+1)M(X, f) + f°52"M(k)) bit operations.

(5) We use linear algebra to find ©. The system of linear equations can be
solved in f1°827M(k) bit operations.

(6) We have #0 < p“~". Thus, we need to compute at most p*~* characteristic
polynomials which can be done with O(p*~"n(¢+ ex)M(x)) bit operations
(compare Lemma 7.6 (6)).

Adding the above we obtain the statement of the Lemma. O

Proposition 7.8. Let ¢ € Oklz] of degree n = fep™ with vk (disc(p)) = f(n +
J — 1) be v-Oystein. Algorithm 6.15 returns the distinguished defining polynomial
of K[x]/(y) in 5((qf/2 + eqc + n?(C+ ex) + nc®)M(k)) bit operations where ¢ =
J+m+1 asin (7.4).

Proof. The costs of the steps of the algorithm are:

(1) By Lemma 6.5, the coefficients that contribute to the ramification polygon
are p; for i € {1,p,...,p"}. They can be computed using (4.2) and their
valuations can be computed by repeated squaring of the uniformizer in a
total of O(w -logy J - M(Ok / (k) *")) bit operations.
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(2) The slope 0 reduction step takes O((g//? + n*(@+ ex))M(x)) bit opera-
tions by Lemma 7.6 if f > 1 or O(eg¢M(k)) by Lemma 7.5 if f = 1.

(3) For m € {1,...,m} the slope m reduction step only results in additional
polynomials when A has a segment of slope m. Write (—p“i,vr(ppw:))
and (—p"it',vg(pywi+1)) for the endpoints of the i-th segment of N. It
follows from (6,7) in the proof of Lemma 7.7 that the number of reduced
polynomials after this step is at most H;;ll (pwitt /p¥i) = p*. Since the
number of segments of V() is at most w the number of bit operations for
this step is less than 6((wf1°g2 "+ p“n(c+ ex))M(k)) by Lemma 7.7.

(4) In practice ¢ is chosen as the precision of these computations, so that at
most n — 2 coefficients need to be set to 0.

(5) To compare two polynomials ¢, ¢ € Ok [x] with respect to the ordering from
Definition 6.13 we compute their difference and compute the valuations
of its coefficients in O(nlogeM(Ok/(7%))) bit operations. The lowest
valuation determines which coefficient we need to consider. Its mwg-adic
expansion is computed in at most M (O /(n%)) bit operations and the
discrete logarithm of the relevant coefficient is found in O(,/g) M(k) bit
operations. With merge sort, we find the smallest reduced polynomial with
O(log(p™)p™) of these comparisons. Thus this step can be completed in

O(p*((n +7¢)c+ /q)M(k)) bit operations.
In total these are 5((qf/2 + eqc + n?(¢+ ex ) +nc?)M(k)) bit operations. O

For example, when K = Q,, taking the largest possible ¢ yields a maximum
runtime of O(pl"'f/2 + n4p).

Timings. In the table below we give minimum, maximum, and average running
times for finding distinguished defining polynomials using our implementation of
Algorithm 3.5 oystein and Algorithm 6.15 polredpadic in Magma. In each case,
we considered a random defining polynomial (created using Pari’s poltschirnhaus
function) for each ramified extension of degree n over Q,,. All times are in seconds.

pl n #L | min time | max time | avg time
2|1 6 46 0.03 0.31 0.11
3] 6 74 0.03 0.53 0.15
2| 8 1822 0.01 1.0 0.37
2|16 | 890110 0.04 25 12
2|18 2990 0.09 19 4.4

3| 18 | 130646 0.05 98 19
2120 | 314542 0.03 40 11
520 7586 0.11 360 69
7121 3783 0.14 190 14

The computations were run single-threaded in Magma on a Linux computer with
AMD 2.0 GHz processors and 2 terabytes of RAM. Note that, in the reduction
steps, our current implementation does not use the method analyzed in Lemma 7.2
but uses Magma’s CharacteristicPolynomial, which becomes the most expensive
part of the computation. The runtime depends on the structure of the field exten-
sion; for Eisenstein polynomials chosen uniformly at random from a box, Algorithm
6.15 finishes in less than 90 seconds even for p = 2 and n = 1024.
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For the task of looking up a field defined by an arbitrary polynomial against a list
of N distinguished polynomials, one can either use polredpadic or an implementa-
tion of Panayi’s root finding algorithm [Pan95, PRO1]. The latter is generally faster
when N is small. But when N is large (say, more than 100,000), polredpadic will
be much faster since Panayi’s algorithm is a pairwise isomorphism test.
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