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Abstract. We give an algorithm for choosing a distinguished defining poly-

nomial for a p-adic field extension. This algorithm formed an important in-
gredient in the recent expansion of the database of p-adic fields within the

L-functions and modular forms database.

1. Introduction

It follows from Krasner’s Lemma that a p-adic field has only finitely many ex-
tensions of a given degree. It is thus natural to seek a list of polynomials φ(x)
such that each extension is generated by exactly one φ(x). Once the list has been
created, looking up an extension defined by some other polynomial ψ(x) requires
an algorithm which matches ψ(x) to one of the chosen φ(x) defining an isomorphic
extension. Such an algorithm, polredpadic (Algorithm 6.15), is the central result
of this paper. Note that this algorithm also enables the creation of the list of φ(x)
in the first place by taking the list with repetition from [GJK+26, §2.4, 3.3], running
polredpadic on all of them, and then removing duplicates.

The LMFDB [LMF25] is a massive online database of number-theoretic objects
of many different types. It contains a database of p-adic fields, initially created by
Jones and Roberts [JR06] and recently extended by the present authors [GJK+26].
The polredpadic algorithm played a central role in enabling the enumeration of
the 890,111 degree 16 and the 314,543 degree 20 extensions of Q2. While the sheer
number of fields prohibits practical enumeration in some degrees (there are over
114 billion degree 32 extensions of Q2), the process is now completely automated
and straightforward to carry out for any particular degree. Moreover, the same ap-
proach works to enumerate fields with more restricted invariants, such as a specific
discriminant or family [GJK+26, §1.2].

Our basic approach rests on work of Krasner [Kra37] as modernized by Monge
[Mon14]. In the case where L/Qp is totally ramified, this theory gives a collection of
near-canonical Eisenstein polynomials, each of which defines L. We generalize this
approach to the case that the inertia degree is larger than 1, replacing Eisenstein
polynomials with Øystein polynomials (see Section 3), and give a process to pick a
distinguished polynomial among them (see Condition 6.14).

The name polredpadic is inspired by the PARI-GP [Pg25] function polredabs

which computes a (pseudo) canonical defining polynomial of a number field and en-
ables searching the LMFDB’s number field database given an arbitrary irreducible
polynomial over Q.
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The paper is structured as follows. In Section 2 we set up notation and de-
scribe how we select polynomials defining unramified extensions. In Section 3 we
define ν-Øystein polynomials for an unramified polynomial ν(x), give Algorithm 3.5
for finding an Øystein polynomial generating an arbitrary extension, and connect
Øystein polynomials to Eisenstein polynomials over the maximal unramified subex-
tension. In Section 4 we recall the theory of ramification polygons and generalize
them from their original context of Eisenstein polynomials to Øystein polynomials.
In Section 5 we recall the theory of residual polynomials, which are attached to
the segments of the ramification polygon and provide an invariant allowing for the
division of families into subfamilies (Definition 5.4). We also define distinguished
residual polynomials, which provide one part of the recipe for selecting a distin-
guished polynomial for L/Qp.

Section 6 forms the core of the paper, describing how to reduce an Øystein poly-
nomial to a set of near-canonical options and then how to pick a distinguished
polynomial from among them. We first give the process for Eisenstein polynomials
from [Mon14], with modifications to ensure compatibility with the generic poly-
nomial of the family [GJK+26, §3.3]. As part of this process, we recall additive
residual polynomials and generalize them to Øystein polynomials. The main the-
orem underpinning the reduction process is Theorem 6.8, which describes how the
minimal polynomial of a root α of a ν-Øystein polynomial ψ changes when making
a substitution of the form α 7→ α + γν(α)m. This theorem enables setting many
p-adic digits of the coefficients of ψ to 0 without changing the extension (see Corol-
lary 6.10), and also provides a reduction algorithm for the remaining coefficients
(Algorithm 6.12). Section 6 ends by defining a total order on Øystein polynomials,
allowing for the selection of a distinguished defining polynomial. We close with a
complexity analysis of our algorithms in Section 7.

Our implementation in Magma [BCP97] of the algorithms in this paper is avail-
able on GitHub at https://github.com/roed314/padic_db and data is available
on the LMFDB at https://www.lmfdb.org/padicField/.

We thank the American Institute of Mathematics for supporting this work through
an AIM SQuaRE and the three anonymous referees whose comments have improved
the quality of the paper. Roe was supported by SFI-MPS-SSRFA-00005427.

2. Setup and notation

Let K be a finite extension of Qp with inertia degree fK , ramification index eK ,
and degree nK = fKeK . Let πK be a uniformizer for K and let vK : K → Z∪{∞}
be the valuation on K normalized so that vK(πK) = 1. Let OK = {α ∈ K :
vK(α) ≥ 0} be the ring of integers of K and let (πK) = {α ∈ K : vK(α) > 0} be
the maximal ideal of OK . For α, β ∈ K, we write α ∼ β when vK(α− β) > vK(α).

We denote the residue class field of K by κ = OK/(πK) and by q = #κ its
cardinality. For a generator ξK of the cyclic group κ× and γ ∈ κ× we let logξK γ

be the smallest n ∈ Z≥0 with ξ
n

K = γ.
Let RK be a fixed set of representatives of κ in OK with {0, 1} ⊆ RK .
Let φ ∈ OK [x] have degree n. We write φ(x) =

∑n
i=0 φix

i, and for each coeffi-
cient we write φi =

∑∞
i=0 φi,kπ

i
K , where φi,k ∈ RK .

Let Ksep be a separable closure of K and let L/K be a finite subextension of
Ksep/K, with inertia degree f , ramification index e = ϵpw with p ∤ ϵ, and degree
n = ef = ϵpwf . We denote by Lur/K the maximal unramified subextension of
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L/K, by L0/K its maximal tame subextension and by λ the residue class field of
L. Then [Lur : K] = [λ : κ] = f , [L0 : Lur] = ϵ, and we get the standard tower of
subextensions

(2.1) K
f

⊆ Lur

ϵ
⊆ L0

pw

⊆ L.

Let ψ be a defining polynomial for L/K and let β be a root of ψ such that L = K(β).
For γ ∈ K[x] we denote the characteristic polynomial of γ(β) by χL/K(γ(β)) =
χψ(γ) = Rest (ψ(t), x− γ(t)).

For ρ(x) =
∑n
i=0 ρix

i ∈ OL[x] we call the lower convex hull N of

{(−i, vL(ρi)) : 0 ≤ i ≤ n}
the Newton polygon of ρ. Its slopes yield the multiset of valuations of the roots of
ρ. We denote the πL-content of ρ by

contπL
(ρ) = π

min0≤i≤n vL(ρi)
L .

Unramified extensions. The standard choice for defining these extensions are
Conway polynomials, which were introduced by Parker [HEO05, Section 2.8.3] and
are the default in Magma [BCP97], SageMath [S+26] and other systems. Unfortu-
nately Conway polynomials have not been computed for all primes and extension
degrees considered in the p-adic field database of the LMFDB. See [Lüb23, Section
7] for the Conway polynomials known in 2023.

For the database, when no Conway polynomial is known we follow the procedure
from [JR06] which is in the same spirit, but with fewer restrictions. We pick
the polynomial whose roots over Fp are primitive of multiplicative order pf − 1
which is smallest according to the lexicographic ordering used in the definition
of Conway polynomials: for ν(x) = xn +

∑n−1
i=0 (−1)n−iνixi ∈ Z[x] and µ(x) =

xn +
∑n−1
i=0 (−1)n−iµixi ∈ Z[x] with 0 ≤ νi, µi < p we define ν < µ when there

exists k with νi = µi for all i > k and νk < µk. The code allows users to make a
different choice if desired.

In our complexity analysis in Section 7, we assume that a table that includes
all such polynomials needed in our algorithms has been precomputed, since the
computation of these polynomials is not a focus of this paper.

LMFDB. Following the choice made in Magma and Sage, in the LMFDB we define
unramified extensions using polynomials with coefficients in {0, 1, . . . , p−1} that are
congruent to the coefficients of the polynomials described above. By construction
a root ξ over Fp of such a polynomial ν is a primitive element and is used as the
base of discrete logarithms. For a p-adic field K with residue field FpfK we choose
the set of representatives

RK = {cfK−1ξ
fK−1 + · · ·+ c1ξ + c0 : ci ∈ {0, 1, . . . , p− 1}}.

In particular, if fK = 1 we get RK = {0, 1, . . . , p− 1}.

3. Øystein polynomials

Every totally ramified extension L/K of degree e is generated by a root of an

Eisenstein polynomial φ(x) = xe +
∑e−1
i=0 φix

i ∈ OK [x], where vK(φi) ≥ 1 for
1 ≤ i ≤ e − 1 and vK(φ0) = 1. In the following we consider a generalization of
Eisenstein polynomials that can be used to define any finite extension of a local
field.
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Definition 3.1. Let ν(x) ∈ OK [x] be monic and irreducible modulo πK . A monic
polynomial φ ∈ OK [x] is ν-Øystein when

(3.2) φ(x) = ν(x)e +

e−1∑
i=1

φ∗
i (x)ν(x)

i + φ∗
0(x)

for some e ∈ Z>0, where πK | φ∗
i (x) and degφ∗

i < deg ν for 0 ≤ i ≤ e − 1, and
contπK

(φ∗
0) = πK . We call (3.2) the ν-expansion of φ.

We chose the name Øystein to honor Øystein Ore and to avoid confusion with
Ore polynomials which are elements of Ore extensions in ring theory. Øystein
polynomials are called regular polynomials in [Ore28] and polynomials in Eisenstein
form in [FPR02].

Let φ(x) = ν(x)e +
∑e−1
i=0 φ

∗
i (x)ν(x)

i ∈ OK [x] be a ν-Øystein polynomial with
ν(x) ̸= x and set f = deg ν. Let α ∈ Ksep be a root of φ(x) and set L = K(α).
Because ν is irreducible we have fL/K ≥ f and because ν(α) = 0 we have vL(α) = 0.

The polynomial φ∗(y) = ye +
∑e−1
i=0 φ

∗
i (α)y

i ∈ OL[y] has the root ν(α). Since
vK(φ∗

0(α)) = 1 and vK(φ∗
i (α)) ≥ 1 the lower convex hull of{

(−e, 0), (−e+ 1, vK(φ∗
e−1(α))), . . . , (0, vK(φ∗

0(α)))
}

consists of a single segment of slope 1
e . Thus, for the root ν(α) of φ∗ we have

vK(ν(α)) = 1
e which yields a lower bound for the ramification index of L/K,

namely eL/K ≥ e. Now, since eL/KfL/K ≤ ef = degφ we have eL/K = e
and fL/K = f . Furthermore, ν(α) is a uniformizer of L, OL = OK [α], and
vK(disc(L/K)) = vK(disc(φ)). Over the unramified subextension Lur = K[x]/(ν)
of L/K the polynomial φ factors into f = deg ν polynomials of degree e.

Every finite extension of a local field can be generated by an Øystein polynomial:

Lemma 3.3. Let L/K be finite with inertia degree f and ramification index e and
let πL a uniformizer of L. Let ν ∈ OK [x] be monic of degree f such that ν ∈ κ[x]
is irreducible and let α ∈ OL be a root of ν(x)− πL. Then the minimal polynomial
of α over K is a ν-Øystein polynomial.

Proof. We have ν(α) = πL, and κ(α) is the residue class field of L/K by construc-
tion. Hence the result follows from [FPR02, Proposition 4.5]. □

The constant coefficient.

Lemma 3.4. Let L/Lur/K as in (2.1) and let α ∈ L be a root of ν(x)−πL. Write

ψ(x) = xe +
∑e−1
i=0 ψix

i ∈ Lur[x] for the minimal polynomial of πL over Lur and

φ(x) = ν(x)e +
∑e−1
i=0 φ

∗
i (x)ν(x)

i for the minimal polynomial of α over K. Then
φ∗
0(α) ∼ ψ0.

Proof. By Lemma 3.3 φ is a ν-Øystein polynomial. Since ν(α) = πL and ψ(πL) =

0 we have −ψ0 = ν(α)e +
∑e−1
i=1 ψiν(α)

i ∼ ν(α)e. Also −φ∗
0(α) = ν(α)e +∑e−1

i=1 φ
∗
i (α)ν(α)

i ∼ ν(α)e. □

The OM-algorithm and Øystein polynomials. The OM-algorithm1 [GMN12]
determines the essential p-local invariants of a square-free integral polynomial, facil-
itating both a number of important computations for global fields [GMN13] and the

1Other similar algorithms, such as Round 4 [FPR02], can also be used.
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p-adic factorization of the polynomial [GNP12]. The ‘O’ in OM-algorithm stands
for Okutsu and Ore, and the ‘M’ for Mac Lane and Montes.

It is well known that Øystein polynomials are irreducible. In addition, they have
the property that their Okutsu invariants are found after only one step of the OM-
algorithm. Ore [Ore28] asserts that every finite extension of Qp admits a regular
defining polynomial, which we call an Øystein polynomial. Unfortunately, Ore’s
result is only theoretical, and does not provide a practical method to find a regular
defining polynomial for a given extension. Lemma 3.3 gives this construction.

With the OM-Algorithm and Lemma 3.3 we find a defining Øystein polynomial
φ ∈ OK [x] of a finite extension L/K. We assume that for each f ∈ Z>0 we can
look up a monic polynomial ν(x) ∈ OK [x] of degree f such that ν is irreducible
over κ.

Algorithm 3.5 (Øystein).

Input: ψ ∈ OK [x] irreducible
Output: ν ∈ OK [x] monic irreducible over κ and

φ ∈ OK [x] ν-Øystein such that K[x]/(φ) ∼= K[x]/(ψ)

Denote by β a root of ψ and write L = K(β)
(1) with the OM-algorithm find:

• the ramification index e of L/K and Π ∈ K[x] with vK(Π(β)) = 1/e
• the inertia degree f of L/K

(2) let ν ∈ OK [x] be monic of degree f with ν ∈ κ[z] irreducible and let γ ∈ λ be
a root of ν

(3) use the output of the OM-algorithm to find Γ ∈ K[x] with Γ(β) = γ

(4) α← Γ(β)− ν(Γ(β))−Π(β)
ν′(Γ(β))

(5) return ν and the characteristic polynomial φ = χK(β)/K(α) of α

After step (3) we have vK (ν(Γ(β))−Π(β)) ≥ 1
e . One iteration of Newton lifting

in step (4) is sufficient to obtain α ∈ K(β) with vK (ν(α)−Π(β)) > 1
e . Hence

vL(ν(α)) = 1, so χψ(α) is Øystein.
In the LMFDB we choose the polynomials in step (2) to be Conway polynomials

or the polynomials from [JR06] described in Section 2.

Given a ν-Øystein polynomial φ(x) = ν(x)e +
∑e−1
i=0 φ

∗
i (x)ν(x)

i ∈ OK [x] we
can find an Eisenstein polynomial ψ over Lur = K[x]/(ν) such that Lur[x]/(ψ) =
K[x]/(φ) as follows. Because the polynomial ν(x) splits into linear factors over λ,
say ν(x) = (z − ξ1) · · · (z − ξf ), we have

φ(x) ≡ ν(x)e ≡ (x− ξ1)e · · · (x− ξf )e (mod πK)

where ξi ∈ Lur is a lifting of ξi. So Hensel lifting yields f = deg ν coprime factors
of φ of degree e over Lur. Let ψ

∗ ∈ OLur [x] be the factor of φ that corresponds to
the factor (x− ξ1)e of νe. Then ψ(x) = ψ∗(x+ ξ1) is Eisenstein and Lur[x]/(ψ) =
K[x]/(φ).

4. Ramification polygons

Ramification polygons of Eisenstein polynomials were introduced by Krasner
[Kra37], and can be found with slightly varying definitions in later work [Sch03,
GP12, Mon14, PS17]. They are a formulation of the Herbrand invariant of an
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extension of local fields; see [GJK+26, Section 2] for various perspectives on these.
Here we generalize the notion of ramification polygons to Øystein polynomials.

Definition 4.1. Let φ(x) = ν(x)e +
∑e−1
i=0 φ

∗
i (x)ν(x)

i ∈ OK [x] be ν-Øystein and
let α ∈ Ksep be one of its roots. We say that

ρ(x) =
φ (ν(α)x+ α)

ν(α)e

is the ν-ramification polynomial of φ. We say that the Newton polygon N (φ) of ρ
is the ramification polygon of φ; note that N (φ) does not depend on ν.

If we write ρ(x) =
∑n
i=0 ρix

i we have

(4.2) ρi = ν(α)i−e
n∑
j=i

(
j

i

)
φjα

j−i.

Denote the roots of φ by α = α1, . . . , αn ∈ K. Then the roots of ρ are αi−α
ν(α) for

1 ≤ i ≤ n and thus the slopes of the ramification polygon N (φ) determine the
valuations of the differences of the roots of φ.

Lemma 4.3. Let φ ∈ OK [x] be a ν-Øystein polynomial of degree n = fe = fϵpw

and set L = K[x]/(φ). Then the ramification polygon N (φ) of φ is obtained from
the ramification polygon NL/Lur

of the totally ramified extension L/Lur by adding
a segment with endpoints (−n, n− e), (−e, 0).

Proof. There are n − e roots α̃ of φ(x) such that α̃ ̸∼ α; these all give roots of
ρ(x) with L-valuation −1. Let ψ(x) be the minimal polynomial over Lur of the
uniformizer πL = ν(α) of L. Then the roots of ψ have the form π̃L = ν(α̃), where
α̃ is a root of φ such that α̃ ∼ α. Since ν(x) ∈ OK [x] and ν(x) is separable, we
have vL(π̃L − πL) = vL(α̃− α). Hence the multisets {vL( α̃−αν(α) ) : φ(α̃) = 0, α̃ ∼ α}
and {vL( π̃L−πL

πL
) : ψ(π̃L) = 0} are equal. The lemma now follows from the relation

between the slopes of the Newton polygon of ρ(x) and the valuations of its roots. □

It follows from the lemma that N (φ) is determined by the extension L/K, so we
may denote it by NL/K . Using the description of the ramification polygon for the
totally ramified case (see [Sch03, Lemma 1] or [PS17, Lemma 3.2]) we obtain the
ramification polygon of a general extension L/K of degree fe = fϵpw

NL/K =
{(
−ef, (f − 1)e

)
, (−e, 0),

(
−pw, 0

)
,
(
−pw1 , vL(ρw1

)
)
, . . .

. . . ,
(
−pwu−1 , vL(ρwu−1)

)
,
(
−1, vL(ρ1)

)}
(4.4)

for some w = w0 > w1 > · · · > wu−1 > wu = 0.
We have vK(disc(L/K)) = vK(disc(φ)) = f · (e + vL(ρ1) − 1), and each of the

segments of N corresponds to a subextension of L/K (see [Gre10, Algorithmus 4.4]
or [Mil17, Section 3.4] for an algorithm).

Hasse-Herbrand function. Let φ ∈ OK [x] be Eisenstein of degree e and let

α be a root of φ. Set L = K(α) and let ρ(x) = φ(αx+α)
αe be the ramification

polynomial of φ. Denote the endpoints of the segments with positive slope of the
ramification polygon of φ by (−pwi , vL(ρpwi )) where 0 = wu < · · · < w0 = w. Let
ΦL/K : [0,∞) → [0,∞) be the Hasse-Herbrand function of L/K, which is defined
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−i

vL(ρi)

−1−pwu−1−pw1−pw−e = −ϵpw−fe 0

vL(ρfe)
= (f − 1)e

vL(ρpw1 )

vL(ρpwu−1 )

vL(ρ1)
ρ(x) =

e∑
i=0

ρix
i =

φ(ν(α)x+ α)

νe(α)
mu = tu

du

m1 = t1
d1

m0 = 0
m−1=−1

Figure 4.1. General form of the ramification polygon of a ν-
Øystein polynomial φ = ν(x)e +

∑e−1
i=0 φ

∗
i (x)ν(x)

i ∈ OK [x] of
degree n = f · e = f · ϵpw. The segment of slope −1 only ex-
ists when f > 1 and a segment of slope 0 indicates ϵ > 1.

in [Ser79, IV §3] and discussed in [GJK+26, Section 2.2]. Then we have (compare
[Mon14, Section 2] and [PS17, Section 3])
(4.5)
eΦL/K(m) = min

0≤i≤u
{vL(ρpwi ) +mpwi} = min

1≤i≤e
{vL(ρi) + i·m} = contπL

(ρ(πmL x))

for m ≥ 0. Now suppose, φ ∈ OK [x] is ν-Øystein of degree fe, Lur = K[x]/(ν),
L = K[x]/(φ) with ν-ramification polynomial ρ and ramification polygon N . Then
ΦLur/K(x) = x and thus ΦL/K = ΦLur/K ◦ ΦL/Lur

= ΦL/Lur
. Using (4.5) and

Lemma 4.3 we get

(4.6) eΦL/K(m) = min
1≤i≤n

{vL(ρi) + i ·m} = contν(α)(ρ (ν(α)
mx)) .

Because ΦL/K only depends on the ramification polygon N of L/K, we can set
ΦN = ΦL/K .

5. Residual polynomials

Let N be the Newton polygon of a polynomial ρ ∈ OL[x]. To each segment S
of N we attach a polynomial A ∈ λ[x]. These polynomials were first introduced as
zugeordnete (associated) polynomials by Ore [Ore28, MN92] and have been called
residual polynomials in more recent work. The residual polynomials of the segments
of the Newton polygon of a polynomial yield information about the unramified part
of the extensions generated by the factors of the polynomial.

Let ρ(x) =
∑n
i=0 ρix

i ∈ OL[x] with roots β1, . . . , βn and denote by N its Newton
polygon. Let (−i, vL(ρi)) and (−j, vL(ρj)) be the endpoints of a segment of N of

slopem = t
d and let β ∈ L be a root of ρ with vL(β) = m. We divide the polynomial

ρ(βx) whose roots are β1

β , . . . ,
βn

β by its content π
vL(ρj)
L βj and get

ρ(βx)

π
vL(ρj)
L βj

=

n∑
l=0

ρlβ
lxl

π
vL(ρj)
L βj

≡
i∑
l=j

ρlβ
l−j

π
vL(ρj)
L

xl ≡
(i−j)/d∑
k=0

ρj+kdβ
kd

π
vL(ρj)
L

xj+kd mod πL.
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Let θ = βd

πt
L
. Dividing the above by xj , replacing βd with θπtL and replacing θ · xd

with z yields the residual polynomial of the segment of slope m of N :

Definition 5.1. Let ρ(x) =
∑n
i=0 ρix

i ∈ OL[x] and suppose the Newton polygon
of ρ has a segment S with endpoints (−i, vL(ρi)) and (−j, vL(ρj)) of slope m = t

d .
Then the residual polynomial of S is

Am(z) :=

(i−j)/d∑
k=0

ρj+kdπ
kt−vL(ρj)
L zk ∈ λ[z].

Each root of Am has the form θ ·
(
βi

β

)d
=
(
βd
i

πt
L

)
, where βi is a root of ρ with

vL(βi) = m = t
d .

Denote the slopes of N by m1 < m2 < · · · < mu and the residual polynomials
by Ami

. It follows directly from Definition 5.1 that the constant coefficient of Ami

is equal to the leading coefficient of Ami+1
. The nonzero terms of Am correspond

to the points of the form (−h, vL(ρh)) on the segment of slope m.

The residual invariant. We now consider the residual polynomials attached to
the segments of the ramification polygon N (φ) of an Eisenstein polynomial φ.
If m1, . . . ,mu are the slopes of N (φ) and Am1 is the residual polynomial of the
segment of slope mi we write Aφ = (Am1 , . . . , Amu).

Let α = α1, . . . , αe ∈ Ksep be the roots of φ. Then the roots of the ramification

polynomial ρ(x) = φ(αx+α)
αe are of the form αi−α

α , and if vL
(
αi−α
α

)
= m = t

d we

have Am

(
(αi−α)d
αd+t

)
= 0.

Let δ ∈ O×
L and β = δα. Then the minimal polynomial ψ ∈ OK [x] of β is

Eisenstein and has the same ramification polygon N as φ. Let
(

(−1+αi/α)d

αt

)
be a

root of the residual polynomial Am of the ramification polynomial ρ of φ for the
segment of N with slope m = t

d . Then by the proof of [GP12, Proposition 4.4],

the corresponding residual polynomial Bm(z) of the ramification polynomial σ of

ψ has a root
(

(−1+βi/β)d

βt

)
with

(−1 + βi/β)
d

βt
∼ 1

δt
(−1 + αi/α)

d

αt
.

Thus Bm(z) = γAm(δ
t
z) for some γ ∈ κ×.

Since the ramification polynomials ρ and σ are monic the respective residual
polynomials Am1

and Bm1
of the first segment (with slope m1 = t1

d1
) are also

monic. Therefore we get

Bm1
(z) = δ

(−t1) degAm1Am1
(δ
t1
z).

Because all uniformizers of L/K are of the form β = δα where vL(δ) = 0 and
because the residual polynomials are only affected by δ ∈ κ× as described above we
obtain an invariant of L/K. Note that our formulation of the invariant A differs in
the ordering of the polynomials from [PS17, Theorem 4.7], because of the different
ordering of the segments in the ramification polygon.

Theorem 5.2. Let φ ∈ OK [x] be an Eisenstein polynomial with ramification poly-
gon N . Denote by m1 = t1

d1
, . . . ,mu = tu

du
the slopes of the segments of N and
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let Ami
be the residual polynomial of the segment of slope mi. Let L = K[x]/(φ).

Then the following is an invariant of L/K:

(5.3) AL/K =
{(
γ1Am1(δ

t1
z), γ2Am2(δ

t2
z), . . . , γuAmu(δ

tu
z)
)
: δ ∈ κ×

}
where γ1 = δ

(−t1) degAm1 and γi = γi−1δ
(−ti) degAmi for i = 2, . . . , u. We write

AL/K = [Am1
, . . . , Amu

].

We say that AL/K is the residual invariant of the extension L/K. This invariant
is an important tool in the enumeration of generating polynomials for extensions of
local fields [PS17]. Together with the ramification polygon and the constant coeffi-
cient modulo π2

K the residual invariant determines a subextension T of the splitting
field N of an Eisenstein polynomial such that N/T is a p-extension [GP12, Theorem
9.1]. This data also determines the Galois groups of Eisenstein polynomials whose
ramification polygon consists of a single segment [GP12, Section 8].

The residual invariant for general extensions. It is natural to extend the
definition of the residual invariant to include extensions L/K generated by a root

α of an Øystein polynomial φ(x) = ν(x)e +
∑e−1
i=0 φ

∗
i (x)ν(x)

i by setting

Bm(z) =

(i−j)/d∑
k=0

ρj+kdν(α)kt−vL(ρj)zk ∈ λ[z].

Unfortunately, in this setting there may exist δ1, δ2 ∈ O×
K with δ1 ≡ δ2 (mod πK)

for which the residual polynomials of the minimal polynomials of δ1α and δ2α differ
for some slope m, which means that the equivalence relation used to define AL/K
in the Eisenstein case may not be well-defined. To avoid this difficulty we base the
residual invariant of L/Lur/K on AL/Lur

. Therefore we need to consider the action
of Gal(Lur/K) ∼= Gal(λ/κ) on AL/Lur

:

Definition 5.4. Let L/Lur/K and let (Am1
, . . . , Amu

) be a representative of the
residual invariant AL/Lur

of the totally ramified extension L/Lur. Let γi (1 ≤ i ≤ u)
be as in Theorem 5.2. We call

AL/K =
{(
σ
(
γ1Am1

(δ
t1
z)
)
, . . . , σ

(
γuAmu

(δ
tu
z)
))

: δ∈λ×, σ∈Aut(λ/κ)
}

the residual invariant of L/K.

Distinguished residual polynomials. We choose a distinguished representative
of each residual invariant AL/K defined in Theorem 5.2 using the following ordering:

Definition 5.5. Let ⟨ξ⟩ = F×
q , g(z) =

∑n
i=0 giz

i ∈ Fq[z] and h(z) =
∑n
i=0 hiz

i ∈
Fq[z]. We write g >ξ h when gi = hi for i > j and logξ gj > logξ hj for some
0 ≤ j ≤ n. With lexicographic ordering, we extend this ordering to the tuples
of polynomials in the residual invariant of an Eisenstein polynomial. We call the
smallest tuple in the residual invariant distinguished.

To find the distinguished representative of A, we find δ ∈ κ× such that

(5.6)
(
γ1Am1

(δ
t1
z), γ2Am2

(δ
t2
z), . . . , γuAmu

(δ
tu
z)
)
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is minimal with respect to >ξK where γ1 = δ
(−t1) degAm1 and γi = γi−1δ

(−ti) degAmi

for i = 2, . . . , u. Repeated applications of Lemma 5.7 below yield l = b + c∆ such

that (5.6) is minimal for δ = ξ
l

K .
When a = bq + r for a, q ∈ Z, b ∈ Z>0, and 0 ≤ r < b we write r = a mod b and

q = a div b. The following elementary lemma will be useful:

Lemma 5.7. Let Q, e ∈ Z>0 and a ∈ Z≥0. Set g = gcd(e,Q) = se + tQ, d =
a div g, ∆ = Q div g, b = (−s · d) mod Q, and

m = min {(a+ k · e) mod Q : k ∈ Z} .

Then m = a mod g, and m = (a+ k · e) mod Q if and only if k = b+ c∆ for some
c ∈ Z.

Definition 5.8. The distinguished residual polynomial tuple of L/Lur/K is the
tuple that is distinguished among the conjugates of the residual invariant of L/Lur

under the automorphisms of Lur/K.

Families and subfamilies. Let φ ∈ OK [x] be Eisenstein and set L = K[x]/(φ).
Then the first πK-adic digit of the constant coefficient of all defining Eisenstein
polynomials of L/K is in CL/K = {φ0,1δ

n : δ ∈ κ×}, which is an invariant of L/K.

For an Øystein polynomial φ ∈ OK [x] we can choose φ∗
0,1 such ψ0,1 = φ∗

0,1(α)
where ψ ∈ Lur[x] is a defining Eisenstein polynomial of L = K[x]/(φ) over Lur.
Since the Aut(Lur/K)-conjugates of ψ yield the same extension over K, in this
setting the invariant becomes CL/K = {σ(φ0,1)δ

n : σ ∈ Aut(λ/κ), δ ∈ λ×}. To
combine CL/K with the residual invariant AL/K we restrict the transformations of
the residual polynomials to those that fix a representative of CL/K . We set (compare
[PS17, (4.2)] for the totally ramified case):

A∗
L/K =

{(
σ
(
γ1Am1

(δ
t1
z)
)
, . . . , σ

(
γuAmu

(δ
tu
z)
))

: δ∈λ×, δn=1, σ∈Aut(λ/κ)
}

with γi as in Theorem 5.2. With the above we refine the definition of family from
[Mon14] and [GJK+26, Section 1.2] and obtain:

Definition 5.9. A family F of extensions of K is the set of all extensions of K
that have the same ramification polygon. We call the subset of all extensions L/K
in F that have the same CL/K and the same A∗

L/K a subfamily.

This notion of subfamily is used in defining labels for p-adic fields in the LMFDB,
but does not reappear in the remainder of this article.

6. Reduction

Reduced Eisenstein polynomials were introduced by Krasner [Kra37] and their
theory was brought into modern form by Monge [Mon14]. We recall their construc-
tion and generalize it to Øystein polynomials.

Zeroth reduction step for Eisenstein polynomials. We refine the first reduc-
tion step [Mon14, Algorithm 1] for an Eisenstein polynomial φ ∈ OK [x], in which
the leading coefficient φ0,1 of the constant term φ0 is reduced. Because transform-
ing φ0,1 also impacts the residual polynomials, out of all the transformations that
lead to a reduced value for φ0,1, we choose those that yield the smallest residual
polynomials with respect to >ξK (see Definition 5.5).
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Fix ξK ∈ κ such that ⟨ξK⟩ = κ× and let ξK ∈ OK be a lift of ξK . We first find
all s ∈ Z≥0 such that the transformation x 7→ xξ−sK yields polynomials

ψ(x) = ξesKφ(xξ
−s
K ) = xe + · · ·+ φ0,1ξ

es
K

with logξK (φ0,1ξ
es

K ) minimal. That is, with Lemma 5.7 we find all s for which

(a+ s · e) mod (q − 1) = min {(a+ k · e) mod (q − 1) : 0 ≤ k ≤ q − 2}

where a = logξK φ0,1. Among these polynomials we find those whose residual

polynomials are minimal given the constraints above. This choice assures compat-
ibility with the generic defining polynomials [GJK+26] but also means that the
residual polynomials of distinguished polynomials in general do not match their
distinguished representatives.

The definition of being a distinguished ν-Øystein polynomial is given in Defini-
tion 6.14 below. We build up the definition through a series of conditions.

Condition 6.1. For an Eisenstein polynomial φ ∈ OK [x] to be distinguished we
require that for all Eisenstein polynomials ψ with K[x]/(ψ) ∼= K[x]/(φ) we have

(1) logξK (φ0,1) ≤ logξK (ψ0,1) and

(2) Aφ ≤ Aψ when logξK (φ0,1) = logξK (ψ0,1).

When e = pw exactly one representative of AL/K satisfies Condition 6.1. Re-
ducing φ0,1 is the first step in our reduction algorithm for Eisenstein polynomials.

Algorithm 6.2 (polred0ram).

Input: Eisenstein φ ∈ OK [x] of degree e with ramification polynomial ρ
Output:

{
ψ(x) = δeφ( 1δx) : δ ∈ RK and ψ satisfies Condition 6.1

}
and a distin-

guished representative of AL/K
Write ⟨ξK⟩ = κ×.
(1) compute the residual polynomials (Am1 , . . . Amu) of ρ.

(2) find the set E of all δ ∈ κ× such that logξK (φ0,1δ
e
) mod (#κ− 1) is minimal.

(3) find the set D of all δ ∈ E such that

(Bm1
, . . . , Bmu

) =
(
γ1Am1

(δ
t1
z), . . . , γuAmu

(δ
tu
z)
)

is minimal with respect to ≥ξK (see Theorem 5.2 and Definition 5.5).

(4) return
{
δeφ( 1δx) : δ ∈ D

}
where δ ∈ RK is a lift of δ and (Bm1

, . . . , Bmu
)

Constant coefficient of Øystein polynomials. Because for Øystein polynomi-
als we do not have a straightforward connection between constant coefficient and
residual polynomial transformations, the following is simpler than Condition 6.1.

Let φ(x) = ν(x)e +
∑e−1
i=0 φ

∗
i (x)ν(x)

i ∈ OK [x] be ν-Øystein. In the following we
will be concerned with the reduction of the φ∗

i . We write φ∗
i (x) =

∑∞
k=0 φ

∗
i,kπ

k
K

where φ∗
i,k =

∑f−1
j=0 φ

∗
i,k,jx

j with φ∗
i,k,j ∈ RK .

Condition 6.3. Let φ ∈ OK [x] be ν-Øystein. For φ to be distinguished we require
that for all ν-Øystein polynomials ψ ∈ OK [x] with K[x]/(ψ) ∼= K[x]/(φ) we have

logξL(φ
∗
0,1(ξL)) ≤ logξL(ψ

∗
0,1(ξL)).
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Additive residual polynomials. In [PS17] additive residual polynomials are
called residual polynomials of components; in [Mon14] they are denoted by Sm;
and in [Kra37] they are denoted by Um.

Definition 6.4. Let φ(x) = ν(x)e +
∑e−1
i=0 φ

∗
i (x)ν(x)

i ∈ OK [x] be ν-Øystein, α a
root of φ, and ρ(x) = φ(ν(α)x + α)/ν(α)e the ramification polynomial of φ. For
m ∈ Z≥0 we call

A
+

m(x) =

(
ρ(ν(α)mx)

contν(α)(ρ(ν(α)mx))

)
the additive residual polynomial of φ attached to the slope m.

Lemma 6.5. For m ∈ Z>0, A
+

m(x) is additive. Suppose the ramification polygon
N of φ has a segment of slope m whose endpoints have abscissas −pu,−pv, with
0 ≤ v < u ≤ w. Then A

+

m(x) has top degree pu and bottom degree pv.

Proof. Set πL = ν(α), φm(x) = φ(πm+1
L x + α), and θm(x) = φm(x)

contπL
(φm) . Then

θm(x) ∈ OL[x] is a primitive polynomial whose image in λ[x] is A
+

m(x). The roots
of θm(x) have the form α̃−α

πm+1
L

, where α̃ is a root of φ(x). It follows from Lemma 4.3

and (4.4) that there are n − pu roots α̃ of φ(x) such that vL

(
α̃−α
πm+1
L

)
< 0. These

correspond to primitive factors of θm(x) of the form −π
m+1
L

α̃−α x + 1. The remaining

roots α̃ of φ(x) satisfy vL

(
α̃−α
πm+1
L

)
≥ 0, and give primitive factors of the form

x− α̃−α
πm+1
L

. Hence there is ζ ∈ λ× such that ζ−1A
+

m(x) is the product of the factors

x−
(
α̃−α
πm+1
L

)
∈ λ[x] such that vL

(
α̃−α
πm+1
L

)
≥ 0.

As in the proof of Lemma 4.3 we let ψ(x) be the minimal polynomial over Lur

of the uniformizer πL = ν(α) for L. Set δ = ν′(α) ∈ O×
L . Corresponding to

each root α̃ of φ(x) such that α̃ ∼ α there is a root π̃L = ν(α̃) of ψ(x) such that

π̃L − πL ∼ δ · (α̃ − α). Hence there is γ ∈ λ× such that γA
+

m(δ−1x) is the mth
additive residual polynomial of ψ(x). Since the conclusions of the lemma hold for
the Eisenstein polynomial ψ(x) [Sch03, Lemma 1], they hold for φ(x) as well. □

When φ is Eisenstein the residual polynomials of segments of the ramification
polygon N of φ with positive integral slopes correspond to additive residual polyno-

mials. Namely, when N has a segment S of slope m ∈ Z>0 then A
+

m(z) = zjAm(z)
where −j is the abscissa of the right endpoint of S. When N has no segment of

slope m then A
+

m is a monomial.
Although the additive residual polynomials do not carry new information beyond

the residual polynomials, they are a useful tool for the reduction of Eisenstein and
Øystein polynomials as we will see in Proposition 6.6 and Theorem 6.8.

As we have seen in (4.6), the content of ρ(ν(α)mx) is equal to eΦN (m), which
only depends on the ramification polygon.

Reduction of Eisenstein polynomials. We recall the method used in [Mon14]
for reducing an Eisenstein polynomial φ ∈ OK [x] and introduce our choice of rep-

resentatives of the cokernel of the additive residual polynomials A
+ ∈ κ[x]. Let

m ∈ Z>0 and let ρ(x) = φ(πLx+πL)
πe
L

be the ramification polynomial of φ. Because φ
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is Eisenstein the additive residual polynomial to the slope m is A
+

m(x) =
ρ(πm

L x)

π
eΦL/K (m)

L

.

The reduction is based on the following result, which describes how a change in the
uniformizer of L changes the coefficients of the defining polynomials in terms of the
additive residual polynomials, compare [Kra37, pp. 156–7], [Mon14, Lemma 2.5], or
[PS17, Proposition 5.5]:

Proposition 6.6. Let φ ∈ OK [x] be Eisenstein, let πL be a root of φ(x), and
set L = K(πL). Let γ ∈ O×

L and m ∈ Z>0; then β = πL + γπm+1
L is another

uniformizer of L. Let ψ(x) ∈ OK [x] be the minimal polynomial of β over K. Let

A
+

m(z) be the additive residual polynomial of φ for the slope m and set η = πK/π
e
L.

Then

(1) φi,k = ψi,k for all i, k such that i+ ek < e(ΦL/K(m) + 1).
(2) Set h = eΦL/K(m), i = h mod e and k = (h div e) + 1. Then

(φi,k − ψi,k)ηk ≡ A
+

m(γ) (mod πL).

This proposition leads to a reduction algorithm (see [Mon14, Algorithm 2]),
in which starting at slope m = 1 the coefficients of φ are reduced iteratively.

If A
+

m : κ → κ is surjective we can choose γ ∈ OL so that the transformation
πL 7→ α+ γπm+1

L gives ψi,k = 0 where i, k are defined in statement (2). Otherwise,

we can still alter φi,k by an element of the image of the additive polynomial A
+

m:

Definition 6.7. Let ξ be a generator for λ over Fp and set d = [λ : Fp] = f ·[κ : Fp];
then B = {1, ξ, . . . , ξd−1} is an Fp-basis for λ. Let A

+ ∈ κ[x] be additive and let T

be the d×d matrix whose ith row is the coordinate vector of A
+
(ξ
i−1

) with respect
to B. Let E be the reduced row echelon form of T and set r = rank(E) = rank(T ).
Let β(x) ∈ κ[x] and let v⃗ be the coordinate vector of β(ξ) with respect to B. For
1 ≤ i ≤ r let Ei be the ith row of E and assume that the leftmost nonzero entry of
Ei is in column ji. Set w⃗ = v⃗−

∑r
i=1 vjiEi, where vji is the ji entry of v⃗, and let η

be the element of λ whose coordinate vector with respect to B is w⃗. We define the

reduction of β(x) by A
+

to be the unique γ(x) ∈ κ[x] such that deg(γ) < f and
γ(ξ) = η.

Reduction of Øystein polynomials. We now generalize the reduction algorithm
for Eisenstein polynomials to Øystein polynomials. Let φ ∈ K[x] be a ν-Øystein
polynomial, let α be a root of φ, and set L = K(α). We investigate the effect of
the transformation α 7→ α + γν(α)m on the coefficients of the respective minimal
polynomials. Generalizing Proposition 6.6 to Øystein polynomials we obtain:

Theorem 6.8. Let φ ∈ OK [x] be a ν-Øystein polynomial written as

φ(x) = ν(x)e +

e−1∑
i=0

φ∗
i (x)ν(x)

i with φ∗
i (x) =

f−1∑
j=0

xj
∞∑
k=1

φ∗
i,j,kπ

k
K and φ∗

i,j,k ∈ RK .

Let α be a root of φ and set L = K(α). Let β = α+γ(α)ν(α)m+1 for some m ∈ Z≥0

and γ ∈ OK [x] such that deg(γ) < f , vL(γ(α)) = 0, and vL(ν(β)) = 1. Then the
minimal polynomial ψ ∈ OK [x] of β over K is of the form

ψ(x) = ν(x)e +

e−1∑
i=0

ψ∗
i (x)ν(x)

i with ψ∗
i (x) =

f−1∑
j=0

xj
∞∑
k=1

ψ∗
i,j,kπ

k
K and ψ∗

i,j,k ∈ RK .
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Let ρ(x) = φ(ν(α)x+α)
ν(α)e be the ν-ramification polynomial of φ, and for m ∈ N0 set

A+
m(x) = ρ(ν(α)mx)

ν(α)
eΦL/K (m) . Then

(1) φ∗
i,j,k = ψ∗

i,j,k for all i, k such that i+ ek < e(ΦL/K(m) + 1).

(2) Set h = eΦL/K(m), ı̃ = h mod e and k̃ = (h div e) + 1. Let η ∈ OK [x]
satisfy η(α) = πK/ν(α)

e. Then

f−1∑
j=0

(
φ∗
ı̃,j,k̃
− ψ∗

ı̃,j,k̃

)
αj = η(α)−kA

+

m(γ(α)).

Note that the condition vL(ν(β)) = 1 is always satisfied for m > 0, since in this
case ν(β) = ν(α+ γ(α)ν(α)m+1) = ν(α) + ν(α)2δ for some δ ∈ L with vL(δ) ≥ 0.

Proof. We have φ(β)−ψ(β) = φ(β) = φ(α+ γ(α)ν(α)m+1) = ρ(γ(α)ν(α)m)ν(α)e.
and also

φ(β)− ψ(β) =
e−1∑
i=0

(φ∗
i (β)− ψ∗

i (β)) ν(β)
i =

e−1∑
i=0

f−1∑
j=0

βj
∞∑
k=1

(
φ∗
i,j,k − ψ∗

i,j,k

)
ν(β)iπkK .

Combine the two expressions for φ(β)−ψ(β) and divide by ν(α)e+eΦL/K(m) to get

(6.9)

e−1∑
i=0

f−1∑
j=0

βj
∞∑
k=1

(
φ∗
i,j,k − ψ∗

i,j,k

) ν(β)iπkK
ν(α)e+eΦL/K(m)

=
ρ(γ(α)ν(α)m)

ν(α)eΦL/K(m)
.

Note that we have β ∼ α and that since vL(πK) = e there exists η ∈ OK [x] with
η(α) = πK/ν(α)

e.
Suppose m = 0. Since ΦL/K(0) = 0, statement (1) holds vacuously. Further-

more, we have k̃ = 1, ı̃ = 0, so (6.9) gives

f−1∑
j=0

αj
(
φ∗
0,j,1 − ψ∗

0,j,1

)
η(α) ≡ ρ(γ(α)) ≡ A+

0 (γ(α)) (mod ν(α)),

which implies statement (2) for this case.
For m > 0 we have ν(β) = ν(α+ γ(α)ν(α)m+1) ∼ ν(α). Therefore by (6.9)

e−1∑
i=0

f−1∑
j=0

αj
∞∑
k=1

(
φ∗
i,j,k − ψ∗

i,j,k

)
η(α)k

ν(α)i+ek

ν(α)e+eΦL/k(m)
≡ A+

m(γ(α)) (mod ν(α)).

If i + ek < e(ΦL/K(m) + 1) then φ∗
i,j,k = ψ∗

i,j,k since A+
m(γ(α)) ∈ OL. This gives

statement (1). All the terms on the left with i+ek > e(ΦL/K(m)+1) are congruent

to 0 (mod ν(α)). By considering the remaining terms (those with i = ı̃ and k = k̃)
we get statement (2). □

Let φ ∈ OK [x] be a ν-Øystein polynomial with root α and set L = K(α). Then
every ν-Øystein polynomial that defines L/K can be obtained from φ by a sequence
of transformations of the type described in Theorem 6.8.

Most of the coefficients of an Øystein polynomial can be easily reduced. We
write (−pw1 , vL(ρpw1 )) and (−1, vL(ρ1)) for the endpoints of the segment of N (φ)

with steepest slope m̃ =
vL(ρ1)−vL(ρpw1 )

pw1−1 . Let m ≥ m̃ be an integer and suppose

the minimum in (4.6) is not attained for i = 1. Then there is 2 ≤ j ≤ n such

that vL(ρj) +m · j < vL(ρ1) +m. Thus
vL(ρ1)−vL(ρj)

j−1 > m ≥ m̃, which contradicts
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the assumption that m̃ is the steepest slope in N (φ). Hence for m ≥ m̃ we have
eΦN (φ)(m) = vL(ρ1) +m. We get the following version of the Krasner bound (see,
for instance, [PS17, Lemma 2.3]):

Corollary 6.10. Let ψ(x) = ν(x)e+
∑e−1
i=0 ψ

∗
i (x)ν(x)

i ∈ OK [x] and φ(x) = ν(x)e+∑e−1
i=0 φ

∗
i (x)ν(x)

i be ν-Øystein polynomials in OK [x]. Assume that φ∗
i,k(x) = 0 for

all i, k such that i+ ek > e(ΦL/K(m̃) + 1) and φ∗
i,k(x) = ψ∗

i,k(x) for all other i, k.

Then K[x]/(ψ) ∼= K[x]/(φ).

Since the transformation used in Algorithm 6.2 (3) is not directly applicable for
Øystein polynomials, we apply Theorem 6.8 for the horizontal segment.

Algorithm 6.11 (polred0).

Input: ν-Øystein φ(x) ∈ OK [x] with ν-ramification polynomial ρ ∈ OL[x]
Output: {ψ ∈ OK [x] : ψ = χL/K(α+ θν(α)) with θ ∈ RLur

, logξ ψ0,1 minimal}

Denote by ξL ∈ λ a root of ν.
(1) η ← πK

ν(α)e

(2) A
+

0 (x)←
(

φ(ν(α)z+α)
contν(α)(φ(ν(α)x+α))

)
(3) r ← min

{
logξL

(
σ
(
φ0,1(ξL)

)
· ξe·lL

)
: 0 ≤ l < #λ− 1, σ ∈ Aut(λ/κ)

}
(4) B(x)← η−1A

+

0 (x)− (φ0,1 − ξrL)
(5) Θ← {θ ∈ RLur

: B(θ) = 0}
(6) return {χL/K(α+ θν(α)) : θ ∈ Θ}

For m ∈ Z>0 not covered by Corollary 6.10 we apply the following algorithm. It
can be used for all Øystein polynomials, including Eisenstein polynomials, which
are obtained by taking ν(x) = x.

Algorithm 6.12 (polredslope).

Input: φ(x) = ν(x)e +
∑e−1
i=0 φ

∗
i (x)ν(x)

i with root α and m ∈ Z>0

Output: The setM of reduced polynomials obtained by substitutions of the form
α 7→ α+ θ · ν(α)m+1, for θ ∈ RLur

(1) η ← πK/ν(α)
e

(2) A
+

m ←
φ(α+ν(α)m+1x)

ν(α)
eΦL/K (m)

(3) i← eΦL/K(m) mod e, k ← (eΦL/K(m) div e) + 1

(4) let δ be the reduction of φ∗
i,k(α) by A

+

m, see Definition 6.7

(5) Θ←
{
θ ∈ RLur

: φ∗
i,k(α)− δ = η−k ·A+

m(θ)
}

(6) M ←
{
χL/Qp

(α+ θ · ν(α)m+1) : θ ∈ Θ
}

Tamely ramified extensions. Let φ(x) = ν(x)ϵ +
∑ϵ−1
i=0 φ

∗
i (x)ν(x)

i ∈ OK [x]
be ν-Øystein with p ∤ ϵ and L0 = K[x]/(φ). Because ϵΦL0/K(m) = m and the
steepest slope is m̃ = 0, by Corollary 6.10 for φ̃(x) = ν(x)ϵ + φ0,1(x)πK we have
L0
∼= K[x]/(φ̃).
By Lemma 3.4, for ψ(x) = xϵ + ψ0,1πK ∈ Lur[x] with ψ∗

0 ∼ φ∗
0(ξL) and

ψ(β) = 0 we have Lur(β) = K(ξL, β) ∼= L0. Let σ : Lur → Lur with σ : ξL →
ξq

u

L for some 0 ≤ u < f and let β(σ) be a root of ψ(σ)(x) = xϵ + ψ
(σ)
0,1πK ∈ Lur[x].
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Then K(ξL, β
(σ)) ∼= K(ξL, β). Substitution of x by ξ−lL x in ψ(σ) and multiplication

by ξlϵL yields xϵ + ψ
(σ)
0,1 ξ

lϵ
LπK . To satisfy Condition 6.3, we find l and σ such that

logξL

(
ψ
(σ)

0,1ξ
lϵ
L

)
= (aqu + lϵ) mod (qf − 1)

is minimal, where a = logξL ψ0,1. As in Lemma 5.7 set g = gcd(ϵ, qf − 1). We

now find 0 ≤ u < f such that r = aqu mod g is minimal. Then the distinguished
defining Eisenstein polynomial of L0/Lur is ψ(x) = xϵ+ξrLπK and the distinguished
defining Øystein polynomial of L0/K is

φ(x) = ν(x)ϵ + φ∗
0,1(x)πK with degφ∗

0,1 < e and φ∗
0,1(ξL) = ξ

r

L.

Final Distinction. Since the reduction algorithm yields a set of reduced polyno-
mials rather than a unique reduced polynomial, we need to distinguish one of these.
We choose the polynomial that is minimal with respect to the following ordering.

Definition 6.13. Let ν ∈ OK [x] be monic and irreducible modulo πK and write

φ(x) = ν(x)e+

e−1∑
i=0

( ∞∑
k=1

φ∗
ik(x)π

k
Kν(x)

i

)
∈ OK [x] where φ∗

ik ∈ RK [x], degφ∗
ik < f

Given γ, δ ∈ λ we write γ >ξL δ when logξL γ > logξL δ (compare Definition 5.5).

For two ν-Øystein polynomials φ,ψ ∈ OK [x] we write φ >ξL ψ when φ∗
ik(ξL) =

ψ
∗
ik(ξL) for all k < k0 and all 0 ≤ i < e, φ∗

ik0
= ψ

∗
ik0 for i < i0, and φ

∗
i0k0

(ξL) >ξL
ψ
∗
i0k0(ξL).

Main Algorithm.

Definition 6.14. A ν-Øystein polynomial φ ∈ OK [x] is distinguished if it satisfies
the following, given in order of precedence.

(1) φ satisfies Condition 6.1 or 6.3.
(2) The tuple of residual polynomials of φ is minimal (Definitions 5.5 and 5.8,

considering the constraint imposed by (1)).
(3) The coefficients of φ are reduced with Algorithm 6.11 for slope m = 0 and

Algorithm 6.12 for integral slopes m > 0.
(4) Among the polynomials that satisfy all of the above, φ is smallest according

to Definition 6.13.

We summarize all of this in the algorithm polredpadic.

Algorithm 6.15 (polredpadic).

Input: ν-Øystein polynomial φ(x) ∈ OK [x] of degree fϵpw with vK(disc(φ)) =
f(n+ J − 1)

Output: the distinguished ν-Øystein polynomial ψ with OK [x]/(φ) ∼= OK [x]/(ψ)

(1) compute the ν-ramification polynomial ρ and ramification polygon N of φ.
where m̃ is the steepest slope of N

(2) M0 ←
{

polred0ram(φ, ρ) if φ is Eisenstein
polred0(φ, ρ) otherwise

(3) for m ∈ {1, . . . , ⌈m̃⌉}:
• Mm ← ∅
• for ψ ∈Mm−1: Mm ←Mm∪ polredslope(ψ,m)
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(4) for ψ ∈M⌈m̃⌉ and m > m̃:
• ψ∗

i,k ← 0 where i = eΦL/K(m) mod e, k = (eΦL/K(m) div e) + 1

(5) return the distinguished polynomial in M⌈m̃⌉ according to Definition 6.13

7. Complexity

We denote byM(R) the cost in bit operations of multiplication in a ring R and by
M(R,n) the cost of multiplying two polynomials of degree up to n over R. When
we compute in OK to an absolute πK-adic precision of c then with fast Fourier
transform [SS71] we get

M(OK/(πcK)) = M(κ, c) = O(c · log c · log log c ·M(κ)) = Õ(cM(κ)) .

Also, if [L : K] = fϵpw, we have M(λ) = M(κ, f) = Õ(fM(κ)) and M
(
OL/πdL

)
=

M(λ, d) = M(κ, fd). With the Cantor-Zassenhaus algorithm B ∈ κ[z] of degree n
can be factored in expected Z(κ, n) = Õ

(
(n2 + n log(q))M(κ)

)
bit operations where

q = #κ. The discrete logarithm logξL γ can be computed in L(λ) := O
(
M(λ) qf/2

)
bit operations with Shanks Baby-Step Giant-Step algorithm, where qf = #λ. See
[JOP14] for a survey of the discrete logarithm problem including more efficient
algorithms.

Øystein. For the computation of characteristic polynomials we use Newton rela-
tions:

Proposition 7.1 (compare [Coh93, Proposition 4.3.3]). Let α1, . . . , αn be the roots

of φ(x) = xn+
∑n−1
i=0 φix

i ∈ OK [x]. Write S(φ) = (S1, . . . , Sn) with Sk =
∑n
i=1 α

k
i

where we set φi = 0 for i < 0. Then

(1) Sk = −kφn−k −
∑k−1
i=1 φn−iSk−i for 1 ≤ k ≤ n and

(2) φn−k = −Sk/k −
∑k−1
i=1 (φn−iSk−i)/k for 1 ≤ k ≤ n

Given (S1, . . . , Sn) we write φ = X(S1, . . . , Sn) such that X(S(φ)) = φ.

Let β ∈ OK [x] and write b
(k)
i for the i-th coefficient of βk mod φ.

(3) χφ(β) = X(T1, . . . , Tn) where Tk = nb
(k)
0 +

∑n−1
i=1 Sib

(k)
i

(4) χφ

(
β
πu
K

)
(x) = ψ(x)

contπK
(ψ) where ψ(x) = χφ(β)(π

u
Kx).

Lemma 7.2. Let φ ∈ OK [x] be monic and irreducible of degree n. Let γ = βπ−u
K ∈

K[x] where β ∈ OK [x]. Following Proposition 7.1, χφ(γ) can be computed to a πK-
adic precision of b in C(φ, u, b) := O(M(OK/(πcK), n) log n) bit operations, where
c = b+max{n · u, eK⌈logp n⌉}.

Proof. We go through the parts of Proposition 7.1 in the order in which they would
be used in the computation of a characteristic polynomial.

(4) When the coefficients of γ are not integral, to allow for the factor (πuK)n

we increase the precision by n · u to avoid precision loss.
(1) Let E(t) = tnφ(1/t) and S(t) =

∑∞
k=0 Skt

k. Then S(−t) ≡ E′(t)E(t)−1

(mod tn+1). Using Newton inversion we compute the inverse E(t)−1 of E(t)
in O(n log n) and E′(t) ·E(t)−1 mod tn+1 in M(OK/(πcK), n) bit operations.

(3) With fast multipoint evaluation, it takes O(M(OK/(πcK), n) log n) bit op-
erations to compute all of the Tk.

(2) Similarly as in (1) this takes M(OK/(πcK), n) bit operations. □
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Our implementation of Proposition 7.1 uses O
(
n2
)
operations in OK , which is

all that is needed for degrees of the polynomials that we are considering.

Proposition 7.3. Given an irreducible polynomial ψ ∈ OK [x] of degree n with dis-
criminant exponent b = vK(disc(ψ)), Algorithm 3.5 returns a ν-Øystein polynomial

φ ∈ OK [x] such that K[x]/(ψ) ∼= K[x]/(φ) in Õ
(
nb2M(κ)

)
bit operations.

Proof. Let c = ⌊b/n⌋+ 1. The costs of the steps of the algorithm are:

(1,3) The Okutsu invariants of ψ can be computed in Õ
(
(n2 + nb2)M(κ)

)
bit

operations [BNS13]. This includes the computation of Π and Γ.
(2) By our assumption from Section 2 we can obtain ν by lookup.
(4) The precision c required in (1,3) is also an upper bound for the minimum of

the valuations of the coefficients of Γ and Π. To avoid precision loss we in-

crease the precision by cf , so α is computed in O
(
fM
(
OK/(πc+cfK ), n

))
=

Õ(f(c+ cf)nM(κ)) bit operations.
(5) With the bound for the valuation of the denominator from (4) this takes

C(ψ, c, c) = O
(
M
(
OK/(πc+ncK ), n

)
log n

)
= Õ(n(cn+ c)M(κ)) bit opera-

tions.

As ψ is irreducible we have b = vK(disc(ψ)) ≥ vK (disc(K[x]/(ψ))) = f(e+ j − 1)
for some j ∈ Z≥0 where e and f are the ramification index and inertia degree of

K[x]/(ψ). Thus in total we get Õ
(
(nb2)M(κ)

)
bit operations. □

Reduction. Let φ ∈ OK [x] be ν-Øystein of degree n = fe with inertia de-
gree f and ramification index e = ϵpw with gcd(p, ϵ) = 1 and vK(disc(φ)) =
f(n + J − 1). Let L = K[x]/(φ). Let ρ be the ν-ramification polynomial of φ,
let (−pwu , vL(ρpwu )) and (−1, vL(ρ1)) = (−1, J) be the endpoints of the steepest
segment of the ramification polygon N , and let m̂ be the slope of this segment. It
follows from Corollary 6.10 that it is sufficient to determine the reduced polynomials
over OK/

(
πĉK
)
for any ĉ ∈ Z>0 such that

(7.4) ĉ > ΦN (m̂) + 1 = vL(ρ1) + m̂+ 1 = J + m̂+ 1.

We use the πK-adic precision of ĉ throughout this section.

Lemma 7.5. Let φ ∈ OK [x] be an Eisenstein polynomial of degree e = ϵpw.

Algorithm 6.2 runs in Õ(eqĉM(κ)) bit operations.

Proof. The costs of the steps of the algorithm are:

(1) The coefficients of Am1
, . . . , Amu

can be read directly from ρ.
(2) We need to compute up to w discrete logarithms at L(κ) = O

(
M(κ)

√
q
)
bit

operations each and apply Lemma 5.7 up to w times at O
(
log(e) log(qf )

)
bit operations each.

(3) Because #D ≤ q, this can be completed in O(eqĉM(κ)) bit operations.
(4) There are at most q different ψ, each computed in eM(κ, ĉ) bit operations.

In total, this algorithm can be completed in Õ(eqĉM(κ)) bit operations. □

Lemma 7.6. Let φ ∈ OK [x] be ν-Øystein of degree n = fϵpw. Algorithm 6.11

returns the set of slope 0 reduced polynomials in Õ
((
qf/2 + n2(ĉ+ eK)

)
M(κ)

)
bit

operations.

Proof. The costs of the steps of the algorithm are:
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(1) Fast exponentiation computes η in O(log(e)M(λ, nĉ)) bit operations.
(2) With (4.2) the relevant coefficients of the ν-ramification polynomial can be

computed in O(n(pw − 1)ϵ ·M(κ, ĉ)) bit operations.
(3) Evaluating φ∗

0,1(ξL) takes O(fM(λ)) bit operations, and its discrete log-

arithm can be computed in O
(
qf/2M(λ)

)
bit operations. Since Aut(λ/κ)

is generated by the Frobenius automorphism ξL 7→ ξ
q

L the discrete loga-
rithms of the conjugates only need additional O

(
fM
(
Z/(qf − 1)

))
bit op-

erations. Computing the minimum for each of the f conjugates separately
and then taking the minimum takes O(f log(e) log(q)) bit operations with
Lemma 5.7. Since f = O(log(pf )), it can be omitted.

(4,5) We have degA
+

0 = degB = (ϵ− 1)pw. We find the roots of B in expected

Z(λ, (ϵ−1)pw) = Õ
(
(((ϵ− 1)pw)2 + (ϵ− 1)pwf log q)fM(κ)

)
bit operations.

(6) Because B has #Θ ≤ degB = (ϵ − 1)pw roots, this step takes up to

(ϵ− 1)pw C(K, 0, ĉ) = Õ
(
n2(ĉ+ eK)M(κ)

)
bit operations.

Adding these yields the statement of the lemma. □

Lemma 7.7. Let φ ∈ OK [x] be ν-Øystein of degree n = fϵpw and let m ∈ Z>0.
Denote by −pu and −pv be the abscissas of the endpoints of the segment of slope
m on N (φ) (if there is no segment of slope m then u = v). Algorithm 6.12 runs in

Õ
(
(f log2 7 + pu−vn(ĉ+ eK))M(κ)

)
bit operations.

Proof. The costs of the steps of the algorithm are:

(1) Fast exponentiation computes η in O(log(e)M(λ, nĉ)) bit operations.
(2,3) With (4.2) this takes O(nM(κ, ĉ)) bit operations
(4) The ν-expansion of φ can be computed in O(fn ·M(κ, ĉ)) bit operations

and the coefficient φ∗
i,k is computed in at most O(f ĉ ·M(κ)) bit opera-

tions. By Lemma 6.5 A
+

m has at most u − v + 1 non-zero coefficients.

An f × f matrix over κ representing A
+

m : λ → λ where A
+

m ∈ λ and
its row echelon form (using Strassen’s algorithm) can be computed in
O
(
f(u− v + 1)M(λ, f) + f log2 7M(κ)

)
bit operations.

(5) We use linear algebra to find Θ. The system of linear equations can be
solved in f log2 7M(κ) bit operations.

(6) We have #Θ ≤ pu−v. Thus, we need to compute at most pu−v characteristic

polynomials which can be done with Õ(pu−vn(ĉ+ eK)M(κ)) bit operations
(compare Lemma 7.6 (6)).

Adding the above we obtain the statement of the Lemma. □

Proposition 7.8. Let φ ∈ OK [x] of degree n = fϵpw with vK(disc(φ)) = f(n +
J − 1) be ν-Øystein. Algorithm 6.15 returns the distinguished defining polynomial

of K[x]/(φ) in Õ
((
qf/2 + eqĉ+ n2(ĉ+ eK) + nĉ2

)
M(κ)

)
bit operations where ĉ =

J + m̂+ 1 as in (7.4).

Proof. The costs of the steps of the algorithm are:

(1) By Lemma 6.5, the coefficients that contribute to the ramification polygon
are ρi for i ∈ {1, p, . . . , pw}. They can be computed using (4.2) and their
valuations can be computed by repeated squaring of the uniformizer in a
total of O

(
w · log2 J ·M

(
OK/(πK)J+1

))
bit operations.
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(2) The slope 0 reduction step takes Õ
((
qf/2 + n2(ĉ+ eK)

)
M(κ)

)
bit opera-

tions by Lemma 7.6 if f > 1 or Õ(eqĉM(κ)) by Lemma 7.5 if f = 1.
(3) For m ∈ {1, . . . , m̂} the slope m reduction step only results in additional

polynomials when N has a segment of slope m. Write (−pwi , vL(ρpwi ))
and (−pwi+1 , vL(ρpwi+1 )) for the endpoints of the i-th segment of N . It
follows from (6,7) in the proof of Lemma 7.7 that the number of reduced

polynomials after this step is at most
∏u−1
j=1 (p

wj+1/pwj ) = pw. Since the

number of segments of N (φ) is at most w the number of bit operations for

this step is less than Õ
(
(wf log2 7 + pwn(ĉ+ eK))M(κ)

)
by Lemma 7.7.

(4) In practice ĉ is chosen as the precision of these computations, so that at
most n− 2 coefficients need to be set to 0.

(5) To compare two polynomials φ,ψ ∈ OK [x] with respect to the ordering from
Definition 6.13 we compute their difference and compute the valuations
of its coefficients in O

(
n log ĉM

(
OK/(πĉK)

))
bit operations. The lowest

valuation determines which coefficient we need to consider. Its πK-adic
expansion is computed in at most ĉM

(
OK/(πĉK)

)
bit operations and the

discrete logarithm of the relevant coefficient is found in O
(√
q
)
M(κ) bit

operations. With merge sort, we find the smallest reduced polynomial with
O(log(pw)pw) of these comparisons. Thus this step can be completed in

Õ
(
pw((n+ ĉ)ĉ+

√
q)M(κ)

)
bit operations.

In total these are Õ
((
qf/2 + eqĉ+ n2(ĉ+ eK) + nĉ2

)
M(κ)

)
bit operations. □

For example, when K = Qp, taking the largest possible ĉ yields a maximum

runtime of Õ
(
p1+f/2 + n4p

)
.

Timings. In the table below we give minimum, maximum, and average running
times for finding distinguished defining polynomials using our implementation of
Algorithm 3.5 oystein and Algorithm 6.15 polredpadic in Magma. In each case,
we considered a random defining polynomial (created using Pari’s poltschirnhaus
function) for each ramified extension of degree n over Qp. All times are in seconds.

p n #L min time max time avg time
2 6 46 0.03 0.31 0.11
3 6 74 0.03 0.53 0.15
2 8 1822 0.01 1.0 0.37
2 16 890110 0.04 25 12
2 18 2990 0.09 19 4.4
3 18 130646 0.05 98 19
2 20 314542 0.03 40 11
5 20 7586 0.11 360 69
7 21 3783 0.14 190 14

The computations were run single-threaded in Magma on a Linux computer with
AMD 2.0 GHz processors and 2 terabytes of RAM. Note that, in the reduction
steps, our current implementation does not use the method analyzed in Lemma 7.2
but uses Magma’s CharacteristicPolynomial, which becomes the most expensive
part of the computation. The runtime depends on the structure of the field exten-
sion; for Eisenstein polynomials chosen uniformly at random from a box, Algorithm
6.15 finishes in less than 90 seconds even for p = 2 and n = 1024.
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For the task of looking up a field defined by an arbitrary polynomial against a list
of N distinguished polynomials, one can either use polredpadic or an implementa-
tion of Panayi’s root finding algorithm [Pan95, PR01]. The latter is generally faster
when N is small. But when N is large (say, more than 100,000), polredpadic will
be much faster since Panayi’s algorithm is a pairwise isomorphism test.
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[GNP12] Jordi Guàrdia, Enric Nart, and Sebastian Pauli, Single-factor lifting and factorization
of polynomials over local fields, J. Symbolic Comput. 47 (2012), no. 11, 1318–1346.

MR 2927133

[GP12] Christian Greve and Sebastian Pauli, Ramification polygons, splitting fields, and Galois
groups of Eisenstein polynomials, International Journal of Number Theory 8 (2012),

no. 6, 1401–1424. MR 2965757

[Gre10] Christian Greve, Galoisgruppen von Eisensteinpolynomen über p-adischen Körpern,
2010, Thesis (Ph.D.) Universität Paderborn.

[HEO05] Derek F. Holt, Bettina Eick, and Eamonn A. O’Brien, Handbook of computational

group theory, Discrete Mathematics and its Applications (Boca Raton), Chapman &
Hall/CRC, Boca Raton, FL, 2005. MR 2129747

[JOP14] Antoine Joux, Andrew Odlyzko, and Cécile Pierrot, The past, evolving present, and
future of the discrete logarithm, Open problems in mathematics and computational

science. Based on the presentations at the conference, Istanbul, Turkey, September 18–

20, 2013, Cham: Springer, 2014, pp. 5–36 (English).
[JR06] John W. Jones and David P. Roberts, A database of local fields, J. Symbolic Comput.

41 (2006), no. 1, 80–97. MR 2194887 (2006k:11230)
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