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ORDINARY ABELIAN VARIETIES: ISOGENY GRAPHS AND
POLARIZATIONS
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AND CHRISTELLE VINCENT

ABSTRACT. Given an integer D and an ordinary isogeny class of abelian vari-
eties defined over a finite field Fq with commutative F4-endomorphism algebra,
we provide algorithms for computing all isogenies of degree dividing D and po-
larizations of degree dividing D. We discuss phenomena that arise for higher
dimension abelian varieties but not elliptic curves, bounds on the diameter
of the graph of minimal isogenies, and decompositions of isogeny graphs into
orbits for the Picard group of the Frobenius order.

1. INTRODUCTION

In his PhD thesis, Kohel [Koh96| pioneered the study of the structure of isogeny
graphs of elliptic curves defined over finite fields F, of characteristic p. For ordi-
nary elliptic curves, these graphs have a striking form, called “isogeny volcanoes”
[FMO02]. We refer the interested reader to [Sutl3| for details and a more com-
plete history. A natural generalization is to consider the case of higher-dimensional
abelian varieties, and the first results in this direction were obtained for the case
of absolutely simple ordinary abelian varieties in [BJW17; Marl8; [IT20]. More re-
cently, [AMS25| obtain results for unpolarized abelian varieties with commutative
F,-endomorphism ring all containing a fixed order R. The authors define l-isogenies
— special kinds of isogenies of degree coprime with ¢ defined using maximal ideals [
of R — and provide a structure theorem for the corresponding isogeny graph when
the order R is Bass at . In this paper, we continue studying the isogeny graphs
of abelian varieties with commutative F,-endomorphism algebra. A goal of this
work, along with [CDMRV25], is to add additional information to the L-functions
and modular forms database [LMFEFDB]|: isomorphism classes of abelian varieties
defined over finite fields together with their isogeny graphs, which we use to effi-
ciently compute non-principal polarizations. In contrast with [AMS25], we assume
that the isogeny class is ordinary. This assumption allows us to build upon the
algorithm developed in [Mar21] to compute isomorphism classes and polarizations.
Also, it allows us to consider isogenies with degree divisible by p and we can avoid
further assumptions on the endomorphism rings other than being commutative.
One could try to generalize the results contained in this paper to the non-ordinary
case by following [BKM23| and [BKM24], where the authors developed algorithms
to compute principal polarizations and isomorphism classes (respectively), but that
work is not within the scope of the current paper.

From now on, let ¢ be a power of a prime and h(x) be a g-Weil polynomial of de-
gree 2g. We will always assume that h(z) has no repeated complex roots and its z9
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coefficient is not divisible by p. With these assumptions, Honda-Tate theory |[Tat66}
Hon6§| implies that h(x) determines an Fy-isogeny class Zj, of ordinary, dimension
g abelian varieties defined over Fy, each with commutative F,-endomorphism alge-
bra. In this setting, we study the D-isogeny graph of Z;, for D > 1, whose vertices
are the F -isomorphism classes of abelian varieties in Z;, and whose edges are equiv-
alence classes of F,-isogenies of degree dividing D; see Definitions and for
more details. Throughout, all morphisms, isomorphism classes, and isogenies are
defined over F,,.

In Section [2] we use Deligne’s functor to connect abelian varieties with ideals in
the étale algebra K = Q[z]/(h(z)). Denoting by 7 the class of « in K and by 7 its
complex conjugate, the order Z[m, 7| C K is the Frobenius order of the isogeny class
Ty Its set of fractional ideals is a commutative monoid under ideal multiplication,
and isomorphism classes of fractional Z[m,7|-ideals form the ideal class monoid
ICM(Z[r,7]) [Mar20, Corollary 3.4]. The orbits of the action of Pic(Z[r,7]) on
ICM(Z[r,7]) by ideal multiplication are called weak equivalence classes.

In Section |3| we start studying isogenies in Z;. The main results of this section
show that minimal isogenies necessarily have prime-power degree (Proposition
and that one of the endomorphism ring of the domain or codomain is contained in
the endomorphism ring of the other (Theorem , but there are examples where
this inclusion is not maximal (Example [3.7). This contrasts with the case of ¢-
isogenies of elliptic curves for ¢ prime, where the inclusion is always maximal.

We continue in Section 4 by formally defining the D-isogeny graphs G”. Propo-
sition [£:2] gives a necessary condition for the existence of minimal isogenies of given
prime-power degree; Theorem provides conditions on D for G to be connected
(one sufficient and one necessary) as well as diameter bounds. We then give in
Section [5| an algorithm to compute GP by leveraging the action of Pic(Z[r,7))
to compute minimal edges for each equivalence class. Composing these minimal
isogenies then yields GP; see Algorithm

In Section@, we give an algorithm to efficiently store G”. Lemmashows that
a quotient of Pic(Z[m,T]) acts freely on edges between weak equivalence classes;
Algorithm computes orbit representatives. These results allow storage of only
one edge from each orbit, which can both compactify outputs and speed up com-
putations. Finally, in Section [7} we show how to compute polarizations of degree
dividing D in Z,, using GP as input; see Algorithm

All of the code accompanying this paper is available at https://github.com/
stmar89/AbVarFqlsogenies [CDMRV26|, and requires [Magma] to compute and
[SageMath| to graphically represent the graphs. For each algorithm in this paper,
we provide the name of corresponding intrinsic in our Magma implementation. We
conclude with an example produced by Algorithm [5.2}

Example 1.1. Let D = 2 and consider the ordinary isogeny class of abelian 4-folds

over F3 with LMFDB label 4.3.c_ab_af ai and Weil polynomial h(z) = 28+227 —2%—

52° — 8x* — 1523 — 922 + 54x + 81. This isogeny class has 14 isomorphism classes;

hence its 2-isogeny graph (Figure has 14 vertices, which are here colored by

endomorphism ring (darker colors indicating a larger ring). The colors in the figures

below are in bijection with the endomorphism ring, consistently across components.
The base change of this isogeny class to Fg has Weil polynomial

ho(x) = 2® — 627 + 52 + 3325 — 1222% 4 29723 + 40522 — 4374z + 6561,


https://github.com/stmar89/AbVarFqIsogenies
https://github.com/stmar89/AbVarFqIsogenies
http://www.lmfdb.org/Variety/Abelian/Fq/4.3.c_ab_af_ai
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FI1GURE 1. The 2-isogeny graph for |4.3.c_ab_af_ai.

which is not in the LMFDB but can be computed as in [DKRV21} §3.4]. This isogeny
class has 1763 isomorphism classes. Its 2-isogeny graph has 35 components: two
with 49 vertices, nine with 17, twelve with 94, and twelve with 32 vertices.
Interestingly, in both cases all components of the same size are isomorphic as
directed graphs, but the vertices need not have identical coloring. This is illustrated
by one of the component with 2 vertices in Figure |1} and occurs again over Fg:
two examples of components with 17 vertices but different colorings are shown in

Figure 2
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FIGURE 2. Two components of the 2-isogeny graph of the base
change of 4.3.c_ab_af_ai/to g, each with 17 vertices and isomorphic
as directed graphs, but whose underlying vertices have different
endomorphism rings.

Lest the reader be left with the impression that these isogeny graphs are classical
isogeny volcanoes, we show a component with 94 vertices in Figure[3] The vertices
of this graph have six different endomorphism rings, which in this case correspond
to different levels in the graph. The yellow vertices are abelian varieties whose
endomorphism ring is the Frobenius order, which is necessarily the smallest order,
and the largest endomorphism ring contains the Frobenius order with index 32 and
is contained in the maximal order of K with index 625 = 5*. This component does
not contain any horizontal isogenies.


http://www.lmfdb.org/Variety/Abelian/Fq/4.3.c_ab_af_ai
http://www.lmfdb.org/Variety/Abelian/Fq/4.3.c_ab_af_ai
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FIGURE 3. A component of the 2-isogeny graph for the base change
of 4.3.c_ab_af_ai| to Fg with 94 vertices.

2. THE IDEAL CLASS MONOID

In [Del69], Deligne constructed an equivalence between the category of abelian
varieties in an F4-isogeny class 7, together with their F,-homomorphisms, and the
category of Z[m, T]-modules (up to isomorphism) that are isomorphic to fractional
Z[r,7]-ideals, together with Z[m,7]-linear morphisms. We recall the construction,
as we need the notation below.

To define the functor, we use that an ordinary abelian variety A defined over a
finite field IF, of characteristic p, together with the action of its Frobenius endomor-
phism, admits a lifting A to a finite extension of Qp, called the canonical lift of A.
Deligne’s functor is then defined by the association A — T(A) = H,(A ®. C,7Z),
where ¢: @p — C is any fixed isomorphism. Since the endomorphism ring of A®,. C
is equal to End(A), T(A) is a Z[r,7]-module which is finitely generated and free
of rank 2dim(A), and which can be considered as a global analogue of the Tate
module of A. In particular, this module allows us to study isogenies from and
to A, including those where p divides the degree. The restriction F of this func-
tor to Zp gives a bijection between isomorphism classes of abelian varieties and
ICM(Z][r,7]), which was defined in Section allowing us to represent varieties and
isogenies via fractional Z[r,7|-ideals [Mar21]. More specifically, if A and B are in
7 and ¢ : A — B is an isogeny, choose fractional Z[r,7]-ideals and identifications
J = F(A) and I = F(B), and define z = F(p) € K*. Then zJ C I, and we
will frequently suppress F from the notation and identify the isogeny ¢ with this
inclusion.

Let R be an order in an étale algebra K. For each pair of fractional R-ideals
I,J, we define (I : J) ={x € K : ¢J C I}, the colon ideal of I and J. Note that,


http://www.lmfdb.org/Variety/Abelian/Fq/4.3.c_ab_af_ai
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under the identification in the last paragraph, F(Hom(A, B)) = Homg, 7 (J,I),
which can be canonically identified with (I : J). Each (I : I) is an overorder of
R, called the multiplicator ring of I. As in the case of the Frobenius order Z[r,7],
ideal multiplication induces the structure of a commutative monoid on the set of
fractional R-ideals modulo R-linear isomorphisms, and we again call it the ideal
class monoid of R and denote it by ICM(R). For each overorder S of R, the set
of invertible fractional S-ideals forms an abelian group, called the Picard group
Pic(S) of S, and we have a natural inclusion Pic(S) C ICM(R). This inclusion is
an equality if and only if S = R = Ok is the maximal order of K; in this case
ICM(Ok) is the direct product of class groups.

If m is a maximal R-ideal, we denote by Ry the completion of R at m and, for
a fractional R-ideal I, we write I, = I ® g Rn. Two fractional R-ideals I,.J are
weakly equivalent if I, ~ Jy, for all maximal m; write {I} for the weak equivalence
class of I. We have J € {I} precisely when (I : I) = (J : J) and (I : J) is
invertible in (I : I) by [Mar20, Corollary 4.5]. Again, as in the case of Z[r, 7], ideal
multiplication induces a commutative monoid structure on the set W(R) of weak
equivalence classes of fractional R-ideals. The monoids ICM(R) and W(R) can be
partitioned by

ICM(R) = | |ICMg(R)  and  W(R) =| |Ws(R),
S S

where S runs over the overorders of R, and ICMg(R) (resp. Ws(R)) contains the
ideal (resp. weak equivalence) classes with multiplicator ring S.

Proposition 2.1 ([Mar20, Theorem 4.6]). The group Pic(S) acts freely on ICMg(R),
and the quotient space of this action is precisely Wgs(R).

The following statement is probably well known to the expert, but we could not
locate it in the literature. We provide a simple direct proof.

Lemma 2.2. Let S be an overorder of R, and J be an invertible fractional S-ideal.
Then there exists an invertible fractional R-ideal I such that IS = J. In particular,
the extension map I — IS induces a surjective group homomorphism

es: Pic(R) — Pic(S).

Proof. Let y € K* be such that J' = yJ C R, and let py,...,p, be the support of
the finite R-module S/J’. For each maximal ideal p of R, the localization S, is a
semilocal ring. This implies that for each p; in the support there exists an element
x; € J' such that Jj = (2;5)y,, while for every other maximal ideal q of R we have

that J; = S5. Now, for each i, let k; be an integer satisfying pff C (z;R)p,. Define

I = i (:JciR—i-pfi) prj.

i=1 j#i
A direct verification shows that I, = (z;R),, for all i and I = R4 for the other
maximal ideals q of R. In particular, I’ is invertible, since it is locally principal, and
furthermore I'S = J'. Therefore for I = y~1I’ we have IS = J as required. O
Finally, for a fractional R-ideal I, we denote by IT its trace dual ideal
I'={z € K : Trgg(zl) C Z}.

Lemma 2.3. Let x € K*, L be an invertible R-ideal, and I be a fractional R-ideal.
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(1) We have (zI)' = LIt and (IL)" = ITL~1.
(2) The map I + I induces well defined maps ICM(R) — ICM(R) and
W(R) = W(R).

Proof. The first statement follows by direct computation and localization, and the
second statement from the first. O

3. ISOGENIES

We now discuss isogenies between isomorphism classes and set R = Z[w, 7| for
the remainder of the paper. Because we work up to isomorphism, we impose the
following equivalence relation:

Definition 3.1. Two isogenies p;: A; — B; and @s: As — By are said to be
equivalent, denoted 1 = o, if and only if there exist isomorphisms i1: A; — As
and ¢5: By — Bs such that i 0 o1 = 3 0145.

For the purposes of computing the isogeny graphs we seek, we will need the
following two notions:

Definition 3.2. An isogeny ¢: A — B of degree larger than 1 is called minimal if,
given a decomposition ¢ = ¥ 01y, we have that either ¥; or ¢5 is an isomorphism.

As well as:

Definition 3.3. The length of an isogeny ¢ is the smallest positive integer r such
that there exists a decomposition ¢ = g o --- 0 @, of ¢ into minimal isogenies ;.

Both the length and degree are constant in an equivalence class of isogenies.
In Proposition we obtain some properties of the Deligne functor F which we
will need to study isogenies between abelian varieties in Zj,.

Proposition 3.4. Let A, B € Iy, and choose fractional Zlmw,7|-ideals I and J as
well as isomorphisms identifying I = F(A) and J = F(B). Then for any isogeny
p: A — B, there is an element x, € (J : I) N K> such that F(p) can be identified
with x,. Moreover, we have:

(i) deg(p) = [J : 2,1).

(i1) Given a positive integer D, if deg p divides D then DJ C x 1.

(iii) The isogeny ¢ is minimal if and only if the inclusion x,I C J is mazimal,

that is, the quotient J/x,I is a simple R-module.
(iv) The length of the isogeny ¢ equals the length of J/x,I as an R-module.

Proof. We use the notation introduced in Section [2] recalling the construction of
Deligne’s functor. Let ¢: A — B be the canonical lift of ¢, then deg(y) = deg(p) =
deg(p ®. C). Since ¢ ® C is separable and taking integral homology, we get

T(B)
dee) = |y
This concludes the proof of Part is then an immediate consequence of
since a finite abelian group is annihilated by its order.
We now prove Suppose that J/z,I is not simple, so there exists an R-
module M such that x,I C M C J. Using Deligne’s functor, this is equivalent to
the existence of two isogenies ¥1: A — C and 1o: C' — B such that ¢ = ¥y 0 1y,

=i
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representing the inclusions z,/ C M and 1-M C J. Since the inclusions are strict,
neither v, nor 5 is an isomorphism by

We finally consider The length of J/x,I as an R-module is the length of a
chain of inclusions of R-modules

$¢I:MngMn,1ggM1:J

in which every quotient M; /M, is a simple R-module. The conclusion then follows
by functoriality and O

Before we state our next result we need the following:

Definition 3.5. Let ¢: A — B be an isogeny in Z;,. We say that ¢ is horizontal if
End(A) = End(B); ¢ is ascending if End(A) C End(B) and descending if End(B) C
End(A); and finally ¢ is vertical if it is ascending or descending.

Theorem 3.6. Let p: A — B be a minimal isogeny in Iy, and choose fractional
Zlm,T)-ideals I and J and isomorphisms identifying I = F(A) and J = F(B) as
well as an element x € (J : I)NK* and an identification x = F(p). Then there is
a unique mazimal ideal m of R such that J/xI ~ R/m, and we have:
(i) @ is horizontal or vertical, that is, End(A) C End(B) or End(B) C End(A).
(i) If m is regular then I and J are weakly equivalent. In particular, ¢ is
horizontal.
(153) If p is vertical then m is singular.
(iv) Let T = End(A) UEnd(B) and S = End(A) N End(B). Then |T/S| =
|R/m|'erethr(T/9) - In particular, ¢ is vertical if and only if [R : w] divides
the index [T : S].

Proof. Using Deligne’s functor we have End(A) = (I : I) and End(B) = (J : J),
and since (zI : «I) = (I : I) in what follows we replace xI with I for simplicity.
Furthermore, since ¢ is minimal the finite R-module J/I is simple by Proposi-
tion and there is a unique maximal R-ideal m such that J/I ~ R/m.
Now suppose that End(B) Z End(A), so there is an element 8 € (J : J)\ (I : I).
Therefore we have 5J C J but I € I, giving the inclusions I C I+ I C J. Since
J/I is a simple R-module, we get I + SI = J. Hence, for every o € (I : I) we have

aJ =al+ pal CI+pI=J.

This shows that (I : I) C (J : J), thus proving part

Since J/I ~ R/m, we get that I and J are locally equal at every maximal ideal
other than m. If m is regular, then Ry, = Og m, which is a product of discrete
valuation rings. It follows that I, and J, are isomorphic, so I and J are weakly
equivalent. In particular, (I : I) = (J : J), that is, ¢ is a horizontal isogeny. This
completes the proof of part |(ii)} and part is immediate.

We finally prove part s observed above I and J are locally equal at every
maximal ideal other than m. Since taking colon ideals commutes with localization,
the same is true for their multiplicator rings. Hence, T'/S is either trivial or a finite
R-module whose support contains only m. In both cases, we have the equality
IT/S| = |R/m|'*"&th=(T/9)  The former case happens precisely when ¢ is horizontal,
thus completing the proof. ([

In the f-isogeny graph of ordinary elliptic curves, if the isogeny ¢: A — B is
vertical then the index of one of the endomorphism rings in the other is at most
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£. This implies that there is no order strictly between End(A) and End(B) if ¢ is
prime. The following shows that this results fails in general for minimal isogenies.

Example 3.7. Let Z; be the isogeny class of abelian surfaces defined over Fj
with LMFDB label 2.5.a_g| given by the Weil polynomial h(z) = 2% + 622 + 25 =
(22 — 22 + 5)(2% 4+ 22 + 5). Let R be the Frobenius order of Zj,, which has index
[Ok : R] = 64 in the maximal order Ok of the endomorphism algebra K. Then
R has a unique singular maximal ideal m with residue field Fs, as well as a unique
overorder S satisfying [Ok : S] = 8. Furthermore, the conductor fs = (S : Ok)
of S in Ok is the unique singular maximal ideal of S, we have an isomorphism
S/fs ~ R/m, and (fs : fs) = Ok.

Let ¢: A — B be the descending isogeny that is sent to the inclusion 1-fg C S
by Deligne’s functor; this isogeny is minimal of degree 2 by Proposition [3.4] parts
and since S/fs is simple of size 2. Relating this to Theorem [3.6}|(iv)| we
observe that length(Og/S) = 3 = 2dim(A) — 1, and indeed [End(A) : End(B)] =
[Ok : S] = deg(p)®. This agrees with [Bis15, Lemma 2.1] where isogenies with
kernel (Z/¢Z)? are considered instead.

Strikingly, there are several orders T" such that S C T C Ok, despite the fact
that ¢ is minimal. Indeed, S has 4 overorders with index 4 in Ok and 3 overorders
with index 2 in O.

Proposition 3.8. Let ¢1: Ay — By and py: As — Bs be two isogenies in Iy,
and for i = 1,2, choose fractional Z|m,T|-ideals I; and J; and isomorphisms iden-
tifying I; = F(A;) and J; = F(B;), as well as elements x; € (J; : I;) N K* and
identifications ©; = F(p;). Furthermore, let M; = x;I; C J;. The following are
equivalent:
(i) @1 = pa, that is, the isogenies are equivalent.
(i) There are elements ka,kp € K* such that kaly, = I, kgJ1 = Ja and
.TQ]CA = kal-
(iii) There are elements ka,kp € K* such that kal; = I, kgJ; = Jo and
kM = M.

Proof. The equivalence of [(i)| and |(ii)| follows from the fact that F is an equivalence
of categories. The fact that |(ii)| implies is clear. So, assume We get

kBl'lll = kBMl = M2 = I’QIQ = mgkAfl.

Let u = £254  Then « is a unit of the order (I : I). If we let kg = kau~! we then

kpxi®
obtain kofl - I, kpJy = Jo and z9ky = kpxy, by Which holds. [l

Corollary 3.9. Let p1: Ay — B and p2: Ay — B be isogenies with the same
codomain, and choose fractional Z|m,T|-ideals J and I; and isomorphisms identify-
ing J = F(B) and I; = F(A;) for i =1,2, as well as elements x; € (J: ;) N K*
and identifications x; = F(p;). As before let M; = x;I; C J. The following are
equivalent:

(i) @1 = pa, that is, the isogenies are equivalent.

(i) There exists an element ka € K* such that kaly = Iy and a unit u € (J :

J)* such that zoka = z1u.

(1ii) There exists a unit w € (J : J)* such that ulMy = M.

Moreover, if A1 = Az and we let F(A1) = F(A2) =1 then|(i) above are also

equivalent to


http://www.lmfdb.org/Variety/Abelian/Fq/2.5.a_g
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(iv) there are units v € (I:1)* andw € (J: J)* such that zov = uxy.

Proof. The equivalence of |(i)| and follows by Proposition Assume By
Proposition there is an element u € K™ such that uJ = J and uM; = M. In

particular, u € (J : J)*, and holds. Assume now so that ux1l; = xols.
By setting k4 = uxy /29 and kg = u, we see that Proposition holds, which
is equivalent to Finally if A; = Ay the equivalence of and |(iv)|is clear. O

For ordinary elliptic curves with non-maximal endomorphism ring, prime degree
isogenies are always vertical [Sut13| §2.7]; this is another fact that fails in general:

Example 3.10. Consider the isogeny class with label |2.11.a_ac given by the Weil
polynomial h(z) = x* — 222 + 121, and as usual denote its Frobenius order by
R. Then R has a unique singular maximal ideal m of index [R : m] = 2. The 4
overorders of R form a chain of inclusions R C S4 C Sy C Ok all of index 2.

A computation shows there are two weak equivalence classes of fractional R-
ideals with multiplicator ring Sy : Ws, (R) = {[S4], [S1]}. Set J = SJ, which is not
invertible as a fractional Sy-ideal. A further computation shows that J contains
exactly 3 fractional R-ideals Iy, I, I3 C J with [J : I;] = 2. For each such I;, the
inclusion 1-I; C J represents a minimal isogeny of degree 2. One of these fractional
ideals is the trace dual ideal, say I, = Sg; since Sy C Sy this implies the isogeny
corresponding to 1-I; C J is a minimal descending isogeny.

The other two ideals I5, I3 are non-isomorphic invertible fractional Sy-ideals. In
particular, the isogenies induced by 1-1Is C J and 1- I3 C J are horizontal. For
both of these isogenies the source and target are not weakly equivalent as ideals.
Moreover, using Proposition [3.8] one sees that these isogenies are not equivalent.

With these results, we are ready to compute isogeny equivalences.

Algorithm 3.11 (AreIsogeniesEquivalent).
Input: For R the Frobenius order of an isogeny class Zj, inclusions x11; C Jp
and x2ly C Jo of R-ideals representing two isogenies.
Output: Whether the two isogenies are equivalent.
(1) Compute the multiplicator rings S of Iy and T of J;.
(2) Compute the unit groups S*,T* as subgroups of Oj.
(3) Compute elements y,z € K* such that Iy = yl and J; = zJs (if not
possible, return false).
(4) If 2t € ST then return true; else return false.

Proof. The algorithm is correct by Corollary [3.94(iv)|

We caution that composition is not well defined on equivalence classes:

Proposition 3.12. Let ¢p: A — B and ¢¥: B — C be isogenies and p an au-
tomorphism of B; then ¢ and p o ¢ are equivalent isogenies. Choose fractional
Z|n,7)-ideals H, I and J and identifications H = F(A), I = F(B) and J = F(C),
as well as elements v € (I : H)NK*, ye (J: I)NK* and z € (I : I)* and
identifications x = F(p), y = F(¢) and z = F(p). Then the compositions ¢ o ¢
and ¥ o po @ are equivalent if and only if z € (H : H)*(J : J)*.

Proof. The compositions 1 o ¢ and ¥ o po ¢ correspond to the inclusions yxH C J
and yzaH C J, respectively. By Corollary the compositions are equivalent


http://www.lmfdb.org/Variety/Abelian/Fq/2.11.a_ac
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if and only if there are units u € (H : H)* and v € (J : J)* such that uyz = vyzz.
This happens precisely when z = wv™!, thus completing the proof. ([

Finally we end this section with a result which will be useful below:

Lemma 3.13. Let R be the Frobenius order of an isogeny class and I and J be
fractional R-ideals. Assume that I and J are weakly equivalent, so that (I : J) is
an invertible fractional (I : I)-ideal. Let L be an invertible fractional R-ideal such
that L(I : I) = (I : J), which exists by Lemma . Then the following maps are
inverses of each other:

{fractional R-ideals M C J} — {fractional R-ideals N C I}
M+— ML

NL™' «—N.
This bijection preserves inclusions and indices: [J : M| = [I : ML].

Proof. Since L is invertible, clearly the map is injective and inclusion preserving.
Let p be a rational prime dividing [W : M] and let x be a generator of L, over R,.
Then I, = 2,W, and (ML), = x,M, which shows that the map preserves indices.
To prove that the map is surjective, choose N C I and denote by S the multiplicator
ring of I. Since L~! = (R: L), we have L™1S - LS = RS = S; because the inverse
is unique, we get that L=*S = (LS)~!, which implies that L=15 = (W : I). Now
consider the fractional R-ideal M = L~'N; we have ML = N. To show that M is
a preimage of N, we need to show that M C J, but this is the case since

MCMS=L'NS=L'SNS=(J:I)NC(J: )=

4. ISOGENY GRAPHS

We finally define the main object of study of this article, the isogeny graph
associated to an isogeny class Z;,. Let h be a g-Weil polynomial, R the corresponding
Frobenius order and Z; the corresponding isogeny class of F,-abelian varieties. For
each weak equivalence class w of fractional R-ideals, we fix a representative ideal
W, and write 1,, for the class of W,, in ICM(R). We may represent each ideal class
[M] € ICM(R) by the pair (wps, apr), where wyy = {M} is the weak equivalence
class of M and aps = [(M : Wipp)] € Pic((M : M)).

Moreover, we choose an ideal M within each ideal class [M] € ICM(R); we may
then represent any isogeny ¢ : A — B by an element x, as in Corollary @ so that
x,1 C J, where I is the chosen ideal in the ideal class corresponding to A and J is
the chosen ideal in the ideal class corresponding to B.

Definition 4.1.

(1) The full isogeny graph G of an isogeny class Z; is the labeled directed
multigraph whose vertices are isomorphism classes of abelian varieties in
75, and whose edges are equivalence classes of isogenies of degree > 1. The
set V of vertices is labeled by pairs (wps, apr), and the set £ of edges by the
multiplication-by-z map from the source I to the target J (which we will
simply write as I C J). Here I and J are the chosen representatives, and
x is as described above.
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(2) Let D be a positive integer. The D-isogeny graph G is the subgraph of G
with edges £P of degree dividing D.

(3) Let D and r be positive integers. The graph GP*" is the subgraph of G with
edges EP" of degree dividing D and length at most 7.

Proposition 4.2. Let R be the Frobenius order of an isogeny class Ip. A minimal
isogeny of degree 0™ exists in Iy, if and only if R has a mazimal ideal of index ™.

In particular, if there is no mazimal ideal of R of index dividing D then the set
ED of edges of GP is empty.

Proof. Let ¢: A — B be a minimal isogeny of degree " in Z;. Then the existence
of a maximal R-ideal [ with index ¢" follows from Proposition parts|(i)|and
since any finite simple R-module is isomorphic to R/[ for some maximal ideal [.
Conversely, given a maximal R-ideal [ of index ¢™, consider the inclusion 1-[ C R.
Let ¢: A — B be an isogeny in Zj such that we can make the identifications [ =
F(A), R=F(B) and 1 = F(p). Then ¢ has degree £™ by Proposition [3.4](i)] O

Remark 4.3. Deligne’s functor F is particularly well suited for studying base field
extensions; see [Mar22] for a comprehensive treatment. We collect here a few facts
which will be used in the next examples. As usual let Z, be an ordinary isogeny
class defined over F, with squarefree Weil polynomial h(z), and Ry = Z[r, 7| be
its Frobenius order. For i a positive integer, denote by h;(x) the Weil polynomial
of the isogeny class Z;, ® F i, and we assume further that h;(z) is also squarefree.
The Frobenius order R; of Zj, can be identified with the order Z[r!, 7] in K. In
particular, if A is in 7}, and [ is a fractional R;-ideal corresponding to A, then A
can be defined over F, if and only if Ry C (I : I).

More generally, the natural inclusion ICM(R;) € ICM(R;) implies that G is
a subgraph of G;, where G and G, are the full isogeny graphs of 7, and Z, (re-
spectively). This gives us an injection from the vertices of G to the vertices of
G;. Furthermore, for any A,B € Z, defined over Fy, we have identifications
Homp, (4, B) = (F(A) : F(B)) = Homg , (A, B). This shows that if we fix two
vertices in G, they are connected by an edge in G if and only if they are in G;.
Analogous statements hold for the D-isogeny graph GP.

Finally, if Z), is geometrically simple and ordinary then h;(z) is an irreducible
polynomial for every i > 1 and automatically squarefree. Therefore, by taking the
limit we get an embedding of the isogeny graph over I, into the associated isogeny
graph over F,. This limit is a regular graph, and as i increases the edges going out
of a fixed vertex will appear at the same time as their target does.

Corollary 4.4. Let ¢ be a prime number and G be the £-isogeny graph of an isogeny
class defined over Fy with Frobenius order Ry. Let G’ be the (-isogeny graph for the
same isogeny class base changed Fy: for i > 1, and with Frobenius order R;.

In this situation, if G has no edges and G' has edges then £ divides [R; : R;].

Proof. Proposition [£.2] implies that R; has a maximal ideal m of index ¢ while R;
does not. Note that R;/mR; is an R;/m-vector space of dimension n > 1, since
R; does not have a maximal ideal of index ¢. Consider the map of finite abelian
groups o: Ri/R; — (Ri/mR1)/(R;/m). We have that [R; : R;] = "~ - |ker(o)|
which implies that ¢ divides [Ry : R;]. O

To illustrate Remark [£:3] we present an example of a 2-isogeny graph of abelian
surfaces over F5 with no edges. We explain how 2-isogenies appear after base change
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to Fs3: for appropriate ¢ > 1. Note that there exist arbitrarily large ¢ where the
2-isogeny graph over Fs3: has no edge.

Example 4.5. Consider the isogeny class Z;, of geometrically simple abelian sur-
faces over F3 with LMFDB label 2.3.ad_f and Weil polynomial h(z) = % — 323 +
522 — 9z + 9. Over the fields F3,Fg, Fg;, and Fgs61 the 2-isogeny graph has 1, 5,
145 and 672945 vertices respectively, all with no edges.

The Frobenius order Ry of Z; is the maximal order Ok it has a unique maximal
ideal m above 2 which is of index 16. By Proposition[4.2] the 2-isogeny graph of Zj,
therefore has no edges.

Now for ¢ a positive integer and Zj, the base change of 7; to Fs:, let R; be
the Frobenius order of Z,,. Corollary implies that if [Ry : R;] is coprime to 2,
there will be no edges in the 2-isogeny graph over Fs:. Table [1I| records first the
cardinality of ICM(R;) — which we observe grows very quickly — and the indices
of the maximal primes above 2. Then, to track the development of 2-isogenies we
define [R; : R;|new to be the index [R; : R;] divided by the least common multiple
of [Ry : R;] for proper divisors j of i.

’ ) ‘ #ICM(RIL) ‘ [[Rz : m] :2¢€ m] ‘ [Rl : Ri]new ‘ [Rl : R,]/[Rl : Ri]new ‘
1 1 [16] 1 1
2 5 [16] 32 1
3 25 [16] 23 1
4 145 [16] 29 32
5 5246 2] 2661 1
6 8075 [16] 3217 32.23
7 201707 [16] 29% - 1667 1
8 672945 [16] 23% - 103 32.29
9 234025 [16] 172251 23
10 | 10677440 2] 28 26.32.61
11| 10716555 [16] 4192 - 25453 1
12 | 3464756875 [16] 23 - 612 34.17-23-29
13 - [16] 52-135.131 1
14 - [16] 2731 322921667
15 - 2] 5692 - 719 26.23.61
16 - [16] 15473 32.23%.29-103
17 - [16] 92832 - 10449287 1
18 - [16] 32174179 31.17%.23 251
19 - [16] 19119012 - 276337 | 1
20 - 2] 26.199% - 1301 214.32.29 .61

TABLE 1. Information about the isogeny class 2.3.ad_f. See Ex-
ample [£.5] for a description.

Theorem 4.6. Let D > 1, R be the Frobenius order of the isogeny class Iy, and
S*in& be the set of mazimal R-ideals containing the conductor fr = (R : Ok) of R.

(i) Suppose that there exists a set S of (non-necessarily invertible) mazimal
ideals | of R such that their extensions |Ok form a generating set of Pic(Ok)
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and that the integer
Ns =lem ({|R/1| : 1 € 58 U S})

divides D. Then the isogeny graph GP is connected (as a directed graph,).
(ii) Let S be a set of maximal R-ideals satisfying the conditions in . Then
the diameter of GP°! satisfies:

diam(GP"1) < 2lengthr (O /R) + 3 cs (OI’dPiC(OK)([[OK]) — 1) if R is Bass,
~ | 2(lengthR(Ok /fr) — 1) + X 1cs (ordpiciox) (IOK]) — 1) otherwise,

where ordg(h) for an element h of a group G denotes the order of h in G.
(iii) If the isogeny graph GP is connected (as a directed graph) then D is divisible
by the integer

Ngsine = lem ({|R/I] : L€ S¥8}) .
(iv) Assume that GP is connected. Then
lengthr(R/fr) < diam(G"1).

Proof. Let § = {l3,...,[,} and Ns be as in Consider any two fractional R-
ideals I and J. By [Mar20, Remark 5.4], there are invertible R-ideals L; and L
such that frL; C I C OgL; and fgLy C J C OgL;. We construct a path
[I] = [Ox L] = [frLs] — [J] which is a composition of minimal isogenies in G.

We have isomorphisms of finite R-modules Ok /fr ~ Ok L;/frL; ~ OxL;/frL;.
The simple factors of Ok /fr are R/m for m € §*"8. By Proposition each such
simple factor is equivalent to an edge of degree |R/m| which belongs to £P by the
assumption on Ng. Hence, the paths [I] — [Ox L] and [frL;] — [J] are in GP,
each one with length bounded by lengthr(Ok /fr) — 1, where the —1 comes from
the fact that fr and Ok are in the same weak equivalence class.

Since Ok L1 and fgrL; are both invertible fractional Og-ideals, and S generates
Pic(Of), there are a € K* and integers 0 < e; < ordpic(o,)([liOK]) such that

aOKL[ = ([‘il ce [Z"OK)fRLJ‘

Therefore an edge [Ox L;] — [frL] can be obtained as the composition of at most
Sy (ordpic(og) ([iOk]) — 1) minimal edges in GP. This proves [(i)| and gives the
generic bound of

Suppose now that R is Bass; we prove the refined bound of by modifying the
argument above. Let I and J be fractional R-ideals, which are invertible in their
respective multiplicator rings Sy and S since R is Bass by [BL94l Prop. 2.7]. By
Lemma there is an invertible fractional R-ideal L; such that

L[ - L[SI =1C L[OK = IOK

The isomorphism of R-modules L;Ok /Ly ~ Ok /R then yiels a path [I] — [IOk]
in GP of length bounded by length (O /R). Now, consider the Og-ideal f; = (S :
Ok); as argued above the path [IOk] — [f;J] is in GP with length bounded by
Sy (ordpic(o) ([iOk]) — 1). Finally consider the finite R-module M = J/f,J.
Since J is invertible in S, we have an R-linear isomorphism M ~ S;/f;. Moreover,
since R is Bass then S; is Gorenstein. Hence length(S;/f;) = lengthy(Ok/Sy)
by |[Bas63, Cor. 6.5]. This implies that length (M) is bounded by length(Ok /R),
and therefore the inclusion f;J C J induces a path [f;J] — [J] in GP of length
bounded by length(Ok/R). These three paths give the refined bound in
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We now prove Let [ be in S*'"8. By assumption there is a path E: [[] — [R]
which is a composition of minimal isogenies of degree dividing D. Let a € K* be
an element such that E' is represented by the inclusion al C R. Since [ is singular,
we have (R : [) = ([ : [), see for example [Mar24, Lemma 2.8]. It follows that
al C I C R. Therefore in any composition series of R/al there is a simple factor
isomorphic to R/[, and in any decomposition of E into minimal isogenies, there is
one with kernel isomorphic to R/l by Proposition Thus |R/I| divides D.

Finally to prove assume that GP is connected and take any path E: [Ox] —
[R] in GP. If E is represented by the inclusion aOx C R for a € K*, then a € fg
and we have inclusions aOg C fg C R. The length of F equals lengthz(R/aOk ) by
Proposition|3.4}f(iv)} this is bounded from below by length(R/fr). Since the choice
of the path E between [Ok] and [R] was arbitrary, we deduce that lengthp(R/fr)
is a lower bound for diam(GP'1), that is, the inequality in holds. O

Remark 4.7. The bounds of Theorem are in general not sharp, but they are
frequently attained. We ran the following experimentﬂ we consider a large number
of ordinary squarefree isogeny classes such that Z[m, 7] has exactly one singular
maximal ideal m and such that Ok has trivial Picard group. We compute G for
D = |R/m| and its diameter d.

We observe that in many cases the lower bound on d from in is attained.
There are many cases in which the two upper bounds in are equal to 2 and
attained; in all these cases Z[m, 7] is Bass. We note that there are several examples
in which the refined upper bound in the Bass case is attained and is strictly smaller
than the generic bound; for almost all of these example Z[r, 7| is Bass. We did
not find any non-Bass example whose diameter exceeded the smaller bound, so it
is possible that the Bass bound holds for all R.

5. COMPUTING THE ISOGENY GRAPH

We now give an algorithm to compute the D-isogeny graph G of the isogeny
class Z;, with Frobenius order R. The computation of G” is divided in two steps:
First we compute the subgraph G+ containing only minimal edges in Algorithm
and then we recover GP by taking all possible compositions in Algorithm For
each overorder S of R let e be the natural map Pic(R) — Pic(S) (c.f. Lemmal2.2)),
and for each class in Pic(S), fix a preimage a € Pic(R) via eg and an invertible frac-
tional R-ideal I, representing a. We denote the set of chosen preimages in Pic(R
by Ps, and recall the definition of W,, and the labeling of G” from Definition
We have previously written w for a weak equivalence class; going forward we will
use s for the weak equivalence class of the source of an isogeny and ¢ for the target.

Algorithm 5.1 (MinimalIsogenyGraphBuilder).
Input: A ¢-Weil polynomial A and an integer D > 1.
Output: The subgraph GP-! of the D-isogeny graph G of the isogeny class Zj,.
(1) Compute the set V of vertices (¢, er (b)) by computing all weak equivalence
classes t of R and ideal classes b € Prp, for T the multiplicator ring of ¢.
(2) For each weak equivalence class ¢:
(a) Compute the fractional R-ideals M contained in W; such that the
inclusion M C W; is maximal and the index [W; : M] divides D.

ISee bounds_diameter GD.m in [CDMRV26| for details and raw output.
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(b) Compute the orbits of these submodules under the action of T, and
choose a representative M for each orbit.
(c) For each orbit representative M do:
(i) Compute the vertex (s,es(a)) € V that represents the ideal class
of M, where S = (M : M) and a € Pg, together with x € K*
such that zW,I, = M.
(ii) For every b € Pr do:

(A) Compute an element y € K* such that ylyS = I, IS
where a’ is the unique element in Pg satisfying eg(ab) =
es(a’).

(B) Yield the (minimal) edge (s, eg(a’)) — (¢, er(b)) with label
xyWely C Wilp.

Proof. The set of vertices V is complete by Proposition -1}

Let I and J be fractional R-ideals and a € K* be such that al C J is maximal
with index dividing D. To show that the set £>! of minimal edges returned by
the algorithm is complete, we prove that there is an edge in £P°! representing
the equivalence class of the corresponding minimal isogeny. Let ¢ be the weak
equivalence class of J and b € Pr be such that (J : W;) € ep(b). Thus there
exists b € K* such that bIyT = (J : W;), where I, is the chosen representative
of b. Consider the invertible fractional R-ideal L = bl,. By construction, we have
LW, = J. Set M = L~ '(al). By Lemma M C W, is a maximal inclusion
of index dividing D, that is, M is one of the fractional R-ideals computed in step
If wis a unit of T = (W; : W;) = (J : J) then the isogenies al C J and
ual C J are equivalent by Corollary [3.9ll(iv)} Hence, we can assume that M is the
orbit representative picked in step[2c We have M1, = (1/b)al and Wyl = (1/b)J.
By Proposition [3.8)i(i)l the isogeny al C J is equivalent to MI, C W;I,. Finally,
the isogeny M1, C W;l, is equivalent to xyWsl,, C Wil, constructed in step
by Corollary [3.9ll(iii)} Hence every minimal isogeny with index dividing D is
represented in €71, and £P! represents all minimal isogenies of degree dividing D
by Proposition |3.4}|(ii)|

We now prove that distinct elements of P! represent inequivalent isogenies.
If the source or target vertices of two edges are not the same, the edges represent
inequivalent isogenies. Therefore we consider two edges produced in step With
the same source and with target (¢,er (b)), where T is the multiplicator ring of ¢
and b € Pr. A priori, we know that the sources of the two edges are of the form
(si,es(a;b)) for i = 1,2. Since we are assuming that they are equal, we get s1 = s
and a; = ag, which we then denote simply by s and a, respectively. Because the
edges are distinct, they come from fractional R-ideals M7, and Ms contained in
W, which do not belong to the same orbit under 7. Write M; = x1 W, and
My = xoWi 1, for elements z1, x5 € K> so that the edges represent the inclusions
MiIy C Wily and Mol C Wil,. Corollary [3.9)|(iii)| then implies that these edges
represent inequivalent isogenies. O

Algorithm 5.2 (IsogenyGraphBuilder).
Input: A ¢-Weil polynomial A and an integer D > 1.
Output: The D-isogeny graph GP of the isogeny class Zj,.
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(1) Run Algorithm to compute the vertices V and minimal edges P+ of
GP. Write £~ for the edges of degree exactly n, £=™! for the minimal
edges of degree n, and initialize £=" = £=™! for 1 < n | D.

(2) Loop over the divisors n # 1 of D in increasing order, and for each divisor
dy > 1 of n, loop over pairs (Ey, Ey) € £79%1 x £=n/42 guch that the source
of the minimal edge Fs: (wa,a2) — (ws, as) equals the target of the edge
FEq: (wl, Cll) — (’wg, Clg).

(a) Compute a complete set U of representatives for the cosets of the
quotient O /(0705 NOF), where O; is the multiplicator ring of w;.
(b) For each u € U do:
(i) Compute the degree-n composition E: (w1,a1) — (ws2,a2) —
(ws, ag) labelled by z1uzaWiy, Ia, C Wiy Ias-
(i) If Algorithmreturns that there is no already computed edge
equivalent to F in £~ add E to £=".
(3) Construct GP from V and the edges £=" for 1 < n | D and return it.

Proof. The labels of the minimal edges in £P°!, and consequently of all of £, are
chosen so that the ideals representing source and target are equal whenever source
and target coincide. In other words, we do not need to consider isomorphism
between different representatives when computing the compositions. Let n > 1 be
a divisor of D. Every edge of degree n can be written as a minimal edge Fs of
degree ds|n following, if do < n, an edge E; of degree n/dy < n. Since we are
looping over the divisors n of D in increasing order, all such edges F; have already
been computed. In step we loop over the set U to consider all the contributions
coming from the automorphisms of the source of E5 given by Proposition [3.12] and
therefore the set £~ contains representatives of all equivalence classes of the edges
of degree n. The use of Algorithm [3.11] and the fact that the edges produced for
each u € U are all pairwise not equivalent by Corollary guarantee that E="
contains at most one representative for each equivalence class. 0

6. THE PICARD GROUP ACTION

Algorithms and will struggle when Pic(R) = Pic(Z[w, 7)) is large. In this
situation, we can try to take advantage of additional structure to both improve the
runtime and reduce the size of the output. Indeed, the group Pic(R) acts on both
the vertices and edges of G via ideal multiplication. While this action is not free in
general, we can use it to define free actions of specific quotient groups on subsets
of the edges in G.

Definition 6.1. Suppose that s and t are weak equivalence classes of R with
multiplicator rings S and T, eg: Pic(R) — Pic(S) and er: Pic(R) — Pic(T).
(1) Write dom: & — V for the map that sends each isogeny to its domain, and
cod: £ — V for the map that sends each isogeny to its codomain.
(2) Set & = {p € £ : dom(p) € s,cod(p) € t}, and write Egt for the set of
elements of &; ; of degree dividing D and 551? ;" for the set of elements of ES’?t

of length 7.
(3) Finally, define the quotient group Ggr = Pic(R)/(ker(es) Nker(er)).

We now extend |Mar20, Theorem 4.6] from vertices to edges:
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Proposition 6.2. Let A and B belong to an isogeny class with isogeny graph G
and Frobenius order R and ¢: A — B be an isogeny, and choose fractional Z[m,T]-
ideals I and J and isomorphisms identifying I = F(A) and J = F(B), as well
as x € (J : I)NK* and an identification x = F(p) Furthermore, let M be an
invertible fractional R-ideal with class [M] € Pic(R).

(1) Ideal multiplication induces an action of Pic(R) on G: we denote by [M]- ¢
the isogeny represented by the inclusion xMI1 C MJ.

(2) The action of Pic(R) on G preserves degree and length, and thus induces
actions on GP and GPr.

(3) This action induces an action of Gsr on Es 4, Eft and 5£t’r.

Proof. The first two parts follow from Proposition and Lemma [3.13

To see that the action on & ; factors through G g 1, we show that ker(eg)Nker(er)
acts trivially. Let [H] € ker(eg) Nker(er), I € s, J € t, and 2l C J represent an
edge in & ;. Acting by [H] yields «HI C HJ. Since HS = y1 S and HT = y,T for
y1,y2 € K, the two inclusions represent equivalent isogenies by Proposition|3.8, [

Lemma 6.3. Let R be the Frobenius order of an isogeny class, and s and t be weak
equivalence classes of fractional R-ideals with multiplicator rings S and T .

(1) The group Ggr acts freely on Es ;.

(2) For each orbit O of this action, we have dom(O) = s and cod(O) = t.

(3) If O is an orbit and j € t, the set {p € O : cod(y) = j} is a torsor for
ker(er)/(ker(es) Nker(er)). Similarly, if i € s, the set {¢ € O : dom(p) =
i} is a torsor for ker(eg)/(ker(es) Nker(er)).

Proof. We may assume that &, ; is nonempty since otherwise the action is vacuously
free and there are no orbits. Suppose that a € Pic(R) fixes some ¢ € & ;. Then
it certainly fixes dom(¢), and thus eg(a) = 1 by Proposition Similarly, it fixes
cod(p) so er(a) = 1. Thus the action of Ggr is free.

Since eg is surjective, Pic(R) acts transitively on s and thus dom(O) = s for any
orbit O of the action of Ggr on & ;. Similarly, er is surjective so cod(O) = t.

Since Ggr acts on codomains through its projection onto Pic(T), the sub-
group ker(er)/(ker(es) Nker(er)) is precisely the set of group elements fixing the
codomain. It thus acts on the set {¢ € O : cod(p) = j}, which is a torsor for
the subgroup since Gg r acts freely. The statement about {¢ € O : dom(p) = i}
follows similarly. O

In light of Lemma , we modify Algorithms and to return sets of
representatives R ; for the orbits of G on &£ ;. This has the benefit of both
dramatically shrinking the output size and reducing the amount of compositions
computed when Pic(R) is large. However, composing orbit representatives requires
additional work. We consider the subsets RT}" and R;?’l consisting of edges with
degree n and minimal edges of degree n (respectively).

In this section, s,t, and u are weak equivalence classes of fractional R-ideals,
with corresponding multiplicator rings S, T, and U. Furthermore, for isogenies ¢
and ¢, we write ¢’ ~ ¢ if ¢’ & a- ¢ for some a € Pic(R). We define a multivalued
composition map o: Rt X Rt — R,y by setting

Yoy = {0 € Ry : 3¢/, ¢",0" with ¢ ~ ¢, 9" ~1),0" ~0,0" =" 0 ¢'}.
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Proposition 6.4. Suppose that ag € Pic(R) satisfies cod(ag - ¢) = dom(v). Let X
be a set of coset representatives for ker(er)/(ker(er) N (ker(eg) - ker(ey))) and Y
be a set of coset representatives for T /(T* N (S*U*)). Define

Vep ={ypopo(arap-¢): a1 € X, F(p) €Y} C vop.
(1) The Gg,y-orbits represented by pop and by ey are the same.

(2) If x =vopo(aiag-p) and X' = op'o(ajag- ) are two elements of ey
then x ~ X' if and only if x =~ x'.

Proof. By the definition of ~, the orbits represented by ey are contained within
those represented by oy, so it suffices to check the opposite containment. Suppose
that ¢’ ~ ¢ and ¢’ ~ 1 can be composed as §' = ¢’ o¢’. Then ¢’ = fo (b1 -p)oa
with F(a) € §*,F(B) € T*,b; € Pic(R) and ¢/ = d o (by - ¢) oy with F(v) €
T, F(§) € U*, by € Pic(R). Since we are working with 6’ up to Gg y-equivalence,
we may omit « and 6, set p = yo3, and check that each composition (by-1))opo(by-¢)
is in the same orbit as one of the form ¥ o po (ajag - ).

Let as € ker(er) Nker(eyy). Then baas - (Yo po (ajag - ) = (boas -p) o po
(baagajag - ) = (b - 1) o po (baagaiag - ), so it suffices to check that [12_1[11 VRS
asaiag - ¢ for some ay € ker(er) Nker(ey) and a; € X. Since the composition
(b2 - ) o po (by - ) is well defined, we must have cod(b; - ¢) = dom(bs - ¢) and
thus cod(by'by - ) = dom(t)) = cod(ag - ). But as ay and a; vary, aga;dg - ¢
ranges over all equivalence classes of isogenies with the same codomain as ag - ¢.
This completes the proof of part

Now suppose that y ~ x’. To prove that y = X/, it suffices to show that
dom(x) = dom(x’) and cod(x) = cod(x’) since any element of Pic(R) that acts
nontrivially must change either the domain or codomain. All elements of ey have
the same codomain, so suppose that a;,a) € X. Since xy ~ x/, by Lemma the
domains of ajag - ¢ and ajag - ¢ differ by an element of ker(eyy). By the definition
of X, both lie in ker(er) as well, and thus their difference is in ker(ey) Nker(er) C
(ker(er) N (ker(eg) - ker(er))). Since X is a set of coset representatives, we have
a; = af, and thus dom(x) = dom(x’). O

Next, we augment Algorithm to give a test for when two isogenies are in
the same orbit, and prove that our algorithm is correct.

Algorithm 6.5 (AreIsogeniesGSTEquivalent).

Input: For R the Frobenius order of an isogeny class 7, inclusions x11; C J; and
xoly C Jo of R-ideals representing two isogenies ¢ and v with weakly equivalent
domains and weakly equivalent codomains.

Output: Whether the two isogenies are in the same Pic(R)-orbit.

(1) Represent the ideal classes [I1] = (s, a}), [I2] = (s,a5), [J1] = (¢,061), [J2] =
(t,b%), let S be the multiplicator ring of the domains and T the multiplicator
ring of the codomains and choose lifts a;, b; € Pic(R) of a} and b;.

(2) Express agb1aflbgl = tgtr for some €5 € ker(eg) and €1 € ker(er). If this
is not possible, return false.

(3) Compare (bab; '7) - ¢ to ¢ using Algorithm

Proof. Step|2|can be done by finding the preimage of asbq al_lbz_ ! under the natural
homomorphism ker(eg) @ ker(er) — Pic(R), and yields an element bybj 'tr =
agal_lfgl whose image under eg is aba’ fl (which maps the domain of ¢ to the
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domain of ¥) and whose image under ey is b4b’; " (which maps the codomain of ¢
to the codomain of ). If no such £g and £ exist, p and ¥ cannot be in the same
orbit since it is not possible to get their domains and codomains to match. If they
do exist, then ¢ ~ 1 if and only if (bab] 1) - ¢ ~ 1. O

We now adapt Algorithm to compute orbit representatives for the set of
minimal isogenies. In contrast to Algorithm [5.1] we do not need to loop over
Pic(T).

Algorithm 6.6 (MinimalIsogenyOrbitBuilder).
Input: A ¢-Weil polynomial A and an integer D > 1.
Output: For weak equivalence classes s,t and 1 < n | D, the finite set Rs:;”

(1) For each weak equivalence class t and T the multiplicator ring of ¢, do

(a) Compute the fractional R-ideals M contained in W; such that the
inclusion M C W; is maximal and the index [W; : M] divides D.

(b) Among the M in the same weak equivalence class s, choose one rep-
resentative for each ker(er)/(ker(es) N ker(er))-orbit. Determine the
action of T on this quotient and pick one representative from each of
these T orbits.

(c) For each representative M, compute the vertex (s,eg(a)) € V that
represents it with a € Pg, together with x € K* such that zWl, =
M. Yield the minimal edge (s, es(a)) — (¢,1) with label 2WsI, C W;.

Proof. By Lemma|6.3|every orbit contains a representative with codomain Wy, and
the subset of such isogenies is a torsor for ker(er)/(ker(eg) Nker(er)). Correctness
now follows from the correctness of Algorithm O

We use Algorithm to compute orbit representatives for isogenies of degree n.

Algorithm 6.7 (IsogenyOrbitBuilder).
Input: A ¢g-Weil polynomial A and an integer D > 1.
Output: For weak equivalence classes s,t and 1 < n | D, the finite set RS-
(1) Run Algorithm to compute R, ;"' for 1 < n | D. Initialize RS} =
=n,1
s,t
(2) Loop over the divisors n of D in increasing order, and for each divisor
1 < dy < n of n, loop over triples of weak equivalence classes s,t,u and
(B, Br) € Rp2 x RO
(a) For each E in the composition EyeF1, use Algorithmto determine
if its orbit has already been added to R77;, and add it if not.
(3) Return the R}

Proof. The correctness of Algorithm guarantees that no two returned isogenies
lie in the same orbit, and Proposition implies that any composition of minimal
isogenies will be in the same orbit as one constructed in EeF;. Finally, every
isogeny can be expressed as a composition of minimal isogenies as constructed in
Algorithm by Proposition [3.4] . O

7. POLARIZATIONS

In this section, we compute the polarizations of elements belonging to a given
isogeny class. Throughout, for an isogeny class Zj, let ¢ be the dimension of the
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abelian varieties it contains; then the étale algebra K = Q(r) satisfies [K : Q] = 2g.
Recall that K is equipped with an involution x — . We say that an element x € K
is totally imaginary if x = —T and totally real if x = T. A totally real element
x € K* is called totally positive if ¢(x) > 0 for every homomorphism ¢: K — C.
Let ® be a CM-type of K, that is, a choice of g homomorphisms K — C, one per
conjugate pair. We say that € K is ®-positive if S(¢(x)) > 0 for every ¢ € .
For each abelian variety A we denote by AV its dual. Given a weak equivalence
class s, we denote by sV the weak equivalence class containing the dual of each
element of s (well defined by Lemma and Proposition .

Recall from Sectionthat we have fixed an isomorphism ¢: @p — C. Given a ho-
momorphism ¢: K — C, post-composing by £~} gives a homomorphism ¢, : K —
@p which induces a p-adic place vy, on K by taking the usual p-adic valuation
of the image of an element under ¢.. We say that a CM-type ¢ satisfies the
Shimura—Taniyama formula for a Frobenius order Z[r, 7] (|CCO14, p. 2.1.4.1])
if for each p-adic place v induced on K by @ in this manner, we have

ord,(m)  #{¢ € ®: ¢ induces v on K}
Ordv(Q) B [KU : Qp] .

Such a CM-type always exists for ordinary isogeny classes of abelian varieties de-
fined over I, (see [How95|, Notation 4.6], for example, for how to construct a CM-
type satisfying the Shimura—Taniyama formula for a given Frobenius order Z[r, 7]
in the ordinary case), and in particular for every polynomial h(x) considered in this
article. In what follows we suppose that ® satisfies the Shimura—Taniyama formula;
this condition ensures that ® is a CM-type for the complex abelian variety A ®. C,
where A is the canonical lift of A.

(7.1)

Proposition 7.1 ([Mar21, Theorem 5.4]). Let A, Ay, Ay € Ty, and identify I =
F(A), I, = F(A1) and Iy = F(A2). Further, let o: A — AV be an isogeny
and (A1,11) and (Az,2) be polarized abelian varieties, and choose identifications
w=F(p), \i = F(¢1) and g = F(2). Then the following statements hold:

(i) We can make the identification T = F(AY).
(i) ¢ is a polarization if and only if p is totally imaginary and ®-positive.
(1ii) (A1,%1) and (Aa,v2) are isomorphic if and only if there is an element
y € K* satisfying yI1 = Is and A1 = ghoy.

We break the search for polarized abelian varieties up into two steps. First,
we give two different algorithms for producing isogenies of the form A — AV, one
based on Algorithm and one on Algorithm Second, we give an algorithm
that produces the list of all polarized abelian varieties with polarization of degree
dividing D within an isogeny class given the set of such A — AV as input.

Algorithm 7.2 (Duallsogenies FromIter).
Input: A ¢-Weil polynomial A and an integer D > 1.
Output: Isogenies p: A — AV in GP, one per equivalence class.

(1) Use Algorithm to compute the isogeny graph G7.
(2) For each vertex V do:

(a) Identify the vertex V'V corresponding to the ideal class of ET.
(b) Compute ¢ € K* such that oIyyv = .
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(c) For each edge in GP represented by xoly C Iyv, yield the isogeny
represented by txgly C ET.

Proof. The correctness follows from Proposition and the definition of GP. 0

Remark 7.3. In step one needs to solve a discrete logarithm problem in
ICM(R). This expensive step can be avoided by tracking the action of duality

when constructing the set of vertices of G as orbits of Picard groups; see Proposi-

tion By Lemma ﬁ this action is encoded by the formula (IL)T -7z "

Alternatively, we can iterate over representatives from Algorithm|[6.7] which saves
time when Pic(Z[r, 7)) is large.

Algorithm 7.4 (DualIsogenies FromOrbit).
Input: A ¢-Weil polynomial A and an integer D > 1.
Output: Isogenies p: A — AV in GP, one per equivalence class.

(1) Use Algorithm [6.7] to compute R{ ;v for 1 <n | D.

(2) For each weak equivalence class s, compute J; = (WZV : Ws); set js = [Js].

(3) For each endomorphism ring S, compute the endomorphism g of the finite
abelian group G 45 defined by 3 (b) = bb.

(4) For each weak equivalence class s and each ¢ € Rgsv do:

(a) Let S be the multiplicator ring of s, wsa be the domain of ¢ and wgv
be the codomain. Choose an element @’ € image(3) mapping to a~1j,
in Pic(S) and @~ 'j, in Pic(S); if no a’ exists then continue to the next
@. Otherwise, choose by € G g5 with 8(bg) = a’.

or each ¢ € ker(p), let bgc - e represente xrol C J and:
(b) F h ker(8), let boc- ¢ b d by 29I C J and
(i) Compute ¢ € K* such that ¢J = TT, and yield txgl C T

Proof. The G g g-orbit of ¢ consists of isogenies with domain tv,ab and codomain
w,vb for b € Ggg. By Proposition and Lemma we seek b so that

t,ab = (10, 6) =506 " = t0,j,b
e 1 A S R p—
wevb = (losab) =w,'a b~ =1t,vjsa b
which will occur when bb = a’ in Pic(S) (by the first line) and in Pic(S) (by the
second line). The elements bgc are precisely the solutions to this equation. So far
we have worked up to isomorphism; to get an isogeny of the form ¢: A — AY we
need to compose with ¢ so that the codomain is precisely the dual of the domain,
not merely isomorphic to it. O

Algorithm 7.5 (NonPrincipalPolarizationsOfDegreeDividing).

Input: A ¢-Weil polynomial h, an integer D > 1, and a CM-type ® of K =
Q[z]/(h(z)) satisfying the Shimura—-Taniyama formula.

Output: Pairs (I, u) representing the isomorphism classes of polarized abelian
varieties in Zj with polarizations of degree > 1 dividing D.

(1) Use either Algorithm or to compute a list £ of isogenies p: A — AV
of degree dividing D.
(2) For each overorder S of R do:
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(a) Compute a complete set S of representatives for the cosets of the
quotient S* /ST, where S is the subgroup of S consisting of totally
real and totally positive units.

S¥ .

S¥N(ww:we S*)

(b) Compute representatives vy, ..., v, in S* of

(3) For each isogeny x14 C HT in £ do:

(a) Set S =(I4:14) and assign S and vy, ...,v, as above.
(b) If there exists v € S with p = zv totally imaginary and ®-positive
then yield the non-isomorphic polarizations (I, pvy), ..., (1a, pvy).

Proof. By Proposition each element pv; represents a polarization of 4.
Each pw; is an isogeny from I4 to I, of degree dividing D, since it is a composition
of automorphisms v and v; of I4 and an isogeny x of degree dividing D.

We now prove that the output consists of non-isomorphic polarized abelian vari-
eties. Pick (I4,,p1), (La,,p2) in L. Since the ideal 4 representing the vertex of A
is deterministically chosen, we can assume that A; = As. Then Proposition|7.1}{(iii)
says that (Ia,,p1) and (Ia,, o) are isomorphic if and only if there is a unit u € S*
such that p1 = Wuou. A necessary condition is that py and po come from the same
edge xo by Corollary [3.9)|(iv)| (composed with an isomorphism ¢ as in Algorithm
or . There exists at most one element v of S such that the element p = vz is
totally imaginary and ®-positive. By writing p; = pv; and pg = pv;, we see that
w1 and uo give rise to isomorphic polarized abelian varieties if and only if u; = po.

It remains to show that any (I, \) with deg(\) | D is isomorphic to some (14, pv;)
in the output. Proposition [7.1]i(iii)| states that this happens precisely if there exists
x € K* such that zl4 = I and pv; = TAz. Now, since A is an isogeny of degree
dividing D, there exists a unique edge xgl4 C I4v together with elements y, z € K*

such that yl4 = I, I = I4v and xg = zAy by Proposition Take 1 € K*
satisfying c]av = ET. Let ©w = y/zt. Since @TT = zJT, then u € S*. We summarize
the situation in the following diagram:

I 1
b
=tz P
I HIAVHIA

N

We have T~ '5\y = 1xg. By multiplying by v™!, we see that tzqu~"! is totally
imaginary and ®-positive, since \ is so. Let v be the representative in S of u™!, so
that vu € S}. Let v; be the representative of (vu)~! in S3/(S* N (ww : w € S)).
Hence there exists w € S$* such that vuv; = ww. By setting z = wu~ly, we get
TAx = pwv;, that is, an isomorphism between (14, pv;) and (I, A). O

1 1

8. IMPLEMENTATION AND TIMINGS

In Table we give some timings for the Magma |[Magmal implementation
[CDMRV26| of Algorithms and There are many factors influence
the runtime, and we did not explore which were most impactful or provide an
asymptotic complexity analysis.
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(a) IsogenyGraphBuilder (5.2))

isogeny class g g¢q |Pic(R))| D=4 D=9 D=12 D=36 D=100
1.101.n 1 101 2 <01 <01 <01 <01 <0.1
3.5.a_ab.l 3 5 5 <01 <01 <01 <01 0.3
4.3.c_ab_af_ai 4 3 [§ 0.9 1.1 0.9 1.6 4.0
2.101.ax_mo 2 101 30 0.2 0.1 0.2 0.3 0.2
2.101.ak_bk 2 101 100 04 <0.1 0.4 0.4 0.7
2.101.k_dy 2 101 300 219 0.3 24.3 21.4 215
4.9.ag f bhaes* 4 9 576 236 401 287 735 1344
3.16.ac_c_abb 3 16 1000 1764 0.1 1696 1700 1937
(b) IsogenyOrbitBuilder
isogeny class g ¢q |Pic(R))| D=4 D=9 D=12 D=36 D=100
1.101.n 1 101 2 <01 <01 <01 <01 <0.1
3.5.a_ab.| 3 5 5 <01 <01 <01 <01 0.3
4.3.c_ab_af_ai 4 3 [§ 1.4 1.1 1.5 8.3 108
2.101.ax-mo 2 101 30 <01 <01 <0.1 0.1 <0.1
2.101.ak_bk 2 101 100 <01 <01 <01 <01 0.1
2.101.k_dy 2 101 300 1.4 0.3 1.4 1.5 111
4.9.agfbhaes*™ 4 9 576  32.0 14.3 34.0 235 2361
3.16.ac_c_abb 3 16 1000 7.3 0.1 7.3 7.3 224

(c) Polarization filter overhead, i.e. (7.5) — (5.2

isogeny class g g¢q |Pic(R))| D=4 D=9 D=12 D=36 D=100
1.101.n 1 101 2 <01 <01 <01 <01 <0.1
3.5.a_ab.l 3 5 5 0.1 <0.1 0.1 0.1 0.2
4.3.c_ab_af_ai 4 3 6 0.6 0.6 0.6 0.5 0.5
2.101.ax-mo 2 101 30 0.2 0.2 0.2 0.2 0.2
2.101.ak_bk 2 101 100 0.6 0.6 0.6 0.6 0.7
2.101.k_dy 2 101 300 544 316 41.1 32.3 157
4.9.agfbhaes®™ 4 9 576 613 288 560 442 1377
3.16.ac_c_abb 3 16 1000 554 560 559 552 607

TABLE 2. Wall-clock seconds per cell, single-threaded on an Intel
19-13900KS (Ubuntu 24.04 LTS, 192 GB RAM), Magma 2.29-7.
< 0.1 is below the noise floor. Rows ordered by | Pic(R)|; * marks
the base change to Fg of |4.3.c_ab_af_ai.
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LLMs. After referee feedback, some revisions to the Github repository and the
timing tables were aided by Claude Sonnet 4.6, Opus 4.7, GPT 5.5 and Gemini 3.1
Pro Review. However, the algorithms and arguments are human generated.
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