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Abstract. Given an integer D and an ordinary isogeny class of abelian vari-
eties defined over a finite field Fq with commutative Fq-endomorphism algebra,

we provide algorithms for computing all isogenies of degree dividing D and po-

larizations of degree dividing D. We discuss phenomena that arise for higher
dimension abelian varieties but not elliptic curves, bounds on the diameter

of the graph of minimal isogenies, and decompositions of isogeny graphs into

orbits for the Picard group of the Frobenius order.

1. Introduction

In his PhD thesis, Kohel [Koh96] pioneered the study of the structure of isogeny
graphs of elliptic curves defined over finite fields Fq of characteristic p. For ordi-
nary elliptic curves, these graphs have a striking form, called “isogeny volcanoes”
[FM02]. We refer the interested reader to [Sut13] for details and a more com-
plete history. A natural generalization is to consider the case of higher-dimensional
abelian varieties, and the first results in this direction were obtained for the case
of absolutely simple ordinary abelian varieties in [BJW17; Mar18; IT20]. More re-
cently, [AMS25] obtain results for unpolarized abelian varieties with commutative
Fq-endomorphism ring all containing a fixed order R. The authors define l-isogenies
— special kinds of isogenies of degree coprime with q defined using maximal ideals l
of R — and provide a structure theorem for the corresponding isogeny graph when
the order R is Bass at l. In this paper, we continue studying the isogeny graphs
of abelian varieties with commutative Fq-endomorphism algebra. A goal of this
work, along with [CDMRV25], is to add additional information to the L-functions
and modular forms database [LMFDB]: isomorphism classes of abelian varieties
defined over finite fields together with their isogeny graphs, which we use to effi-
ciently compute non-principal polarizations. In contrast with [AMS25], we assume
that the isogeny class is ordinary. This assumption allows us to build upon the
algorithm developed in [Mar21] to compute isomorphism classes and polarizations.
Also, it allows us to consider isogenies with degree divisible by p and we can avoid
further assumptions on the endomorphism rings other than being commutative.
One could try to generalize the results contained in this paper to the non-ordinary
case by following [BKM23] and [BKM24], where the authors developed algorithms
to compute principal polarizations and isomorphism classes (respectively), but that
work is not within the scope of the current paper.

From now on, let q be a power of a prime and h(x) be a q-Weil polynomial of de-
gree 2g. We will always assume that h(x) has no repeated complex roots and its xg
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coefficient is not divisible by p. With these assumptions, Honda-Tate theory [Tat66;
Hon68] implies that h(x) determines an Fq-isogeny class Ih of ordinary, dimension
g abelian varieties defined over Fq, each with commutative Fq-endomorphism alge-
bra. In this setting, we study the D-isogeny graph of Ih for D > 1, whose vertices
are the Fq-isomorphism classes of abelian varieties in Ih and whose edges are equiv-
alence classes of Fq-isogenies of degree dividing D; see Definitions 3.1 and 4.1 for
more details. Throughout, all morphisms, isomorphism classes, and isogenies are
defined over Fq.

In Section 2, we use Deligne’s functor to connect abelian varieties with ideals in
the étale algebra K = Q[x]/(h(x)). Denoting by π the class of x in K and by π its
complex conjugate, the order Z[π, π] ⊂ K is the Frobenius order of the isogeny class
Ih. Its set of fractional ideals is a commutative monoid under ideal multiplication,
and isomorphism classes of fractional Z[π, π]-ideals form the ideal class monoid
ICM(Z[π, π]) [Mar20, Corollary 3.4]. The orbits of the action of Pic(Z[π, π]) on
ICM(Z[π, π]) by ideal multiplication are called weak equivalence classes.

In Section 3 we start studying isogenies in Ih. The main results of this section
show that minimal isogenies necessarily have prime-power degree (Proposition 3.4)
and that one of the endomorphism ring of the domain or codomain is contained in
the endomorphism ring of the other (Theorem 3.6), but there are examples where
this inclusion is not maximal (Example 3.7). This contrasts with the case of ℓ-
isogenies of elliptic curves for ℓ prime, where the inclusion is always maximal.

We continue in Section 4 by formally defining the D-isogeny graphs GD. Propo-
sition 4.2 gives a necessary condition for the existence of minimal isogenies of given
prime-power degree; Theorem 4.6 provides conditions on D for GD to be connected
(one sufficient and one necessary) as well as diameter bounds. We then give in
Section 5 an algorithm to compute GD by leveraging the action of Pic(Z[π, π])
to compute minimal edges for each equivalence class. Composing these minimal
isogenies then yields GD; see Algorithm 5.2.

In Section 6, we give an algorithm to efficiently store GD. Lemma 6.3 shows that
a quotient of Pic(Z[π, π]) acts freely on edges between weak equivalence classes;
Algorithm 6.7 computes orbit representatives. These results allow storage of only
one edge from each orbit, which can both compactify outputs and speed up com-
putations. Finally, in Section 7, we show how to compute polarizations of degree
dividing D in Ih using GD as input; see Algorithm 7.5.

All of the code accompanying this paper is available at https://github.com/

stmar89/AbVarFqIsogenies [CDMRV26], and requires [Magma] to compute and
[SageMath] to graphically represent the graphs. For each algorithm in this paper,
we provide the name of corresponding intrinsic in our Magma implementation. We
conclude with an example produced by Algorithm 5.2.

Example 1.1. Let D = 2 and consider the ordinary isogeny class of abelian 4-folds
over F3 with LMFDB label 4.3.c ab af ai and Weil polynomial h(x) = x8+2x7−x6−
5x5 − 8x4 − 15x3 − 9x2 + 54x+ 81. This isogeny class has 14 isomorphism classes;
hence its 2-isogeny graph (Figure 1) has 14 vertices, which are here colored by
endomorphism ring (darker colors indicating a larger ring). The colors in the figures
below are in bijection with the endomorphism ring, consistently across components.

The base change of this isogeny class to F9 has Weil polynomial

h2(x) = x8 − 6x7 + 5x6 + 33x5 − 122x4 + 297x3 + 405x2 − 4374x+ 6561,
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Figure 1. The 2-isogeny graph for 4.3.c ab af ai.

which is not in the LMFDB but can be computed as in [DKRV21, §3.4]. This isogeny
class has 1763 isomorphism classes. Its 2-isogeny graph has 35 components: two
with 49 vertices, nine with 17, twelve with 94, and twelve with 32 vertices.

Interestingly, in both cases all components of the same size are isomorphic as
directed graphs, but the vertices need not have identical coloring. This is illustrated
by one of the component with 2 vertices in Figure 1, and occurs again over F9:
two examples of components with 17 vertices but different colorings are shown in
Figure 2.

Figure 2. Two components of the 2-isogeny graph of the base
change of 4.3.c ab af ai to F9, each with 17 vertices and isomorphic
as directed graphs, but whose underlying vertices have different
endomorphism rings.

Lest the reader be left with the impression that these isogeny graphs are classical
isogeny volcanoes, we show a component with 94 vertices in Figure 3. The vertices
of this graph have six different endomorphism rings, which in this case correspond
to different levels in the graph. The yellow vertices are abelian varieties whose
endomorphism ring is the Frobenius order, which is necessarily the smallest order,
and the largest endomorphism ring contains the Frobenius order with index 32 and
is contained in the maximal order of K with index 625 = 54. This component does
not contain any horizontal isogenies.
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Figure 3. A component of the 2-isogeny graph for the base change
of 4.3.c ab af ai to F9 with 94 vertices.

2. The ideal class monoid

In [Del69], Deligne constructed an equivalence between the category of abelian
varieties in an Fq-isogeny class Ih, together with their Fq-homomorphisms, and the
category of Z[π, π]-modules (up to isomorphism) that are isomorphic to fractional
Z[π, π]-ideals, together with Z[π, π]-linear morphisms. We recall the construction,
as we need the notation below.

To define the functor, we use that an ordinary abelian variety A defined over a
finite field Fq of characteristic p, together with the action of its Frobenius endomor-

phism, admits a lifting Ã to a finite extension of Qp, called the canonical lift of A.

Deligne’s functor is then defined by the association A 7→ T (A) = H1(Ã ⊗ε C,Z),

where ε : Qp → C is any fixed isomorphism. Since the endomorphism ring of Ã⊗εC
is equal to End(A), T (A) is a Z[π, π]-module which is finitely generated and free
of rank 2 dim(A), and which can be considered as a global analogue of the Tate
module of A. In particular, this module allows us to study isogenies from and
to A, including those where p divides the degree. The restriction F of this func-
tor to Ih gives a bijection between isomorphism classes of abelian varieties and
ICM(Z[π, π]), which was defined in Section 1, allowing us to represent varieties and
isogenies via fractional Z[π, π]-ideals [Mar21]. More specifically, if A and B are in
Ih and φ : A→ B is an isogeny, choose fractional Z[π, π]-ideals and identifications
J = F(A) and I = F(B), and define x = F(φ) ∈ K×. Then xJ ⊆ I, and we
will frequently suppress F from the notation and identify the isogeny φ with this
inclusion.

Let R be an order in an étale algebra K. For each pair of fractional R-ideals
I, J , we define (I : J) = {x ∈ K : xJ ⊆ I}, the colon ideal of I and J . Note that,
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under the identification in the last paragraph, F(Hom(A,B)) = HomZ[π,π](J, I),
which can be canonically identified with (I : J). Each (I : I) is an overorder of
R, called the multiplicator ring of I. As in the case of the Frobenius order Z[π, π],
ideal multiplication induces the structure of a commutative monoid on the set of
fractional R-ideals modulo R-linear isomorphisms, and we again call it the ideal
class monoid of R and denote it by ICM(R). For each overorder S of R, the set
of invertible fractional S-ideals forms an abelian group, called the Picard group
Pic(S) of S, and we have a natural inclusion Pic(S) ⊆ ICM(R). This inclusion is
an equality if and only if S = R = OK is the maximal order of K; in this case
ICM(OK) is the direct product of class groups.

If m is a maximal R-ideal, we denote by Rm the completion of R at m and, for
a fractional R-ideal I, we write Im = I ⊗R Rm. Two fractional R-ideals I, J are
weakly equivalent if Im ≃ Jm for all maximal m; write {I} for the weak equivalence
class of I. We have J ∈ {I} precisely when (I : I) = (J : J) and (I : J) is
invertible in (I : I) by [Mar20, Corollary 4.5]. Again, as in the case of Z[π, π], ideal
multiplication induces a commutative monoid structure on the set W(R) of weak
equivalence classes of fractional R-ideals. The monoids ICM(R) and W(R) can be
partitioned by

ICM(R) =
⊔
S

ICMS(R) and W(R) =
⊔
S

WS(R),

where S runs over the overorders of R, and ICMS(R) (resp. WS(R)) contains the
ideal (resp. weak equivalence) classes with multiplicator ring S.

Proposition 2.1 ([Mar20, Theorem 4.6]). The group Pic(S) acts freely on ICMS(R),
and the quotient space of this action is precisely WS(R).

The following statement is probably well known to the expert, but we could not
locate it in the literature. We provide a simple direct proof.

Lemma 2.2. Let S be an overorder of R, and J be an invertible fractional S-ideal.
Then there exists an invertible fractional R-ideal I such that IS = J . In particular,
the extension map I 7→ IS induces a surjective group homomorphism

eS : Pic(R) → Pic(S).

Proof. Let y ∈ K× be such that J ′ = yJ ⊆ R, and let p1, . . . , pn be the support of
the finite R-module S/J ′. For each maximal ideal p of R, the localization Sp is a
semilocal ring. This implies that for each pi in the support there exists an element
xi ∈ J ′ such that J ′

pi
= (xiS)pi , while for every other maximal ideal q of R we have

that J ′
q = Sq. Now, for each i, let ki be an integer satisfying pki

i ⊆ (xiR)pi
. Define

I ′ =

n∑
i=1

(
xiR+ pki

i

)∏
j ̸=i

p
kj

j .

A direct verification shows that I ′pi
= (xiR)pi

for all i and I ′q = Rq for the other
maximal ideals q of R. In particular, I ′ is invertible, since it is locally principal, and
furthermore I ′S = J ′. Therefore for I = y−1I ′ we have IS = J as required. □

Finally, for a fractional R-ideal I, we denote by I† its trace dual ideal

I† = {x ∈ K : TrK/Q(xI) ⊆ Z}.

Lemma 2.3. Let x ∈ K×, L be an invertible R-ideal, and I be a fractional R-ideal.
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(1) We have (xI)† = 1
xI

† and (IL)† = I†L−1.

(2) The map I 7→ I† induces well defined maps ICM(R) → ICM(R) and
W(R) → W(R).

Proof. The first statement follows by direct computation and localization, and the
second statement from the first. □

3. Isogenies

We now discuss isogenies between isomorphism classes and set R = Z[π, π] for
the remainder of the paper. Because we work up to isomorphism, we impose the
following equivalence relation:

Definition 3.1. Two isogenies φ1 : A1 → B1 and φ2 : A2 → B2 are said to be
equivalent, denoted φ1 ≈ φ2, if and only if there exist isomorphisms i1 : A1 → A2

and i2 : B1 → B2 such that i2 ◦ φ1 = φ2 ◦ i1.

For the purposes of computing the isogeny graphs we seek, we will need the
following two notions:

Definition 3.2. An isogeny φ : A→ B of degree larger than 1 is called minimal if,
given a decomposition φ = ψ1 ◦ψ2, we have that either ψ1 or ψ2 is an isomorphism.

As well as:

Definition 3.3. The length of an isogeny φ is the smallest positive integer r such
that there exists a decomposition φ = φ1 ◦ · · · ◦ φr of φ into minimal isogenies φi.

Both the length and degree are constant in an equivalence class of isogenies.
In Proposition 3.4, we obtain some properties of the Deligne functor F which we

will need to study isogenies between abelian varieties in Ih.

Proposition 3.4. Let A,B ∈ Ih, and choose fractional Z[π, π]-ideals I and J as
well as isomorphisms identifying I = F(A) and J = F(B). Then for any isogeny
φ : A→ B, there is an element xφ ∈ (J : I) ∩K× such that F(φ) can be identified
with xφ. Moreover, we have:

(i) deg(φ) = [J : xφI].
(ii) Given a positive integer D, if degφ divides D then DJ ⊆ xφI.
(iii) The isogeny φ is minimal if and only if the inclusion xφI ⊊ J is maximal,

that is, the quotient J/xφI is a simple R-module.
(iv) The length of the isogeny φ equals the length of J/xφI as an R-module.

Proof. We use the notation introduced in Section 2 recalling the construction of
Deligne’s functor. Let φ̃ : Ã→ B̃ be the canonical lift of φ, then deg(φ) = deg(φ̃) =
deg(φ̃⊗ε C). Since φ̃⊗ C is separable and taking integral homology, we get

deg(φ) =

∣∣∣∣ T (B)

T (φ̃)T (A)

∣∣∣∣ = [J : xφI].

This concludes the proof of (i). Part (ii) is then an immediate consequence of (i),
since a finite abelian group is annihilated by its order.

We now prove (iii). Suppose that J/xφI is not simple, so there exists an R-
module M such that xφI ⊊ M ⊊ J . Using Deligne’s functor, this is equivalent to
the existence of two isogenies ψ1 : A → C and ψ2 : C → B such that φ = ψ2 ◦ ψ1,

Algorithmic Number Theory Symposium XVII, Groningen, July 6-10, 2026



ORDINARY ABELIAN VARIETIES: ISOGENY GRAPHS AND POLARIZATIONS 7

representing the inclusions xφI ⊊M and 1 ·M ⊊ J . Since the inclusions are strict,
neither ψ1 nor ψ2 is an isomorphism by (i).

We finally consider (iv). The length of J/xφI as an R-module is the length of a
chain of inclusions of R-modules

xφI = Mn ⊊Mn−1 ⊊ . . . ⊊M1 = J

in which every quotient Mi/Mi+1 is a simple R-module. The conclusion then follows
by functoriality and (iii). □

Before we state our next result we need the following:

Definition 3.5. Let φ : A→ B be an isogeny in Ih. We say that φ is horizontal if
End(A) = End(B); φ is ascending if End(A) ⊊ End(B) and descending if End(B) ⊊
End(A); and finally φ is vertical if it is ascending or descending.

Theorem 3.6. Let φ : A → B be a minimal isogeny in Ih, and choose fractional
Z[π, π]-ideals I and J and isomorphisms identifying I = F(A) and J = F(B) as
well as an element x ∈ (J : I)∩K× and an identification x = F(φ). Then there is
a unique maximal ideal m of R such that J/xI ≃ R/m, and we have:

(i) φ is horizontal or vertical, that is, End(A) ⊆ End(B) or End(B) ⊆ End(A).
(ii) If m is regular then I and J are weakly equivalent. In particular, φ is

horizontal.
(iii) If φ is vertical then m is singular.
(iv) Let T = End(A) ∪ End(B) and S = End(A) ∩ End(B). Then |T/S| =

|R/m|lengthR(T/S). In particular, φ is vertical if and only if [R : m] divides
the index [T : S].

Proof. Using Deligne’s functor we have End(A) = (I : I) and End(B) = (J : J),
and since (xI : xI) = (I : I) in what follows we replace xI with I for simplicity.
Furthermore, since φ is minimal the finite R-module J/I is simple by Proposi-
tion 3.4.(iii), and there is a unique maximal R-ideal m such that J/I ≃ R/m.

Now suppose that End(B) ̸⊆ End(A), so there is an element β ∈ (J : J)\ (I : I).
Therefore we have βJ ⊆ J but βI ̸⊆ I, giving the inclusions I ⊊ I + βI ⊆ J . Since
J/I is a simple R-module, we get I + βI = J . Hence, for every α ∈ (I : I) we have

αJ = αI + βαI ⊆ I + βI = J.

This shows that (I : I) ⊆ (J : J), thus proving part (i).
Since J/I ≃ R/m, we get that I and J are locally equal at every maximal ideal

other than m. If m is regular, then Rm = OK,m, which is a product of discrete
valuation rings. It follows that Im and Jm are isomorphic, so I and J are weakly
equivalent. In particular, (I : I) = (J : J), that is, φ is a horizontal isogeny. This
completes the proof of part (ii), and part (iii) is immediate.

We finally prove part (iv). As observed above I and J are locally equal at every
maximal ideal other than m. Since taking colon ideals commutes with localization,
the same is true for their multiplicator rings. Hence, T/S is either trivial or a finite
R-module whose support contains only m. In both cases, we have the equality
|T/S| = |R/m|lengthR(T/S). The former case happens precisely when φ is horizontal,
thus completing the proof. □

In the ℓ-isogeny graph of ordinary elliptic curves, if the isogeny φ : A → B is
vertical then the index of one of the endomorphism rings in the other is at most

Algorithmic Number Theory Symposium XVII, Groningen, July 6-10, 2026



8 E. COSTA, T. DUPUY, S. MARSEGLIA, D. ROE, AND C. VINCENT

ℓ. This implies that there is no order strictly between End(A) and End(B) if ℓ is
prime. The following shows that this results fails in general for minimal isogenies.

Example 3.7. Let Ih be the isogeny class of abelian surfaces defined over F5

with LMFDB label 2.5.a g given by the Weil polynomial h(x) = x4 + 6x2 + 25 =
(x2 − 2x + 5)(x2 + 2x + 5). Let R be the Frobenius order of Ih, which has index
[OK : R] = 64 in the maximal order OK of the endomorphism algebra K. Then
R has a unique singular maximal ideal m with residue field F2, as well as a unique
overorder S satisfying [OK : S] = 8. Furthermore, the conductor fS = (S : OK)
of S in OK is the unique singular maximal ideal of S, we have an isomorphism
S/fS ≃ R/m, and (fS : fS) = OK .

Let φ : A→ B be the descending isogeny that is sent to the inclusion 1 · fS ⊂ S
by Deligne’s functor; this isogeny is minimal of degree 2 by Proposition 3.4 parts
(i) and (iii) since S/fS is simple of size 2. Relating this to Theorem 3.6.(iv), we
observe that lengthR(OK/S) = 3 = 2 dim(A)− 1, and indeed [End(A) : End(B)] =
[OK : S] = deg(φ)3. This agrees with [Bis15, Lemma 2.1] where isogenies with
kernel (Z/ℓZ)g are considered instead.

Strikingly, there are several orders T such that S ⊊ T ⊊ OK , despite the fact
that φ is minimal. Indeed, S has 4 overorders with index 4 in OK and 3 overorders
with index 2 in OK .

Proposition 3.8. Let φ1 : A1 → B1 and φ2 : A2 → B2 be two isogenies in Ih,
and for i = 1, 2, choose fractional Z[π, π]-ideals Ii and Ji and isomorphisms iden-
tifying Ii = F(Ai) and Ji = F(Bi), as well as elements xi ∈ (Ji : Ii) ∩ K× and
identifications xi = F(φi). Furthermore, let Mi = xiIi ⊆ Ji. The following are
equivalent:

(i) φ1 ≈ φ2, that is, the isogenies are equivalent.
(ii) There are elements kA, kB ∈ K× such that kAI1 = I2, kBJ1 = J2 and

x2kA = kBx1.
(iii) There are elements kA, kB ∈ K× such that kAI1 = I2, kBJ1 = J2 and

kBM1 = M2.

Proof. The equivalence of (i) and (ii) follows from the fact that F is an equivalence
of categories. The fact that (ii) implies (iii) is clear. So, assume (iii). We get

kBx1I1 = kBM1 = M2 = x2I2 = x2kAI1.

Let u = x2kA

kBx1
. Then u is a unit of the order (I1 : I1). If we let k0 = kAu

−1 we then

obtain k0I1 = I2, kBJ1 = J2 and x2k0 = kBx1, by which (ii) holds. □

Corollary 3.9. Let φ1 : A1 → B and φ2 : A2 → B be isogenies with the same
codomain, and choose fractional Z[π, π]-ideals J and Ii and isomorphisms identify-
ing J = F(B) and Ii = F(Ai) for i = 1, 2, as well as elements xi ∈ (J : Ii) ∩K×

and identifications xi = F(φi). As before let Mi = xiIi ⊆ J . The following are
equivalent:

(i) φ1 ≈ φ2, that is, the isogenies are equivalent.
(ii) There exists an element kA ∈ K× such that kAI1 = I2 and a unit u ∈ (J :

J)× such that x2kA = x1u.
(iii) There exists a unit u ∈ (J : J)× such that uM1 = M2.

Moreover, if A1 = A2 and we let F(A1) = F(A2) = I then (i)-(iii) above are also
equivalent to
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(iv) there are units v ∈ (I : I)× and u ∈ (J : J)× such that x2v = ux1.

Proof. The equivalence of (i) and (ii) follows by Proposition 3.8. Assume (i). By
Proposition 3.8, there is an element u ∈ K× such that uJ = J and uM1 = M2. In
particular, u ∈ (J : J)×, and (iii) holds. Assume now (iii), so that ux1I1 = x2I2.
By setting kA = ux1/x2 and kB = u, we see that Proposition 3.8.(iii) holds, which
is equivalent to (i). Finally if A1 = A2 the equivalence of (ii) and (iv) is clear. □

For ordinary elliptic curves with non-maximal endomorphism ring, prime degree
isogenies are always vertical [Sut13, §2.7]; this is another fact that fails in general:

Example 3.10. Consider the isogeny class with label 2.11.a ac given by the Weil
polynomial h(x) = x4 − 2x2 + 121, and as usual denote its Frobenius order by
R. Then R has a unique singular maximal ideal m of index [R : m] = 2. The 4
overorders of R form a chain of inclusions R ⊂ S4 ⊂ S2 ⊂ OK all of index 2.

A computation shows there are two weak equivalence classes of fractional R-

ideals with multiplicator ring S4 : WS4(R) = {[S4], [S†
4]}. Set J = S†

4, which is not
invertible as a fractional S4-ideal. A further computation shows that J contains
exactly 3 fractional R-ideals I1, I2, I3 ⊂ J with [J : Ii] = 2. For each such Ii, the
inclusion 1 ·Ii ⊂ J represents a minimal isogeny of degree 2. One of these fractional

ideals is the trace dual ideal, say I1 = S†
2; since S4 ⊊ S2 this implies the isogeny

corresponding to 1 · I1 ⊂ J is a minimal descending isogeny.
The other two ideals I2, I3 are non-isomorphic invertible fractional S4-ideals. In

particular, the isogenies induced by 1 · I2 ⊂ J and 1 · I3 ⊂ J are horizontal. For
both of these isogenies the source and target are not weakly equivalent as ideals.
Moreover, using Proposition 3.8, one sees that these isogenies are not equivalent.

With these results, we are ready to compute isogeny equivalences.

Algorithm 3.11 (AreIsogeniesEquivalent).
Input: For R the Frobenius order of an isogeny class Ih, inclusions x1I1 ⊂ J1

and x2I2 ⊂ J2 of R-ideals representing two isogenies.
Output: Whether the two isogenies are equivalent.

(1) Compute the multiplicator rings S of I1 and T of J1.
(2) Compute the unit groups S×, T× as subgroups of O×

K .
(3) Compute elements y, z ∈ K× such that I1 = yI2 and J1 = zJ2 (if not

possible, return false).
(4) If x1y

x2z
∈ S×T× then return true; else return false.

Proof. The algorithm is correct by Corollary 3.9.(iv).
□

We caution that composition is not well defined on equivalence classes:

Proposition 3.12. Let φ : A → B and ψ : B → C be isogenies and ρ an au-
tomorphism of B; then φ and ρ ◦ φ are equivalent isogenies. Choose fractional
Z[π, π]-ideals H, I and J and identifications H = F(A), I = F(B) and J = F(C),
as well as elements x ∈ (I : H) ∩ K×, y ∈ (J : I) ∩ K× and z ∈ (I : I)× and
identifications x = F(φ), y = F(ψ) and z = F(ρ). Then the compositions ψ ◦ φ
and ψ ◦ ρ ◦ φ are equivalent if and only if z ∈ (H : H)×(J : J)×.

Proof. The compositions ψ ◦φ and ψ ◦ ρ ◦φ correspond to the inclusions yxH ⊂ J
and yzxH ⊂ J , respectively. By Corollary 3.9.(iv), the compositions are equivalent
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if and only if there are units u ∈ (H : H)× and v ∈ (J : J)× such that uyx = vyzx.
This happens precisely when z = uv−1, thus completing the proof. □

Finally we end this section with a result which will be useful below:

Lemma 3.13. Let R be the Frobenius order of an isogeny class and I and J be
fractional R-ideals. Assume that I and J are weakly equivalent, so that (I : J) is
an invertible fractional (I : I)-ideal. Let L be an invertible fractional R-ideal such
that L(I : I) = (I : J), which exists by Lemma 2.2. Then the following maps are
inverses of each other:

{fractional R-ideals M ⊆ J} −→ {fractional R-ideals N ⊆ I}
M 7−→ML

NL−1 7−→N.

This bijection preserves inclusions and indices: [J : M ] = [I : ML].

Proof. Since L is invertible, clearly the map is injective and inclusion preserving.
Let p be a rational prime dividing [W : M ] and let x be a generator of Lp over Rp.
Then Ip = xpWp and (ML)p = xpMp which shows that the map preserves indices.
To prove that the map is surjective, choose N ⊆ I and denote by S the multiplicator
ring of I. Since L−1 = (R : L), we have L−1S · LS = RS = S; because the inverse
is unique, we get that L−1S = (LS)−1, which implies that L−1S = (W : I). Now
consider the fractional R-ideal M = L−1N ; we have ML = N . To show that M is
a preimage of N , we need to show that M ⊆ J , but this is the case since

M ⊆MS = L−1NS = L−1SNS = (J : I)N ⊆ (J : I)I = J.

□

4. Isogeny graphs

We finally define the main object of study of this article, the isogeny graph
associated to an isogeny class Ih. Let h be a q-Weil polynomial, R the corresponding
Frobenius order and Ih the corresponding isogeny class of Fq-abelian varieties. For
each weak equivalence class w of fractional R-ideals, we fix a representative ideal
Ww and write ww for the class of Ww in ICM(R). We may represent each ideal class
[M ] ∈ ICM(R) by the pair (wM , aM ), where wM = {M} is the weak equivalence
class of M and aM = [(M : W{M})] ∈ Pic((M : M)).

Moreover, we choose an ideal M within each ideal class [M ] ∈ ICM(R); we may
then represent any isogeny φ : A→ B by an element xφ as in Corollary 3.4 so that
xφI ⊂ J , where I is the chosen ideal in the ideal class corresponding to A and J is
the chosen ideal in the ideal class corresponding to B.

Definition 4.1.

(1) The full isogeny graph G of an isogeny class Ih is the labeled directed
multigraph whose vertices are isomorphism classes of abelian varieties in
Ih and whose edges are equivalence classes of isogenies of degree > 1. The
set V of vertices is labeled by pairs (wM , aM ), and the set E of edges by the
multiplication-by-x map from the source I to the target J (which we will
simply write as xI ⊂ J). Here I and J are the chosen representatives, and
x is as described above.
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(2) Let D be a positive integer. The D-isogeny graph GD is the subgraph of G
with edges ED of degree dividing D.

(3) Let D and r be positive integers. The graph GD,r is the subgraph of G with
edges ED,r of degree dividing D and length at most r.

Proposition 4.2. Let R be the Frobenius order of an isogeny class Ih. A minimal
isogeny of degree ℓn exists in Ih if and only if R has a maximal ideal of index ℓn.

In particular, if there is no maximal ideal of R of index dividing D then the set
ED of edges of GD is empty.

Proof. Let φ : A→ B be a minimal isogeny of degree ℓn in Ih. Then the existence
of a maximal R-ideal l with index ℓn follows from Proposition 3.4 parts (i) and (iii)
since any finite simple R-module is isomorphic to R/l for some maximal ideal l.

Conversely, given a maximal R-ideal l of index ℓn, consider the inclusion 1·l ⊂ R.
Let φ : A → B be an isogeny in Ih such that we can make the identifications l =
F(A), R = F(B) and 1 = F(φ). Then φ has degree ℓn by Proposition 3.4.(i). □

Remark 4.3. Deligne’s functor F is particularly well suited for studying base field
extensions; see [Mar22] for a comprehensive treatment. We collect here a few facts
which will be used in the next examples. As usual let Ih be an ordinary isogeny
class defined over Fq with squarefree Weil polynomial h(x), and R1 = Z[π, π] be
its Frobenius order. For i a positive integer, denote by hi(x) the Weil polynomial
of the isogeny class Ih ⊗ Fqi , and we assume further that hi(x) is also squarefree.

The Frobenius order Ri of Ihi
can be identified with the order Z[πi, πi] in K. In

particular, if A is in Ihi
and I is a fractional Ri-ideal corresponding to A, then A

can be defined over Fq if and only if R1 ⊆ (I : I).
More generally, the natural inclusion ICM(R1) ⊆ ICM(Ri) implies that G is

a subgraph of Gi, where G and Gi are the full isogeny graphs of Ih and Ihi (re-
spectively). This gives us an injection from the vertices of G to the vertices of
Gi. Furthermore, for any A,B ∈ Ih defined over Fq, we have identifications
HomFq

(A,B) = (F(A) : F(B)) = HomFqi
(A,B). This shows that if we fix two

vertices in G, they are connected by an edge in G if and only if they are in Gi.
Analogous statements hold for the D-isogeny graph GD.

Finally, if Ih is geometrically simple and ordinary then hi(x) is an irreducible
polynomial for every i > 1 and automatically squarefree. Therefore, by taking the
limit we get an embedding of the isogeny graph over Fq into the associated isogeny

graph over Fq. This limit is a regular graph, and as i increases the edges going out
of a fixed vertex will appear at the same time as their target does.

Corollary 4.4. Let ℓ be a prime number and G be the ℓ-isogeny graph of an isogeny
class defined over Fq with Frobenius order R1. Let G′ be the ℓ-isogeny graph for the
same isogeny class base changed Fqi for i > 1, and with Frobenius order Ri.

In this situation, if G has no edges and G′ has edges then ℓ divides [R1 : Ri].

Proof. Proposition 4.2 implies that Ri has a maximal ideal m of index ℓ while R1

does not. Note that R1/mR1 is an Ri/m-vector space of dimension n > 1, since
R1 does not have a maximal ideal of index ℓ. Consider the map of finite abelian
groups σ : R1/Ri → (R1/mR1)/(Ri/m). We have that [R1 : Ri] = ℓn−1 · | ker(σ)|
which implies that ℓ divides [R1 : Ri]. □

To illustrate Remark 4.3, we present an example of a 2-isogeny graph of abelian
surfaces over F3 with no edges. We explain how 2-isogenies appear after base change
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to F3i for appropriate i > 1. Note that there exist arbitrarily large i where the
2-isogeny graph over F3i has no edge.

Example 4.5. Consider the isogeny class Ih of geometrically simple abelian sur-
faces over F3 with LMFDB label 2.3.ad f and Weil polynomial h(x) = x4 − 3x3 +
5x2 − 9x + 9. Over the fields F3,F9,F81, and F6561 the 2-isogeny graph has 1, 5,
145 and 672945 vertices respectively, all with no edges.

The Frobenius order R1 of Ih is the maximal order OK ; it has a unique maximal
ideal m above 2 which is of index 16. By Proposition 4.2, the 2-isogeny graph of Ih
therefore has no edges.

Now for i a positive integer and Ihi
the base change of Ih to F3i , let Ri be

the Frobenius order of Ihi
. Corollary 4.4 implies that if [R1 : Ri] is coprime to 2,

there will be no edges in the 2-isogeny graph over F3i . Table 1 records first the
cardinality of ICM(Ri) – which we observe grows very quickly – and the indices
of the maximal primes above 2. Then, to track the development of 2-isogenies we
define [R1 : Ri]new to be the index [R1 : Ri] divided by the least common multiple
of [R1 : Rj ] for proper divisors j of i.

i # ICM(Ri) [[Ri : m] : 2 ∈ m] [R1 : Ri]new [R1 : Ri]/[R1 : Ri]new

1 1 [16] 1 1
2 5 [16] 32 1
3 25 [16] 23 1
4 145 [16] 29 32

5 5246 [2] 26 · 61 1
6 8075 [16] 32 · 17 32 · 23
7 201707 [16] 292 · 1667 1
8 672945 [16] 232 · 103 32 · 29
9 234025 [16] 172 · 251 23
10 10677440 [2] 28 26 · 32 · 61
11 10716555 [16] 4192 · 25453 1
12 3464756875 [16] 23 · 612 34 · 17 · 23 · 29
13 − [16] 52 · 136 · 131 1
14 − [16] 2731 32 · 292 · 1667
15 − [2] 5692 · 719 26 · 23 · 61
16 − [16] 15473 32 · 232 · 29 · 103
17 − [16] 92832 · 10449287 1
18 − [16] 32 · 174 · 179 34 · 172 · 23 · 251
19 − [16] 191 · 19012 · 276337 1
20 − [2] 26 · 1992 · 1301 214 · 32 · 29 · 61

Table 1. Information about the isogeny class 2.3.ad f. See Ex-
ample 4.5 for a description.

Theorem 4.6. Let D > 1, R be the Frobenius order of the isogeny class Ih, and
Ssing be the set of maximal R-ideals containing the conductor fR = (R : OK) of R.

(i) Suppose that there exists a set S of (non-necessarily invertible) maximal
ideals l of R such that their extensions lOK form a generating set of Pic(OK)
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and that the integer

NS = lcm
({

|R/l| : l ∈ Ssing ∪ S
})

divides D. Then the isogeny graph GD is connected (as a directed graph).
(ii) Let S be a set of maximal R-ideals satisfying the conditions in (i). Then

the diameter of GD,1 satisfies:

diam(GD,1) ≤

{
2 lengthR(OK/R) +

∑
l∈S

(
ordPic(OK)([lOK ]) − 1

)
if R is Bass,

2 (lengthR(OK/fR) − 1) +
∑

l∈S
(
ordPic(OK)([lOK ]) − 1

)
otherwise,

where ordG(h) for an element h of a group G denotes the order of h in G.
(iii) If the isogeny graph GD is connected (as a directed graph) then D is divisible

by the integer

NSsing = lcm
({

|R/l| : l ∈ Ssing
})
.

(iv) Assume that GD is connected. Then

lengthR(R/fR) ≤ diam(GD,1).

Proof. Let S = {l1, . . . , ln} and NS be as in (i). Consider any two fractional R-
ideals I and J . By [Mar20, Remark 5.4], there are invertible R-ideals LI and LJ

such that fRLI ⊆ I ⊆ OKLI and fRLJ ⊆ J ⊆ OKLJ . We construct a path
[I] → [OKLI ] → [fRLJ ] → [J ] which is a composition of minimal isogenies in GD.

We have isomorphisms of finiteR-modules OK/fR ≃ OKLI/fRLI ≃ OKLJ/fRLJ .
The simple factors of OK/fR are R/m for m ∈ Ssing. By Proposition 3.4, each such
simple factor is equivalent to an edge of degree |R/m| which belongs to ED by the
assumption on NS . Hence, the paths [I] → [OKLI ] and [fRLJ ] → [J ] are in GD,
each one with length bounded by lengthR(OK/fR) − 1, where the −1 comes from
the fact that fR and OK are in the same weak equivalence class.

Since OKLI and fRLJ are both invertible fractional OK-ideals, and S generates
Pic(OK), there are a ∈ K× and integers 0 ≤ ei < ordPic(OK)([liOK ]) such that

aOKLI = (le11 · · · lenn OK)fRLJ .

Therefore an edge [OKLI ] → [fRLJ ] can be obtained as the composition of at most∑n
i=1

(
ordPic(OK)([liOK ]) − 1

)
minimal edges in GD. This proves (i) and gives the

generic bound of (ii).
Suppose now that R is Bass; we prove the refined bound of (ii) by modifying the

argument above. Let I and J be fractional R-ideals, which are invertible in their
respective multiplicator rings SI and SJ since R is Bass by [BL94, Prop. 2.7]. By
Lemma 2.2, there is an invertible fractional R-ideal LI such that

LI ⊆ LISI = I ⊆ LIOK = IOK .

The isomorphism of R-modules LIOK/LI ≃ OK/R then yiels a path [I] → [IOK ]
in GD of length bounded by lengthR(OK/R). Now, consider the OK-ideal fJ = (SJ :
OK); as argued above the path [IOK ] → [fJJ ] is in GD with length bounded by∑n

i=1

(
ordPic(OK)([liOK ]) − 1

)
. Finally consider the finite R-module M = J/fJJ .

Since J is invertible in SJ , we have an R-linear isomorphism M ≃ SJ/fJ . Moreover,
since R is Bass then SJ is Gorenstein. Hence lengthR(SJ/fJ) = lengthR(OK/SJ)
by [Bas63, Cor. 6.5]. This implies that lengthR(M) is bounded by lengthR(OK/R),
and therefore the inclusion fJJ ⊆ J induces a path [fJJ ] → [J ] in GD of length
bounded by lengthR(OK/R). These three paths give the refined bound in (ii).
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We now prove (iii). Let l be in Ssing. By assumption there is a path E : [l] → [R]
which is a composition of minimal isogenies of degree dividing D. Let a ∈ K× be
an element such that E is represented by the inclusion al ⊆ R. Since l is singular,
we have (R : l) = (l : l), see for example [Mar24, Lemma 2.8]. It follows that
al ⊆ l ⊂ R. Therefore in any composition series of R/al there is a simple factor
isomorphic to R/l, and in any decomposition of E into minimal isogenies, there is
one with kernel isomorphic to R/l by Proposition 3.4.(iii). Thus |R/l| divides D.

Finally to prove (iv), assume that GD is connected and take any path E : [OK ] →
[R] in GD. If E is represented by the inclusion aOK ⊂ R for a ∈ K×, then a ∈ fR
and we have inclusions aOK ⊆ fR ⊆ R. The length of E equals lengthR(R/aOK) by
Proposition 3.4.(iv); this is bounded from below by lengthR(R/fR). Since the choice
of the path E between [OK ] and [R] was arbitrary, we deduce that lengthR(R/fR)
is a lower bound for diam(GD,1), that is, the inequality in (iv) holds. □

Remark 4.7. The bounds of Theorem 4.6 are in general not sharp, but they are
frequently attained. We ran the following experiment:1 we consider a large number
of ordinary squarefree isogeny classes such that Z[π, π] has exactly one singular
maximal ideal m and such that OK has trivial Picard group. We compute GD for
D = |R/m| and its diameter d.

We observe that in many cases the lower bound on d from in (iv) is attained.
There are many cases in which the two upper bounds in (ii) are equal to 2 and
attained; in all these cases Z[π, π] is Bass. We note that there are several examples
in which the refined upper bound in the Bass case is attained and is strictly smaller
than the generic bound; for almost all of these example Z[π, π] is Bass. We did
not find any non-Bass example whose diameter exceeded the smaller bound, so it
is possible that the Bass bound holds for all R.

5. Computing the isogeny graph

We now give an algorithm to compute the D-isogeny graph GD of the isogeny
class Ih with Frobenius order R. The computation of GD is divided in two steps:
First we compute the subgraph GD,1 containing only minimal edges in Algorithm 5.1,
and then we recover GD by taking all possible compositions in Algorithm 5.2. For
each overorder S of R let eS be the natural map Pic(R) → Pic(S) (c.f. Lemma 2.2),
and for each class in Pic(S), fix a preimage a ∈ Pic(R) via eS and an invertible frac-
tional R-ideal Ia representing a. We denote the set of chosen preimages in Pic(R)
by PS , and recall the definition of Ww and the labeling of GD from Definition 4.1.
We have previously written w for a weak equivalence class; going forward we will
use s for the weak equivalence class of the source of an isogeny and t for the target.

Algorithm 5.1 (MinimalIsogenyGraphBuilder).
Input: A q-Weil polynomial h and an integer D > 1.
Output: The subgraph GD,1 of the D-isogeny graph GD of the isogeny class Ih.

(1) Compute the set V of vertices (t, eT (b)) by computing all weak equivalence
classes t of R and ideal classes b ∈ PT , for T the multiplicator ring of t.

(2) For each weak equivalence class t:
(a) Compute the fractional R-ideals M contained in Wt such that the

inclusion M ⊂Wt is maximal and the index [Wt : M ] divides D.

1See bounds diameter GD.m in [CDMRV26] for details and raw output.
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(b) Compute the orbits of these submodules under the action of T×, and
choose a representative M for each orbit.

(c) For each orbit representative M do:
(i) Compute the vertex (s, eS(a)) ∈ V that represents the ideal class

of M , where S = (M : M) and a ∈ PS , together with x ∈ K×

such that xWsIa = M .
(ii) For every b ∈ PT do:

(A) Compute an element y ∈ K× such that yIa′S = IaIbS
where a′ is the unique element in PS satisfying eS(ab) =
eS(a′).

(B) Yield the (minimal) edge (s, eS(a′)) → (t, eT (b)) with label
xyWsIa′ ⊂WtIb.

Proof. The set of vertices V is complete by Proposition 2.1.
Let I and J be fractional R-ideals and a ∈ K× be such that aI ⊂ J is maximal

with index dividing D. To show that the set ED,1 of minimal edges returned by
the algorithm is complete, we prove that there is an edge in ED,1 representing
the equivalence class of the corresponding minimal isogeny. Let t be the weak
equivalence class of J and b ∈ PT be such that (J : Wt) ∈ eT (b). Thus there
exists b ∈ K× such that bIbT = (J : Wt), where Ib is the chosen representative
of b. Consider the invertible fractional R-ideal L = bIb. By construction, we have
LWt = J . Set M = L−1(aI). By Lemma 3.13, M ⊂ Wt is a maximal inclusion
of index dividing D, that is, M is one of the fractional R-ideals computed in step
2a. If u is a unit of T = (Wt : Wt) = (J : J) then the isogenies aI ⊂ J and
uaI ⊂ J are equivalent by Corollary 3.9.(iv). Hence, we can assume that M is the
orbit representative picked in step 2c. We have MIb = (1/b)aI and WtIb = (1/b)J .
By Proposition 3.8.(i), the isogeny aI ⊂ J is equivalent to MIb ⊂ WtIb. Finally,
the isogeny MIb ⊂ WtIb is equivalent to xyWsIa′ ⊂ WtIb constructed in step
2(c)ii by Corollary 3.9.(iii). Hence every minimal isogeny with index dividing D is
represented in ED,1, and ED,1 represents all minimal isogenies of degree dividing D
by Proposition 3.4.(ii).

We now prove that distinct elements of ED,1 represent inequivalent isogenies.
If the source or target vertices of two edges are not the same, the edges represent
inequivalent isogenies. Therefore we consider two edges produced in step 2(c)ii with
the same source and with target (t, eT (b)), where T is the multiplicator ring of t
and b ∈ PT . A priori, we know that the sources of the two edges are of the form
(si, eS(aib)) for i = 1, 2. Since we are assuming that they are equal, we get s1 = s2
and a1 = a2, which we then denote simply by s and a, respectively. Because the
edges are distinct, they come from fractional R-ideals M1, and M2 contained in
Wt which do not belong to the same orbit under T×. Write M1 = x1WsIa and
M2 = x2WsIa for elements x1, x2 ∈ K× so that the edges represent the inclusions
M1Ib ⊆ WtIb and M2Ib ⊆ WtIb. Corollary 3.9.(iii) then implies that these edges
represent inequivalent isogenies. □

Algorithm 5.2 (IsogenyGraphBuilder).
Input: A q-Weil polynomial h and an integer D > 1.
Output: The D-isogeny graph GD of the isogeny class Ih.
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(1) Run Algorithm 5.1 to compute the vertices V and minimal edges ED,1 of
GD. Write E=n for the edges of degree exactly n, E=n,1 for the minimal
edges of degree n, and initialize E=n = E=n,1 for 1 < n | D.

(2) Loop over the divisors n ̸= 1 of D in increasing order, and for each divisor
d2 > 1 of n, loop over pairs (E2, E1) ∈ E=d2,1×E=n/d2 such that the source
of the minimal edge E2 : (w2, a2) → (w3, a3) equals the target of the edge
E1 : (w1, a1) → (w2, a2).
(a) Compute a complete set U of representatives for the cosets of the

quotient O×
2 /(O

×
1 O

×
3 ∩O×

2 ), where Oi is the multiplicator ring of wi.
(b) For each u ∈ U do:

(i) Compute the degree-n composition E : (w1, a1) → (w2, a2) →
(w3, a3) labelled by x1ux2Ww1Ia1 ⊂Ww3Ia3 .

(ii) If Algorithm 3.11 returns that there is no already computed edge
equivalent to E in E=n, add E to E=n.

(3) Construct GD from V and the edges E=n for 1 < n | D and return it.

Proof. The labels of the minimal edges in ED,1, and consequently of all of ED, are
chosen so that the ideals representing source and target are equal whenever source
and target coincide. In other words, we do not need to consider isomorphism
between different representatives when computing the compositions. Let n > 1 be
a divisor of D. Every edge of degree n can be written as a minimal edge E2 of
degree d2|n following, if d2 < n, an edge E1 of degree n/d2 < n. Since we are
looping over the divisors n of D in increasing order, all such edges E1 have already
been computed. In step 2b, we loop over the set U to consider all the contributions
coming from the automorphisms of the source of E2 given by Proposition 3.12, and
therefore the set E=n contains representatives of all equivalence classes of the edges
of degree n. The use of Algorithm 3.11 and the fact that the edges produced for
each u ∈ U are all pairwise not equivalent by Corollary 3.9.(iv) guarantee that E=n

contains at most one representative for each equivalence class. □

6. The Picard group action

Algorithms 5.1 and 5.2 will struggle when Pic(R) = Pic(Z[π, π]) is large. In this
situation, we can try to take advantage of additional structure to both improve the
runtime and reduce the size of the output. Indeed, the group Pic(R) acts on both
the vertices and edges of G via ideal multiplication. While this action is not free in
general, we can use it to define free actions of specific quotient groups on subsets
of the edges in G.

Definition 6.1. Suppose that s and t are weak equivalence classes of R with
multiplicator rings S and T , eS : Pic(R) → Pic(S) and eT : Pic(R) → Pic(T ).

(1) Write dom: E → V for the map that sends each isogeny to its domain, and
cod: E → V for the map that sends each isogeny to its codomain.

(2) Set Es,t = {φ ∈ E : dom(φ) ∈ s, cod(φ) ∈ t}, and write ED
s,t for the set of

elements of Es,t of degree dividing D and ED,r
s,t for the set of elements of ED

s,t

of length r.
(3) Finally, define the quotient group GS,T = Pic(R)/(ker(eS) ∩ ker(eT )).

We now extend [Mar20, Theorem 4.6] from vertices to edges:
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Proposition 6.2. Let A and B belong to an isogeny class with isogeny graph G
and Frobenius order R and φ : A→ B be an isogeny, and choose fractional Z[π, π]-
ideals I and J and isomorphisms identifying I = F(A) and J = F(B), as well
as x ∈ (J : I) ∩ K× and an identification x = F(φ) Furthermore, let M be an
invertible fractional R-ideal with class [M ] ∈ Pic(R).

(1) Ideal multiplication induces an action of Pic(R) on G: we denote by [M ] ·φ
the isogeny represented by the inclusion xMI ⊆MJ .

(2) The action of Pic(R) on G preserves degree and length, and thus induces
actions on GD and GD,r.

(3) This action induces an action of GS,T on Es,t, ED
s,t and ED,r

s,t .

Proof. The first two parts follow from Proposition 3.4 and Lemma 3.13.
To see that the action on Es,t factors throughGS,T , we show that ker(eS)∩ker(eT )

acts trivially. Let [H] ∈ ker(eS) ∩ ker(eT ), I ∈ s, J ∈ t, and xI ⊆ J represent an
edge in Es,t. Acting by [H] yields xHI ⊆ HJ . Since HS = y1S and HT = y2T for
y1, y2 ∈ K, the two inclusions represent equivalent isogenies by Proposition 3.8. □

Lemma 6.3. Let R be the Frobenius order of an isogeny class, and s and t be weak
equivalence classes of fractional R-ideals with multiplicator rings S and T .

(1) The group GS,T acts freely on Es,t.
(2) For each orbit O of this action, we have dom(O) = s and cod(O) = t.
(3) If O is an orbit and j ∈ t, the set {φ ∈ O : cod(φ) = j} is a torsor for

ker(eT )/(ker(eS) ∩ ker(eT )). Similarly, if i ∈ s, the set {φ ∈ O : dom(φ) =
i} is a torsor for ker(eS)/(ker(eS) ∩ ker(eT )).

Proof. We may assume that Es,t is nonempty since otherwise the action is vacuously
free and there are no orbits. Suppose that a ∈ Pic(R) fixes some φ ∈ Es,t. Then
it certainly fixes dom(φ), and thus eS(a) = 1 by Proposition 2.1. Similarly, it fixes
cod(φ) so eT (a) = 1. Thus the action of GS,T is free.

Since eS is surjective, Pic(R) acts transitively on s and thus dom(O) = s for any
orbit O of the action of GS,T on Es,t. Similarly, eT is surjective so cod(O) = t.

Since GS,T acts on codomains through its projection onto Pic(T ), the sub-
group ker(eT )/(ker(eS) ∩ ker(eT )) is precisely the set of group elements fixing the
codomain. It thus acts on the set {φ ∈ O : cod(φ) = j}, which is a torsor for
the subgroup since GS,T acts freely. The statement about {φ ∈ O : dom(φ) = i}
follows similarly. □

In light of Lemma 6.3 , we modify Algorithms 5.1 and 5.2 to return sets of
representatives Rs,t for the orbits of GS,T on Es,t. This has the benefit of both
dramatically shrinking the output size and reducing the amount of compositions
computed when Pic(R) is large. However, composing orbit representatives requires

additional work. We consider the subsets R=n
s,t and R=n,1

s,t consisting of edges with
degree n and minimal edges of degree n (respectively).

In this section, s, t, and u are weak equivalence classes of fractional R-ideals,
with corresponding multiplicator rings S, T , and U . Furthermore, for isogenies φ
and φ′, we write φ′ ∼ φ if φ′ ≈ a · φ for some a ∈ Pic(R). We define a multivalued
composition map ◦ : Rt,u ×Rs,t → Rs,u by setting

ψ◦φ = {θ ∈ Rs,u : ∃φ′, ψ′, θ′ with φ′ ∼ φ,ψ′ ∼ ψ, θ′ ∼ θ, θ′ = ψ′ ◦ φ′}.
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Proposition 6.4. Suppose that a0 ∈ Pic(R) satisfies cod(a0 ·φ) = dom(ψ). Let X
be a set of coset representatives for ker(eT )/(ker(eT ) ∩ (ker(eS) · ker(eU ))) and Y
be a set of coset representatives for T×/(T× ∩ (S×U×)). Define

ψ•φ = {ψ ◦ ρ ◦ (a1a0 · φ) : a1 ∈ X,F(ρ) ∈ Y } ⊆ ψ◦φ.

(1) The GS,U -orbits represented by ψ◦φ and by ψ•φ are the same.
(2) If χ = ψ ◦ ρ ◦ (a1a0 ·φ) and χ′ = ψ ◦ ρ′ ◦ (a′1a0 ·φ) are two elements of ψ•φ

then χ ∼ χ′ if and only if χ ≈ χ′.

Proof. By the definition of ∼, the orbits represented by ψ•φ are contained within
those represented by ψ◦φ, so it suffices to check the opposite containment. Suppose
that φ′ ∼ φ and ψ′ ∼ ψ can be composed as θ′ = ψ′ ◦φ′. Then φ′ = β ◦ (b1 ·φ) ◦α
with F(α) ∈ S×,F(β) ∈ T×, b1 ∈ Pic(R) and ψ′ = δ ◦ (b2 · ψ) ◦ γ with F(γ) ∈
T×,F(δ) ∈ U×, b2 ∈ Pic(R). Since we are working with θ′ up to GS,U -equivalence,
we may omit α and δ, set ρ = γ◦β, and check that each composition (b2·ψ)◦ρ◦(b1·φ)
is in the same orbit as one of the form ψ ◦ ρ ◦ (a1a0 · φ).

Let a2 ∈ ker(eT ) ∩ ker(eU ). Then b2a2 · (ψ ◦ ρ ◦ (a1a0 · φ)) ≈ (b2a2 · ψ) ◦ ρ ◦
(b2a2a1a0 · φ) = (b2 · ψ) ◦ ρ ◦ (b2a2a1a0 · φ), so it suffices to check that b−1

2 b1 · φ ≈
a2a1a0 · φ for some a2 ∈ ker(eT ) ∩ ker(eU ) and a1 ∈ X. Since the composition
(b2 · ψ) ◦ ρ ◦ (b1 · φ) is well defined, we must have cod(b1 · φ) = dom(b2 · ψ) and
thus cod(b−1

2 b1 · φ) = dom(ψ) = cod(a0 · φ). But as a2 and a1 vary, a2a1a0 · φ
ranges over all equivalence classes of isogenies with the same codomain as a0 · φ.
This completes the proof of part 1

Now suppose that χ ∼ χ′. To prove that χ ≈ χ′, it suffices to show that
dom(χ) = dom(χ′) and cod(χ) = cod(χ′) since any element of Pic(R) that acts
nontrivially must change either the domain or codomain. All elements of ψ•φ have
the same codomain, so suppose that a1, a

′
1 ∈ X. Since χ ∼ χ′, by Lemma 6.3 the

domains of a1a0 · φ and a′1a0 · φ differ by an element of ker(eU ). By the definition
of X, both lie in ker(eT ) as well, and thus their difference is in ker(eU )∩ ker(eT ) ⊆
(ker(eT ) ∩ (ker(eS) · ker(eU ))). Since X is a set of coset representatives, we have
a1 = a′1, and thus dom(χ) = dom(χ′). □

Next, we augment Algorithm 3.11 to give a test for when two isogenies are in
the same orbit, and prove that our algorithm is correct.

Algorithm 6.5 (AreIsogeniesGSTEquivalent).
Input: For R the Frobenius order of an isogeny class Ih, inclusions x1I1 ⊂ J1 and

x2I2 ⊂ J2 of R-ideals representing two isogenies φ and ψ with weakly equivalent
domains and weakly equivalent codomains.

Output: Whether the two isogenies are in the same Pic(R)-orbit.

(1) Represent the ideal classes [I1] = (s, a′1), [I2] = (s, a′2), [J1] = (t, b′1), [J2] =
(t, b′2), let S be the multiplicator ring of the domains and T the multiplicator
ring of the codomains and choose lifts ai, bi ∈ Pic(R) of a′i and b′i.

(2) Express a2b1a
−1
1 b−1

2 = kSkT for some kS ∈ ker(eS) and kT ∈ ker(eT ). If this
is not possible, return false.

(3) Compare (b2b
−1
1 kT ) · φ to ψ using Algorithm 3.11.

Proof. Step 2 can be done by finding the preimage of a2b1a
−1
1 b−1

2 under the natural
homomorphism ker(eS) ⊕ ker(eT ) → Pic(R), and yields an element b2b

−1
1 kT =

a2a
−1
1 k−1

S whose image under eS is a′2a
′−1
1 (which maps the domain of φ to the
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domain of ψ) and whose image under eT is b′2b
′−1
1 (which maps the codomain of φ

to the codomain of ψ). If no such kS and kT exist, φ and ψ cannot be in the same
orbit since it is not possible to get their domains and codomains to match. If they
do exist, then φ ∼ ψ if and only if (b2b

−1
1 kT ) · φ ≈ ψ. □

We now adapt Algorithm 5.1 to compute orbit representatives for the set of
minimal isogenies. In contrast to Algorithm 5.1, we do not need to loop over
Pic(T ).

Algorithm 6.6 (MinimalIsogenyOrbitBuilder).
Input: A q-Weil polynomial h and an integer D > 1.
Output: For weak equivalence classes s, t and 1 < n | D, the finite set R=n,1

s,t .

(1) For each weak equivalence class t and T the multiplicator ring of t, do
(a) Compute the fractional R-ideals M contained in Wt such that the

inclusion M ⊂Wt is maximal and the index [Wt : M ] divides D.
(b) Among the M in the same weak equivalence class s, choose one rep-

resentative for each ker(eT )/(ker(eS) ∩ ker(eT ))-orbit. Determine the
action of T× on this quotient and pick one representative from each of
these T× orbits.

(c) For each representative M , compute the vertex (s, eS(a)) ∈ V that
represents it with a ∈ PS , together with x ∈ K× such that xWsIa =
M . Yield the minimal edge (s, eS(a)) → (t, 1) with label xWsIa ⊂Wt.

Proof. By Lemma 6.3 every orbit contains a representative with codomain Wt, and
the subset of such isogenies is a torsor for ker(eT )/(ker(eS)∩ ker(eT )). Correctness
now follows from the correctness of Algorithm 5.1. □

We use Algorithm 6.6 to compute orbit representatives for isogenies of degree n.

Algorithm 6.7 (IsogenyOrbitBuilder).
Input: A q-Weil polynomial h and an integer D > 1.
Output: For weak equivalence classes s, t and 1 < n | D, the finite set R=n

s,t .

(1) Run Algorithm 6.6 to compute R=n,1
s,t for 1 < n | D. Initialize R=n

s,t =

R=n,1
s,t .

(2) Loop over the divisors n of D in increasing order, and for each divisor
1 < d2 < n of n, loop over triples of weak equivalence classes s, t, u and

(E2, E1) ∈ R=d2,1
t,u ×R=n/d2

s,t :
(a) For each E in the composition E2•E1, use Algorithm 6.5 to determine

if its orbit has already been added to R=n
s,u, and add it if not.

(3) Return the R=n
s,t .

Proof. The correctness of Algorithm 6.5 guarantees that no two returned isogenies
lie in the same orbit, and Proposition 6.4 implies that any composition of minimal
isogenies will be in the same orbit as one constructed in E2•E1. Finally, every
isogeny can be expressed as a composition of minimal isogenies as constructed in
Algorithm 6.6 by Proposition 3.4 . □

7. Polarizations

In this section, we compute the polarizations of elements belonging to a given
isogeny class. Throughout, for an isogeny class Ih, let g be the dimension of the
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abelian varieties it contains; then the étale algebra K = Q(π) satisfies [K : Q] = 2g.
Recall that K is equipped with an involution x 7→ x. We say that an element x ∈ K
is totally imaginary if x = −x and totally real if x = x. A totally real element
x ∈ K× is called totally positive if ϕ(x) > 0 for every homomorphism ϕ : K → C.
Let Φ be a CM-type of K, that is, a choice of g homomorphisms K → C, one per
conjugate pair. We say that x ∈ K is Φ-positive if ℑ(ϕ(x)) > 0 for every ϕ ∈ Φ.
For each abelian variety A we denote by A∨ its dual. Given a weak equivalence
class s, we denote by s∨ the weak equivalence class containing the dual of each
element of s (well defined by Lemma 2.3 and Proposition 7.1).

Recall from Section 2 that we have fixed an isomorphism ε : Qp → C. Given a ho-

momorphism ϕ : K → C, post-composing by ε−1 gives a homomorphism ϕε : K →
Qp which induces a p-adic place vϕϵ

on K by taking the usual p-adic valuation
of the image of an element under ϕϵ. We say that a CM-type Φ satisfies the
Shimura–Taniyama formula for a Frobenius order Z[π, π] ([CCO14, p. 2.1.4.1])
if for each p-adic place v induced on K by Φ in this manner, we have

(7.1)
ordv(π)

ordv(q)
=

#{ϕ ∈ Φ : ϕ induces v on K}
[Kv : Qp]

.

Such a CM-type always exists for ordinary isogeny classes of abelian varieties de-
fined over Fq (see [How95, Notation 4.6], for example, for how to construct a CM-
type satisfying the Shimura–Taniyama formula for a given Frobenius order Z[π, π]
in the ordinary case), and in particular for every polynomial h(x) considered in this
article. In what follows we suppose that Φ satisfies the Shimura–Taniyama formula;
this condition ensures that Φ is a CM-type for the complex abelian variety Ã⊗ε C,
where Ã is the canonical lift of A.

Proposition 7.1 ([Mar21, Theorem 5.4]). Let A,A1, A2 ∈ Ih, and identify I =
F(A), I1 = F(A1) and I2 = F(A2). Further, let φ : A → A∨ be an isogeny
and (A1, ψ1) and (A2, ψ2) be polarized abelian varieties, and choose identifications
µ = F(φ), λ1 = F(ψ1) and λ2 = F(ψ2). Then the following statements hold:

(i) We can make the identification I
†

= F(A∨).
(ii) φ is a polarization if and only if µ is totally imaginary and Φ-positive.
(iii) (A1, ψ1) and (A2, ψ2) are isomorphic if and only if there is an element

y ∈ K× satisfying yI1 = I2 and λ1 = yλ2y.

We break the search for polarized abelian varieties up into two steps. First,
we give two different algorithms for producing isogenies of the form A → A∨, one
based on Algorithm 5.2 and one on Algorithm 6.7. Second, we give an algorithm
that produces the list of all polarized abelian varieties with polarization of degree
dividing D within an isogeny class given the set of such A→ A∨ as input.

Algorithm 7.2 (DualIsogenies FromIter).
Input: A q-Weil polynomial h and an integer D > 1.
Output: Isogenies φ : A→ A∨ in GD, one per equivalence class.

(1) Use Algorithm 5.2 to compute the isogeny graph GD.
(2) For each vertex V do:

(a) Identify the vertex V ∨ corresponding to the ideal class of IV
†
.

(b) Compute ι ∈ K× such that ιIV ∨ = IV
†
.
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(c) For each edge in GD represented by x0IV ⊆ IV ∨ , yield the isogeny

represented by ιx0IV ⊆ IV
†
.

Proof. The correctness follows from Proposition 7.1.(i) and the definition of GD. □

Remark 7.3. In step 2a, one needs to solve a discrete logarithm problem in
ICM(R). This expensive step can be avoided by tracking the action of duality
when constructing the set of vertices of G as orbits of Picard groups; see Proposi-

tion 2.1. By Lemma 2.3, this action is encoded by the formula (IL)
†

= I
†
L
−1

.

Alternatively, we can iterate over representatives from Algorithm 6.7, which saves
time when Pic(Z[π, π]) is large.

Algorithm 7.4 (DualIsogenies FromOrbit).
Input: A q-Weil polynomial h and an integer D > 1.
Output: Isogenies φ : A→ A∨ in GD, one per equivalence class.

(1) Use Algorithm 6.7 to compute Rn
s,s∨ for 1 < n | D.

(2) For each weak equivalence class s, compute Js = (W
†
s∨ : Ws); set js = [Js].

(3) For each endomorphism ring S, compute the endomorphism β of the finite
abelian group GS,S defined by β(b) = bb.

(4) For each weak equivalence class s and each φ ∈ RD
s,s∨ do:

(a) Let S be the multiplicator ring of s, wsa be the domain of φ and ws∨

be the codomain. Choose an element a′ ∈ image(β) mapping to a−1js
in Pic(S) and a−1js in Pic(S); if no a′ exists then continue to the next
φ. Otherwise, choose b0 ∈ GS,S with β(b0) = a′.

(b) For each c ∈ ker(β), let b0c · φ be represented by x0I ⊆ J and:

(i) Compute ι ∈ K× such that ιJ = I
†
, and yield ιx0I ⊆ I

†
.

Proof. The GS,S-orbit of φ consists of isogenies with domain wsab and codomain

ws∨b for b ∈ GS,S . By Proposition 7.1.(i) and Lemma 2.3, we seek b so that

wsab = (ws∨b)
†

= ws∨
†b

−1
= wsjsb

−1

ws∨b = (wsab)
†

= ws
†a−1b

−1
= ws∨ jsa

−1b
−1

which will occur when bb = a′ in Pic(S) (by the first line) and in Pic(S) (by the
second line). The elements b0c are precisely the solutions to this equation. So far
we have worked up to isomorphism; to get an isogeny of the form φ : A → A∨ we
need to compose with ι so that the codomain is precisely the dual of the domain,
not merely isomorphic to it. □

Algorithm 7.5 (NonPrincipalPolarizationsOfDegreeDividing).
Input: A q-Weil polynomial h, an integer D > 1, and a CM-type Φ of K =

Q[x]/(h(x)) satisfying the Shimura–Taniyama formula.
Output: Pairs (I, µ) representing the isomorphism classes of polarized abelian

varieties in Ih with polarizations of degree > 1 dividing D.

(1) Use either Algorithm 7.2 or 7.4 to compute a list L of isogenies φ : A→ A∨

of degree dividing D.
(2) For each overorder S of R do:
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(a) Compute a complete set S of representatives for the cosets of the
quotient S×/S×

+ , where S×
+ is the subgroup of S× consisting of totally

real and totally positive units.

(b) Compute representatives v1, . . . , vn in S× of
S×
+

S×
+ ∩ ⟨ww : w ∈ S×⟩

.

(3) For each isogeny xIA ⊆ IA
†

in L do:
(a) Set S = (IA : IA) and assign S and v1, . . . , vn as above.
(b) If there exists v ∈ S with µ = xv totally imaginary and Φ-positive

then yield the non-isomorphic polarizations (IA, µv1), . . . , (IA, µvn).

Proof. By Proposition 7.1.(ii), each element µvi represents a polarization of IA.

Each µvi is an isogeny from IA to I
†
A of degree dividing D, since it is a composition

of automorphisms v and vi of IA and an isogeny x of degree dividing D.
We now prove that the output consists of non-isomorphic polarized abelian vari-

eties. Pick (IA1 , µ1), (IA2 , µ2) in L. Since the ideal IA representing the vertex of A
is deterministically chosen, we can assume that A1 = A2. Then Proposition 7.1.(iii)
says that (IA1

, µ1) and (IA1
, µ2) are isomorphic if and only if there is a unit u ∈ S×

such that µ1 = uµ2u. A necessary condition is that µ1 and µ2 come from the same
edge x0 by Corollary 3.9.(iv) (composed with an isomorphism ι as in Algorithm 7.2
or 7.4). There exists at most one element v of S such that the element µ = vx is
totally imaginary and Φ-positive. By writing µ1 = µvi and µ2 = µvj , we see that
µ1 and µ2 give rise to isomorphic polarized abelian varieties if and only if µ1 = µ2.

It remains to show that any (I, λ) with deg(λ) | D is isomorphic to some (IA, µvi)
in the output. Proposition 7.1.(iii) states that this happens precisely if there exists
x ∈ K× such that xIA = I and µvi = xλx. Now, since λ is an isogeny of degree
dividing D, there exists a unique edge x0IA ⊆ IA∨ together with elements y, z ∈ K×

such that yIA = I, zI
†

= IA∨ and x0 = zλy by Proposition 3.8.(ii). Take ι ∈ K×

satisfying ιIA∨ = IA
†
. Let u = y/zι. Since yI

†
= zιI

†
, then u ∈ S×. We summarize

the situation in the following diagram:

I IA

I
†

IA∨ IA
†

IA
†

λ

y

x0

y

z ι

u

We have u−1yλy = ιx0. By multiplying by u−1, we see that ιx0u
−1 is totally

imaginary and Φ-positive, since λ is so. Let v be the representative in S of u−1, so
that vu ∈ S×

+ . Let vi be the representative of (vu)−1 in S×
+/(S

× ∩ ⟨ww : w ∈ S×⟩).
Hence there exists w ∈ S× such that vuvi = ww. By setting x = wu−1y, we get
xλx = µvi, that is, an isomorphism between (IA, µvi) and (I, λ). □

8. Implementation and timings

In Table 2, we give some timings for the Magma [Magma] implementation
[CDMRV26] of Algorithms 5.2, 6.7, and 7.5. There are many factors influence
the runtime, and we did not explore which were most impactful or provide an
asymptotic complexity analysis.
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(a) IsogenyGraphBuilder (5.2)

isogeny class g q |Pic(R)| D=4 D=9 D=12 D=36 D=100

1.101.n 1 101 2 < 0.1 < 0.1 < 0.1 < 0.1 < 0.1
3.5.a ab l 3 5 5 < 0.1 < 0.1 < 0.1 < 0.1 0.3
4.3.c ab af ai 4 3 6 0.9 1.1 0.9 1.6 4.0
2.101.ax mo 2 101 30 0.2 0.1 0.2 0.3 0.2
2.101.ak bk 2 101 100 0.4 < 0.1 0.4 0.4 0.7
2.101.k dy 2 101 300 21.9 0.3 24.3 21.4 215
4.9.ag f bh aes∗ 4 9 576 236 401 287 735 1344
3.16.ac c abb 3 16 1000 1764 0.1 1696 1700 1937

(b) IsogenyOrbitBuilder (6.7)

isogeny class g q |Pic(R)| D=4 D=9 D=12 D=36 D=100

1.101.n 1 101 2 < 0.1 < 0.1 < 0.1 < 0.1 < 0.1
3.5.a ab l 3 5 5 < 0.1 < 0.1 < 0.1 < 0.1 0.3
4.3.c ab af ai 4 3 6 1.4 1.1 1.5 8.3 108
2.101.ax mo 2 101 30 < 0.1 < 0.1 < 0.1 0.1 < 0.1
2.101.ak bk 2 101 100 < 0.1 < 0.1 < 0.1 < 0.1 0.1
2.101.k dy 2 101 300 1.4 0.3 1.4 1.5 111
4.9.ag f bh aes∗ 4 9 576 32.0 14.3 34.0 235 2361
3.16.ac c abb 3 16 1000 7.3 0.1 7.3 7.3 22.4

(c) Polarization filter overhead, i.e. (7.5) − (5.2)

isogeny class g q |Pic(R)| D=4 D=9 D=12 D=36 D=100

1.101.n 1 101 2 < 0.1 < 0.1 < 0.1 < 0.1 < 0.1
3.5.a ab l 3 5 5 0.1 < 0.1 0.1 0.1 0.2
4.3.c ab af ai 4 3 6 0.6 0.6 0.6 0.5 0.5
2.101.ax mo 2 101 30 0.2 0.2 0.2 0.2 0.2
2.101.ak bk 2 101 100 0.6 0.6 0.6 0.6 0.7
2.101.k dy 2 101 300 54.4 31.6 41.1 32.3 157
4.9.ag f bh aes∗ 4 9 576 613 288 560 442 1377
3.16.ac c abb 3 16 1000 554 560 559 552 607

Table 2. Wall-clock seconds per cell, single-threaded on an Intel
i9-13900KS (Ubuntu 24.04 LTS, 192 GB RAM), Magma 2.29-7.
< 0.1 is below the noise floor. Rows ordered by |Pic(R)|; ∗ marks
the base change to F9 of 4.3.c ab af ai.
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http://www.lmfdb.org/Variety/Abelian/Fq/3.16.ac_c_abb
http://www.lmfdb.org/Variety/Abelian/Fq/1.101.n
http://www.lmfdb.org/Variety/Abelian/Fq/3.5.a_ab_l
http://www.lmfdb.org/Variety/Abelian/Fq/4.3.c_ab_af_ai
http://www.lmfdb.org/Variety/Abelian/Fq/2.101.ax_mo
http://www.lmfdb.org/Variety/Abelian/Fq/2.101.ak_bk
http://www.lmfdb.org/Variety/Abelian/Fq/2.101.k_dy
http://www.lmfdb.org/Variety/Abelian/Fq/3.16.ac_c_abb
http://www.lmfdb.org/Variety/Abelian/Fq/4.3.c_ab_af_ai
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LLMs. After referee feedback, some revisions to the Github repository and the
timing tables were aided by Claude Sonnet 4.6, Opus 4.7, GPT 5.5 and Gemini 3.1
Pro Review. However, the algorithms and arguments are human generated.
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