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Abstract. Computing spaces of modular and automorphic forms is an im-
portant problem in algorithmic number theory, with in particular Diophantine

applications to generalised Fermat and other equations. The case of Shimura
curves was studied by Greenberg and Voight by cohomological methods, allow-

ing them to reduce the problem to linear algebra. Relying on work of Imbert,

we leverage topological techniques to obtain linear systems so structured that
they can be solved in time quasi-linear in the genus.

1. Introduction

The computation of spaces of modular and automorphic forms is a major theme
in the algorithmic number theory community, with a long tradition of support-
ing theoretical developments and testing conjectures, efforts of systematic tabula-
tion ongoing with the constant growth of extensive databases such as the LMFDB
[LMFDB], and applications to Diophantine problems generalising the successful
proof of Fermat’s last theorem. Unlocking new types of automorphic forms is in-
teresting, but improving the efficiency of known cases is equally important. For
instance to realize Darmon’s program on generalised Fermat equations, one needs
to compute various spaces of automorphic forms, but the levels that appear can
be so large that the spaces become difficult to compute (see for instance [Bil+25,
Section 8]).

Spaces of classical modular forms can be efficiently computed using the method
of modular symbols. For Hilbert modular forms, Dembélé, Donnelly, Greenberg and
Voight [DD08; GV11; Voi10; DV13] gave practical algorithms to obtain the Hecke-
module structure of spaces of Hilbert modular forms. In the odd degree case, the so
called “indefinite method” requires the computation of the cohomology H1(Γ, V )
for some congruence arithmetic Fuchsian groups Γ and certain modules V ; this
is achieved by computing a presentation of Γ from a fundamental domain, then
solving a linear system of size O(µ dimV ) where µ denotes the co-area of Γ. While
practical, this method is far from the quasi-linear complexity of modular symbols.

In this work, we describe and implement an algorithm to compute a basis
of H1(Γ, V ) whose complexity depends quasi-linearly on µ. The main idea is that
instead of using the presentation of Γ directly derived from the fundamental do-
main, we can leverage the theory of surfaces to obtain a presentation of a special
form. This allows us to compute the cohomology group H1(Γ, V ) from a linear
system that is so structured that it can be solved in quasi-linear time.

To achieve this, we revisit the work of M. Imbert [Imb01; Imb99] in the framework
of groupoids and graph embeddings, to turn his method into rigorous and explicit
algorithms. By crucially using straight line programs and with sufficient care, this
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leads to algorithms with good complexity. For simplicity, in this introduction we
state our results assuming that Γ is a congruence arithmetic Fuchsian group. In
Section 4, we prove the following result (see Theorem 4.5).

Theorem 1.1. There exists an algorithm that, given a fundamental polygon of a
co-compact Fuchsian group Γ with its side pairing and an integer m ≥ 0, computes
an m-handle presentation of Γ of the form

⟨a1, b1, . . . , am, bm,e2m+1 . . . , e2g, γ1, . . . , γf | w ·
f∏

k=1

γk, γ
νj

j ⟩

where w =
∏m

j=1[aj , bj ]w
′ with w′ a product of the e±1

j , each appearing exactly once,

and runs in time Õ((m+ 1)µ), where µ denotes the co-area of Γ.

We then exploit these special presentations for cohomological computations, the
intuition being that Γ is almost a free product of cyclic groups. A first idea is to
use a geometric presentation (m = g above), but Theorem 1.1 only gives quadratic
complexity for this case. On the other hand, a one-word presentation (m = 0) does
not yield a sufficiently structured system. A key insight is that a one-handle pre-
sentation (m = 1) is sufficient. More precisely, in Section 5 we prove the following
theorem (see Proposition 5.9 for a more precise statement).

Theorem 1.2. There exists an algorithm that, given a fundamental polygon for Γ
with its side pairing and an integer k ≥ 0, computes an explicit basis of

H1(Γ, Symk(C2))

in time Õ(µ(k + 1)3).

By “computing an explicit basis” of this finite-dimensional vector space, we
mean more than computing its dimension; see Definition 5.1 for a precise defini-
tion: the basis is computed in a form suitable for cohomological operations such as
Hecke operators. We implemented our algorithms in PARI/GP [26], so far in the
case k = 0, and compared them to the existing Magma [BCP97] implementation.
The experimental results are presented in Section 6.

Notations and conventions. We write ⟨g1, . . . , gn⟩ for the group generated by
elements g1, . . . , gn and we write ⟨g1, . . . , gn | r1, . . . , rm⟩ for the finitely presented
group with generators gi and relations rj . When a group G acts on a space V , for
g ∈ G and v ∈ V we denote by g.v the image of v by g. For a subset W of V we
denote by g.W the set {g.w|w ∈ W} and by G.W the set ∪g∈Gg.W . We denote

by V G the set of fixed points of G; for g ∈ G, we abbreviate V ⟨g⟩ = V g. Let ω
be an admissible exponent for linear algebra, i.e. such that matrix multiplication
of dimension n× n can be performed using O(nω) field operations. Lastly, given a

topological space X and a subset S of X, we denote by S̊ (resp. ∂S) the interior

(resp. boundary) of S in X. We use the soft O notation: g = Õ(f) if there
exists a > 0 such that g = O(f log(2 + |f |)a).
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2. Preliminaries

2.1. Presentations from group actions. Let Γ be a topological group and X
be a Hausdorff locally compact topological space. We say a left action of Γ on X
is properly discontinuous if Γ is discrete and for every x ∈ X there exists some
neighborhood V of x such that the set {g ∈ Γ | gV ∩ V ̸= ∅} is finite. Further,
the action is said to be totally discontinuous if it is also free. The next theorem
shows how to reduce the computation of presentations for groups acting properly
discontinuously to the computation of presentations for fundamental groups.

Theorem 2.1. Given a totally discontinuous action of Γ on X, the projection map
p : X → Γ\X is a normal covering map. Let Γ(p) be its automorphism group; then
Γ(p) ≃ Γ, and the sequence

1→ p∗(π1(X,x))→ π1(Γ\X, p(x))→ Γ(p)→ 1

is exact.

Proof. A proof is given in [Hat02, Proposition 1.39, Proposition 1.40]. □

Remark 2.2. The surjective map π1(Γ\X,Γ.x)→ Γ is defined as follows: every loop
γ at p(x) lifts to a unique path γ̃ such that γ̃(1) = x and there is some gγ ∈ Γ such
that γ̃(0) = gγ .x. We then associate γ 7→ gγ .

We now assume X is path connected and we fix a properly discontinuous action
of Γ on X. Let Y be the set of points of X with non trivial stabilizer. Then

X − Y → Γ\(X − Y )

is a covering map and Γ acts totally discontinuously on X − Y . In addition, if we
assume that Y is discrete and X − Y stays path connected then the inclusion map
X − Y ⊂ X induces a surjective morphism π1(X − Y, x) → π1(X,x) with kernel
generated by conjugacy classes of simple loops around points of Y . These loops are
usually easy to describe.

When X = h is the upper-half plane and Γ is a Fuchsian group (see Section 2.2),
the quotient space has the structure of a good compact complex 1-orbifold [Voi21;
Kat92, Chapter 34.8.14, Chapter 3.6] so in particular of a compact orientable topo-
logical surface. In this case Brahana [Bra21] gave combinatorial tools to compute
various presentations of their fundamental groups that we introduce in Section 3.6.

Remark 2.3. In [Thu97, Chapter 13] Thurston defines the orbifold fundamental
group πorb

1 as the automorphism group of the covering X − Y → Γ\(X − Y ) which
is Γ by the last proposition. In the simplest case of the covering D − {0} →
(Z/nZ)\(D − {0}) where D is the unit disk, the simple loop around 0 maps to n
times the simple loop around 0 in the quotient. In this case Theorem 2.1 gives
πorb
1 ((Z/nZ)\D, 1/2) ≃ ⟨γ | γn⟩.

2.2. Fuchsian groups. In this section we introduce Fuchsian groups. A standard
reference is [Kat92, Chapters 3-4].

We denote by h the upper-half plane. We let PSL2(R) = SL2(R)/{±1} be the
projective special linear group over R. It acts properly on h by homographies and
can be identified with the group of orientation preserving isometries of h through
this action.

A Fuchsian group is a discrete subgroup of PSL2(R). As subgroups of PSL2(R),
Fuchsian groups act properly discontinuously on h so that we will be able to apply
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Section 2.1. For simplicity we will stick to co-compact Fuchsian groups, that is,
Fuchsian groups Γ ⊂ PSL2(R) such that Γ\h is compact. From now on we fix
Γ ⊂ PSL2(R) a co-compact Fuchsian group.

A powerful tool to study them via their action on h is the theory of fundamental
domains.

2.3. Fundamental domains. We define a polygon P ⊂ h to be a hyperbolically
convex closed domain with finite non-zero area such that its boundary is a finite
union of maximal geodesics of P .

Each pair of edges either have empty intersection or intersect in a point that we
call a vertex. We write E(P ) (resp. V (P )) for the set of edges (resp. vertices) of
P . The edges and vertices for any finite union of polygons are defined in the same
way. A closed domain O ⊂ h in the upper-half plane is a fundamental domain for
Γ if Γ.O = h and for all g ̸= 1 ∈ Γ, we have gO̊ ∩ O̊ = ∅.

By [Kat92, Theorem 4.1.1], there always exists a fundamental domain P for Γ
which is a polygon. In this case we will call P a fundamental polygon for Γ.

2.4. Side pairings. We fix a fundamental polygon P for Γ. Define a subset R =
{g ∈ Γ | g−1.P ∩P ̸= ∅} of Γ associated with P . For any g ∈ R, write e = g−1P ∩P .
Then e is a maximal geodesic in ∂P . When g.e ̸= e we call e an edge of P . When
g.e = e, the element g has order two and has a fixed point v at the middle of e.
Therefore e = e1 ∪ e2 is a union of geodesic segments intersecting at v and such
that e1 = g.e2. In this case instead of e we call e1 and e2 edges of P .

Let E be the set of edges of P . For each e ∈ E there is a unique ge ∈ R such
that ge.e ∈ E, namely the only g ∈ Γ such that g−1.P ∩ P = e. We write ē = ge.e,
and with the previous convention we have ē ̸= e and ¯̄e = e for all edges e ∈ E. The
map σ1 : e 7→ ē is then a fixed-point free involution of E. Lastly let φ : E → R be
the map e 7→ g−1

e .
The pair (σ1, φ) is called the side pairing of Γ attached to P . We also denote by

σ2 the permutation of the edges of P in clockwise orientation and σ0 = σ1σ
−1
2 .

Theorem 2.4 (Side pairings generate Fuchsian groups). The set R is a set of
generators for Γ and if {cv}v is the set of cycles of σ0 then {cνv

v } is a complete set
of relations for Γ, where νv is the order of cv in Γ.

Proof. [Kat92, Theorem 3.5.4]. See also Part 3.4 and Theorem 2.1. □

In particular, Fuchsian groups can be specified by the data of a fundamental
domain and a side pairing.

2.5. Arithmetic Fuchsian groups. Some general references for this section are
[Vig80; Kat92; Voi21]. Let F be a totally real number field of degree n = [F : Q]
over Q and let B be a quaternion algebra over F , that is a central simple F -algebra
of dimension 4. Any such algebra can be specified by two generators i, j ∈ B such

that i2 = a ∈ F , j2 = b ∈ F and ij = −ji, we then write B =
(

a,b
F

)
. For every

place v of F , denote by Fv the completion of F at v. The algebra B is said to
split at v if B ⊗F Fv ≃ M2(Fv) and ramified otherwise. An order O of B is a
ZF -lattice of B that is also a subring. It is maximal if it is not properly contained
in any other order. Denote by O1 the group of units of reduced norm 1 in O. Let r
be the number of ramified infinite places and s the number of split infinite places.
We have r + s = n and there is an isomorphism B ⊗Q R → Hr ×M2(R)s where
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H =
(−1,−1

R
)
which induces an embedding ι : O1 → (H1)r × SL2(R)s. Denote by

p : Hr ×M2(R)s → M2(R)s the projection. The group p ◦ ι(O1) acts diagonally
by orientation preserving isometries on hs. The group p ◦ ι(O1) is discrete, and
co-compact if B is a division algebra [Voi21, Proposition 38.3.8, Main Theorem
38.4.2].

When s = 1, this means that O1 is a co-compact Fuchsian group. We can now
define arithmetic Fuchsian groups.

Two groups H and Γ are commensurable if H ∩ Γ has finite index in both H
and Γ. An arithmetic Fuchsian group is a Fuchsian group which is commensurable
with p ◦ ι(O1) for some F,B,O as above.

Theorem 2.5. There exists an algorithm that, given an arithmetic Fuchsian group
Γ identified by arithmetic data, returns a fundamental polygon and a side pairing
for Γ, heuristically in time O(µ2), where µ = µ(Γ\h) is the co-area of Γ.

Proof. [Ric22, Algorithm 3.1]. □

By Sections 2.4 and 2.5, given an arithmetic Fuchsian group identified by arith-
metic data we can compute a finite set of generators attached to a fundamental
domain and a side pairing identifying our group. This identification of an arith-
metic Fuchsian group is already very convenient, but the given presentation is not
the best one for computations.

2.6. Signature of a Fuchsian group. Let (Ci)i=1,...,f be the conjugacy classes
of maximal finite subgroups of Γ. The signature of Γ is a tuple (g; ν1, . . . , νf ) where
g is the genus of the surface Γ\h and νi is the order of any maximal subgroup in
Ci for every i.

Example 1 (An arithmetic Fuchsian group with signature (1;3)). Inputing F =

Q(
√
8), B =

(
−
√
2,−3
F

)
and η = ZF in Algorithm 3.1 of [Ric22] yields a funda-

mental polygon as in Figure 1 for the arithmetic Fuchsian group Γ correspond-
ing to some maximal order. It also outputs a side pairing (σ1, φ) on the edges
E = {a, b, c, d, e, ā, b̄, c̄, d̄, ē} such that σ2 = (abcdb̄ec̄d̄ēā). Then, R = φ(E)
is a generating family for Γ and computing the cycle decomposition

σ1 ◦ σ−1
2 = (a)(bāe)(cb̄d̄)(dc̄ē)

gives a presentation

Γ ≃ ⟨a, b, c, d, e | an, ba−1e, cb−1d−1, dc−1e−1⟩
for n = |a|Γ. The algorithm also outputs the signature (1; 3) so that n = 3. Then an
explicit geometric presentation as in Theorem 1.1 will be described in Example 5.

We now introduce groupoids as they allow us to express the spatial component
of the geometric presentations of π1(Γ\(h−Y )) and are crucially used in the proofs
of Sections 3.6 and 4. Readers only interested in the application to cohomology
computations may safely go to Section 5.

2.7. Graphs. A graph G is a compact 1 dimensional CW-complex. A 1-cell of G
is called an edge and a 0-cell is called a vertex. We denote by E(G) (resp. V (G))
the set of edges of G (resp. vertices) of G. The gluing is represented by a map
ϕ : E(G) → V (G) × V (G) where for each e ∈ E the gluing map g : {v, v′} = ∂e →
V (G) is such that ϕ(e) = (g(v), g(v′)). A map of graphs is a map of CW-complex.
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Figure 1. A fundamental domain for Γ.

A subset of edges S of a graph G naturally defines a subgraph of G that we may
denote again by S.

2.8. Groupoids. Two basic references for this section are [Hig05; Bro06]. The
language of category theory is used freely and we take the “fundamental group
convention” that arrows compose from left to right.

A groupoid G is a category where every morphism is an isomorphism. A sub-
groupoid of a groupoid is a subcategory which is also a groupoid. A morphism
of groupoids is a functor of the underlying categories, it is injective (resp. surjec-
tive, resp. bijective) if object and morphism maps are. We denote by Ob(G ) and
Mor(G ) = ∪x,y∈Ob(G )G (x, y) the sets of objects and morphisms of G respectively,
where G (x, y) denotes morphisms from x to y.

2.9. Fundamental groupoids. The fundamental groupoid π1(X,A) of a topologi-
cal spaceX with respect to a subset A is the category with objects A and morphisms
homotopy classes of paths between points of A. The set A is representative in X if
it meets every connected components of X. If f : X → Y is a continuous map we
denote by f∗ the induced morphism π1(X,A) → π1(Y, f(A)). When X is a graph
we define the fundamental groupoid of X to be π1(X,V (X)).

2.10. Groupoids to graphs and vice versa. From a groupoid G we can recover
a graph G = Forget(G ) as follows: let V (G) be Ob(G), let E(G) be the set of
morphisms of G modulo inversion and without the identities, and let the gluing
maps be given by source and target maps. From a graph G, we can recover a
groupoid by the fundamental groupoid functor.

The fundamental groupoid and forgetful functors are respectively left and right
adjoints. That is, π1( , V ( )) is the analogue of the free group functor for groupoids,
where sets are replaced by graphs as the underlying concrete category. For this
reason we also write Free(G) = π1(G,V (G)) for a graph G. If S is a subset of edges
of G we write Free(S) for the smallest subgroupoid of Free(G) containing S.

Remark 2.6. This can be proven using the Van Kampen theorem for groupoids that

we introduce later and shows in particular that π1(
∨f

i=1 S
1, •) = Z∗f is the free

group on f generators.

Each edge e of a graph G corresponds to exactly two paths in π1(G,V (G)) that
we call darts. We denote by D(G) the set of darts of G. If v is a vertex of G, then
a dart d is incident to v if d(1) = v.

We now want to define presentations and kernels for groupoids.
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Remark 2.7. Let F : G → F be a functor and f and g be two arrows in G . It may
happen that F (f)F (g) is an identity in F but f and g do not compose in F . To
make sense of the expression fg as a relation for F , we need universal groupoids,
which are introduced in the next section.

2.11. Universal groupoids. Let G be a groupoid and let h : Ob(G ) → X be a
map of sets. Two morphisms f, g ∈ Mor(G ) eventually compose in X if h(s(g)) =
h(t(f)) where s and t are source and target maps. Define the universal groupoid
Uh with respect to h to be the groupoid with object set X and with morphisms
the words of morphisms in G that eventually compose in X. If f and g already
compose in G , then the words (fg) and (f, g) are identified. The map h induces a
morphism of groupoids G → Uh. For a functor F : G → F, the universal groupoid
associated with F is defined to be the universal groupoid associated with Ob(F ).

Example 2. Denote by I the unit groupoid, that is the fundamental groupoid
π1([0, 1], {0, 1}) of the unit real interval with respect to its boundary. The uni-
versal groupoid with respect to the unique map {0, 1} → {1} is π1(S

1, {1}).

2.12. Presentations for groupoids. Let G be a groupoid. A family of arrows S
of G generates G if the smallest subgroupoid containing S is G . Equivalently, if
S → Forget(G ) is a map of graphs such that F : Free(S)→ G is surjective, we say
that S generates G and we write G = ⟨S⟩. Define kerF to be the subgroupoid of
Free(S) with objects Ob(kerF ) = Ob(Free(S)) and morphisms those morphisms in
f ∈ Mor(Free(S)) such that F (f) is an identity in G . In this special case, any set of
morphisms R generating ker(F ) is a set of relations for G and we write G = ⟨S|R⟩.

2.13. Quotient groupoid. The kernel N = kerF of F is a normal subgroupoid
of Free(S), that is Ob(kerF ) = Ob(Free(S)) and for every x, y ∈ Ob(Free(S))
and every a ∈ Free(S)(x, y) we have a.N (y, y).ā ⊂ N (x, x). There is a notion of
quotient by a normal subgroupoid, and from [Bro06, p. 11.3], G is isomorphic to
the quotient Free(S)/N . For any surjective groupoid morphism F : G → G ′, the
first isomorphism theorem holds, that is G ′ ≃ G / ker(F ).

We can even assume that F is not surjective but only that F (Mor(G )) generates
G ′. Following Remark 2.7, we should enhance the quotient G ′ ≃ G / ker(F ) to a
quotient G ′ ≃ U/ ker(Fu) where U is the universal groupoid associated with F and
Fu : U → G ′ is the canonical functor. Indeed in this case Fu is surjective. Then, a
presentation of G ′ = ⟨S | R⟩ can be given as a generating family of arrows for U
and ker(Fu).

We now come to the main part of this section which will enable us to compute
explicit presentations of fundamental groupoids.

2.14. The Van Kampen theorem. Let i : X0 ↪→ X1 and f : X0 → X2 be con-
tinuous maps with i injective. Let A be representative in X0 and B in X2 with

f(A) ⊂ B. Let X denote a push-out of X1
i←− X0

f−→ X2. By a result of Brown
[Bro06, Chapter 9.1], when i is a cofibration and in particular when X0 is a sub-
CW-complex of a CW-complex X1, the induced diagram

π1(X0, A) π1(X2, B)

π1(X1, A) π1(X,B)
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is a push-out diagram.

2.15. Pushouts. Let B i←− A j−→ C be a push-out diagram of groupoids with G a
push-out. Denote by f : B → G and g : C → G the push-out maps. Let U be the
universal groupoid associated with f ⊔ g : B ⊔ C → G , and let p ⊔ q : B ⊔ C → U
be the induced morphism of groupoids. Let F : U → G be the canonical functor.
Then F is surjective and has kernel generated by the normalizer of the union of
{(p◦ i)(a).(q ◦ j)(ā)) | a ∈ Mor(A)}, ker(f) and ker(g) in U . Let SA, SB, SC , Sker(f)

and Sker(g) denote generators for A, B, C, ker(f) and ker(g) respectively. From
Section 2.13 a set of generators for G is given by SB ∪ SC and a set of relations is
given Sker ∪ Sker(g) ∪ {(p ◦ i)(s)(q ◦ j(s̄)) | s ∈ SA}.

3. Groupoids from graph embeddings

In this section we revisit work of Imbert [Imb01; Imb99] on the computation
of geometric presentations for Fuchsian groups in the language of groupoids and
graph embeddings.

Throughout this section we fix a Fuchsian group Γ and call Y the set of points
of h with non trivial stabilizer under the action of Γ, also called elliptic points. We
assume that Γ is co-compact for simplicity but the results hold with small changes
for finitely generated Fuchsian groups. We denote by S the quotient space Γ\h.

Following Theorem 2.1, we wish to compute the automorphism group of the
covering h− Y → Γ\(h− Y ). To do so we need to compute suitable presentations
of π1(Γ\(h− Y )) and π1(h− Y ).

3.1. Combinatorial graph embeddings. As mentioned in the paragraph above
Remark 2.3, the space S is an orientable and compact topological real surface.
From a theorem of Radó Tibor [Tib26], every such surface admits a combinatorial
triangulation. Equivalently, every such surface admits a graph embedding G ↪→ S
such that S −G is a disjoint union of polygons with boundaries removed and with
the property that each edge of G lies in the boundary of at most two of these
polygons. Such an embedding is said to be combinatorial.

We fix a combinatorial graph embedding ι : G ↪→ S and an orientation on S.
The surface S should now be thought of as a gluing of polygons along their edges.
Denote by (Pi)i=1,...,f the polygons, or faces, forming S − G. Each Pi is endowed
with the orientation coming from S.

Let E = ⊔E(∂Pi), D = ⊔D(∂Pi) and σ1 be a fixed-point free involution of
E representing the gluing. We can partition E = E+ ⊔ E− from a choice of
representatives in E/σ1 as negatively and positively oriented edges where an edge
e ∈ E(∂Pi) is positively oriented if its orientation comes from that of Pi. The
orientation of S also yields a cyclic ordering of E(∂Pi) for each i. Put σ2,i to be
the corresponding permutation of E(∂Pi) and σ2 the induced permutation on E.

We respectively call σ1 and σ2 the side pairing and face permutation of ι.

Remark 3.1. The connectedness of S is equivalent to the transitivity of the action
of ⟨σ1, σ2⟩ on E.

The data of the permutations (σ1, σ2) is a face representation of ι. We will need
the equivalent vertex representation (σ0, σ1) with σ0 = (σ1σ2)

−1 being the vertex
permutation of the embedding.
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ē

ā

a
b c

d

b̄

e
c̄d̄

d∗

c∗b∗

a∗

e∗
>

ā ∗

e∗

b∗
c
∗

d̄∗

Figure 1: Dualizing abcdb̄ec̄d̄ēā into (a, āeb̄, bd̄c, dc̄ē)

1

Figure 2. Dualizing G ↪→ S into G∗ ↪→ S.

The set of edges E is in bijection with the set of darts D(G) of G. This way, each
∂Pi can be represented by a loop or word wi = e1 . . . el, where each ei is viewed
as a dart in D(G) that is positively oriented in Pi, and (e1 . . . el) is the cycle of σ2

corresponding to Pi. We write E(wi) for the set of edges {e1, . . . , el}.
The set of edges of the words {wi : i} then has the property that each edge

of G appears exactly twice, once positively and once negatively. We then say the
embedding ι, and also S is represented by the words (wi)i=1,...,f . An m-handle
word is a word of the form

∏m
i=1[ai, bi]w

′ where the notation
∏m

i=1[ai, bi] means
a1b1ā1b̄1 . . . ambmāmb̄m and w′ is any word.

Example 3. The g-holed torus has a face representation (σ1, σ2) with side pairing
σ1 =

∏g
i=1(ai āi) and σ2 = (a1 b1 ā1 b̄1 . . . ag bg āg b̄g). In particular it is

represented by the word wg = a1b1ā1b̄1 . . . agbgāg b̄g.

To understand the vertex representation, assume S has a C1-structure and fix a
vertex v of G. Each edge of G corresponds to two paths in π1(G,V (G)). Call a dart
of G any path d associated with an edge and say that d is incident to v if d(1) = v.
Project a small neighbourhood of v in S on the tangent plane of S at v. This gives
a cyclic ordering of the darts incident to v. Each cyclic ordering then corresponds
to a cycle of σ0. The set of edges E in face representations is now replaced by the
set of darts, that we call again E, and σ1 maps any dart d to d̄, linking the vertices
associated with d and d̄.

Remark 3.2 (Euler characteristic). If ι has f faces, v vertices, e edge and S has
genus g then the equality 2− 2g = v − e+ f holds.

3.2. The dual graph embedding. From the face representation (σ1, σ2) we can
obtain the face representation of another combinatorial graph embedding ι∗ : G∗ ↪→
S, called the dual graph embedding of ι, with face representation (σ1, σ1 ◦ σ0 ◦ σ1).
A vertex representation of the dual graph embedding is given by (σ2, σ1), so that
it lets us interprets faces (resp. vertices) of ι as vertices (resp. faces) of ι∗.

The associated polygons and gluings are built as follows. Let (Pi)i be a set
of polygons corresponding to (σ1, σ2) and E be its set of edges. For each edge
e, common to P and P ′ through σ1, link the centers of P and P ′ by an edge
going through e. Denote the new edge by e∗. Let G∗ be the graph with set of edges
E∗ = {e∗|e ∈ E} and set of vertices the centers of the Pi. We get a graph embeding
ι∗ : G∗ ↪→ S with vertex representation (σ2, σ1) if we naturally identify E and E∗.
See Figure 2 which pictures dualizing an embedding with a single face.
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Remark 3.3. When S = Γ\h and ∪iPi form a fundamental domain for Γ, the set
of polygons obtained by dualizing does not form a fundamental domain as elliptic
points now lie in the interior of some polygons.

3.3. Our setting. We are given a fundamental polygon P with edges E for a co-
compact Fuchsian group Γ with elliptic points Y together with a side pairing (σ1, φ).
The polygon P yields a combinatorial graph embedding ι : ∂P/σ1 = G ↪→ S = Γ\h
with face representation (σ1, σ2) on E. Let p : h→ S be the quotient map.

Recalling Theorem 2.1, we need to puncture S at points of Γ\Y . But Y meets P
at its vertices so that ι does not come from a map G ↪→ S − Γ\Y . Let ι∗ : G∗ ↪→ S
be the dual graph embedding of ι. Then Γ\Y does not meet G∗ so that ι∗ comes
from an embedding ι∗ : G∗ ↪→ S − Γ\Y .

Remark that ι∗ has a single vertex since ι has a single face. We have a groupoid
surjection π1(G

∗, V (G∗)) ≃ π1(S − V (G), V (G∗)) → π1(S − Γ\Y, V (G∗)) induced
by the homotopy equivalence G∗ ↪→ S − V (G) and the inclusion S − V (G) ⊂
S − Γ\Y . Following Theorem 2.1 and Remark 2.2, we obtain a groupoid surjec-
tion ϕ : π1(G

∗, V (G∗)) → π1(S − Γ\Y, V (G∗)) → Γ with kernel the image of the
morphism π1(h− p−1(V (G)), v0)→ π1(S−V (G), V (G∗)) induced by p for some v0
with p(v0) ∈ V (G∗).

The group K = π1(h − p−1(V (G)), v0) is obtained by first normalizing the
groupoid G generated by the graph ∪ip−1(∂Pi) in π1(h− p−1(V (G)), p−1(V (G∗)))
and then letting K = G (v0). Explicitly, as in Section 3.1 the boundary ∂Pi corre-
sponds to a simple loop ηi around some vertex v of P that maps through p to a loop
around p(v) a vertex of G. If c = (e1 . . . el) is the cycle of σ2 corresponding to p(v),
then δi = e1 . . . el is a simple loop around p(v). From Remark 2.3 we then have
p ◦ ηi = δmi for some integer m being the order of ϕ(δi) in Γ. Then K is generated
by the αηiᾱ where α is a path from v0 to δi(0). For each i we denote by γi any of
the loops p∗(α)δip∗(ᾱ).

The map ϕ is fully determined by its image on E∗ and we have ϕ(e∗) = φ(ē) for
every e∗ ∈ E∗. Indeed, let g∗ = ϕ(e∗) and g = φ(e). Also denote by c the center of
P and by θ∗ the unique lift of e∗ with θ∗(1) = c. Then as covering automorphisms
of p at c, both g and g∗ are fully determined by their image at c. But θ∗.c is the
center g−1.c of g−1.P by construction so that g∗ = g−1 and the result.

We now show how to work and compute good presentations for the groupoid
π1(S, V (G∗)) before showing how to lift them to the desired presentations for
π(G∗, V (G∗)).

3.4. Fundamental groupoids of surfaces. We keep the notations of the last
section. We will compute presentations of π1(S, V (G∗)) coming from the map ι∗ but
the procedure works for any combinatorial embedding. A CW-complex structure
on S is given by S(1) = G∗ and a 2-cell for each Pi with gluing maps induced by
σ1. Applying the Van Kampen theorem 2.14 to the push-out

⊔f
i=1 ∂Pi G

⊔f
i=1 Pi S
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Figure 3. One face reduction into cec−1e−1.

we obtain the push-out⊔f
i=1 π1(∂Pi, V (∂Pi)) Uπ/N⟨e∗σ1(e

∗); e∗ ∈ E∗⟩

⊔f
i=1(π1(∂Pi, V (∂Pi))/N⟨δi⟩) π1(S, V (G∗))

where Uπ is the universal groupoid associated with the projection π :
⊔f

i=1 ∂Pi →(⊔f
i=1 ∂Pi

)
/σ1.

We obtain a presentation for π1(S, V (G∗)) of the form ⟨E∗ | eσ1(e), δi; e∗ ∈
E∗; i⟩. When f = 1, there is a single face P and writing (E∗)+ = {e1 < . . . < en <
e1} we get π1(S, V (G∗)) = ⟨e1, . . . , en | e1 . . . en⟩.

In the next section, we show how to reduce to this case.

3.5. One face reduction. Let Gfaces be the graph with vertices {Pi; i} and with
edges the pairs (e∗, σ1(e

∗)) such that e∗ and σ1(e
∗) lie in different polygons. Let T

be a spanning tree in Gfaces. Define PT = ∪TPi to be the quotient of ⊔fi=1Pi where
for every edge (e, σ1(e)) of T we identify e and σ1(e). See Figure 3 for an explicit
example.

The map ∂PT /σ1 ↪→ S is again a combinatorial graph embedding. If we write
E(∂PT )

+ = {e1 < . . . < en′ < e1} and let δ = e1 . . . en′ , we have proved that

π1(S, V (G∗)) = ⟨E∗|e∗σ1(e
∗), δi; e∗ ∈ E∗, i = 1, . . . , f⟩

= ⟨e1, . . . , en′ |δ⟩

In the following we let γ = αδᾱ for some path α from v0 ∈ V (G∗) to δ(0).

Remark 3.4. If we denote by ni the number of edges of Pi for each i then PT has
n′ =

∑
i ni − 2(f − 1) edges. When G has a single vertex, PT has a single vertex

and computing the euler characteristic (Remark 3.2) of ιT gives n′ = 4g where g is
the genus of S.

3.6. Fundamental groupoids of graph embeddings. The groupoid surjection
π1(G

∗, V (G∗)) → π1(S, V (G∗)) induced by ι∗ has kernel K = N⟨γi : i = 1, . . . , f⟩
from the last section. Replacing ι∗ by ιT : GT = Γ\∂PT ↪→ S in the last section we
can show that the morphism π1(GT , V (GT ))→ π1(S, V (G∗)) has kernel N⟨γ⟩. Let
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FT be the image of ⊔∂Pi in PT . Then, ιT factors through ι∗ in such a way that
it lifts to an embedding ∂PT ↪→ FT with image FT − T if T is naturally seen as a
subgraph of FT . In particular γ lies in K so that it is of the form γ =

∏
gjδ

±1
j ḡj

for some paths gj in π1(G
∗, V (G∗)) from γ(0) to δj(0).

In Section 4 we will show that in fact we can obtain the following.

Theorem 3.5 (Fundamental groupoids of graph embeddings). Any combinatorial
graph embedding ι : G ↪→ S represented by words (wi)i gives a presentation of the
fundamental groupoid of G of the form

π1(G,V (G)) = ⟨⊔iE(wi) | wiδi, i⟩

with δi = wi and ker(π1(G,V (G))→ π1(S, V (G)) = N⟨δi; i⟩. Further, let Gfaces be
the graph with vertices those faces of ι and vertices those pairs of edges (e, σ1(e))
such that e and σ1(e) lie in different faces. Then any spanning tree T in Gfaces

yields another presentation

π1(G,V (G)) = ⟨E(w) | w.
f∏

j=1

gjδh(j)ḡj = 1⟩

for a word w representing S and we can compute explicitly the ordering h of the
product, the paths gj and the word w as follows.

For any i = 1, . . . , f , let Pi be a polygon corresponding to wi. Let PT be the
quotient of ⊔iPi obtained by gluing e and σ1(e) for any edge (e, σ1(e)) in T and FT

be the image of ⊔i∂Pi in PT . If v = w(1), then:

• h : {1, . . . , f} → {1, . . . , f} is the depth-first search ordering in T from the
smallest face containing v using the cyclic ordering on vertices of T induced
by σ2.
• For each j = 1, . . . , f , the path gj is the shortest path in FT from v to
δh(j)(0) respecting orientation.
• The word w represents the graph embedding Γ\∂PT ↪→ S.

When w is an m-handle word for S, we call such presentation an m-handle pre-
sentation of π1(G,V (G)). The special cases m = 0 and m = g for g the genus of S
are respectively called one word and geometric presentations of π1(G,V (G)).

From Theorem 2.1 and Remark 2.3 we have obtained the following.

Corollary 3.6. Let Γ be a co-compact Fuchsian group with signature (g; ν1, . . . , νf ).
Then there exists a word w = e1 . . . en representing Γ\h and a presentation

Γ ≃ ⟨e1, . . . , en, γ1, . . . , γf | w.
f∏

i=1

γi, γ
νj

j ; j⟩

We will say that the generators (ei)i=1,...,n are topological while the (γi)i=1,...,f

are elliptic.
The rest of this section is dedicated to building m-handle words representing S

from any word representing S. We anticipate the last result in the next corollary.

Corollary 3.7. In the setting of Corollary 3.6, w can be replaced by an m-handle
word representing Γ\h for any m = 0, . . . , g.
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Figure 4. Cutting aαbβāγb̄δ along a and pasting along b.

3.7. Cut and paste. Let w be a word representing a surface S and C ↪→ S the
associated graph embedding. Let a, b be two edges in w such that we can write
w = aαbβāγb̄δ. By cutting along a and pasting along b we mean representing S by
the new word w′ = adāγβd̄αδ where d = αbβ in the underlying groupoid of S. In
practice, this operation can be viewed as cutting the polygon attached to w following
an arc joining a(1) and ā(0) and gluing the 2 obtained polygons along (b, b̄), see
Figure 4, then we always have w = w′ as paths in the fundamental groupoid of
S. Denote by C ′ ↪→ S the graph embedding attached to w′. This operation
translates into a groupoid isomorphism Fa,b : π1(S, V (C ′)) → π1(S, V (C)) defined
by Fa,b(c) = β̄γ̄a, Fa,b(d) = αbβ. and Fa,b(e) = e for e not in {c, d, c̄, d̄}.

3.8. Extracting a handle. Let w be a word representing S such that there exists
edges a and b with w = aαbβāγb̄δ. First cutting along c = αbβ and pasting along
b yields the word w′ = acāγβc̄αδ, then cutting along d̄ = āγβ and pasting along ā
yields the word w′′ = γβdcd̄c̄αδ where the pattern [d, c] = dcd̄c̄ is called a handle.

When w has a single vertex, such a and b always exist. We now suppose w has
a single vertex. Noting that any handle already present in αβγδ remains a handle
after extraction, by successive extraction of handles we obtain a canonical word
wg =

∏g
i=1[ai, bi]. But this process is not suitable for algorithmic purposes. The

following algorithmic procedure was proposed by M. Imbert in [Imb01].

3.9. Extracting multiple handles. We show how to build an m-handle word for
S for any m = 0, . . . , g where g is the genus of S. Assume recursively that we have
built a word w = ζc.α.d.βc̄γd̄.β with ζ =

∏m−1
i=1 [ai, bi] for 1 ≤ m. Cutting along

c and pasting along d gives ζc.e.c̄γβēαδ, cutting along c̄ and pasting along ē gives
cαδζfγβc̄f̄ . Now cutting along f and pasting along c̄ gives ζf ḡf̄gγβαδ and letting
h = ḡ concludes the recursion.

Gathering the cut and pastes we can explicitly write f = γβ(α.d.β)αδζ and
h = γβc̄.

Remark 3.8. The case m = g in Section 3.9 yields the well-known geometric pre-
sentation.

4. Algorithms

We keep the notations of Section 3.3.

4.1. Representation of the data. We represent graph embeddings by their face
representations, that is two permutations on a set of edges. From the side pairing of
Γ we can represent any element of Γ by a word of edges in E(G). Instead of words
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of edges we use straight line programs (see Section 4.2 and [HEO05, Section 3.1.3])
to represent elements and families of elements of Γ. This will enable us to represent
the set of conjugating paths {gj}j in quasi-linear space instead of quadratic and to
represent canonical loops in quasi-quadratic space instead of exponential space for
the geometric presentation.

4.2. Straight line programs. Fix 1 ≤ n an integer. A straight line program s is
a vector such that each entry is of the form (op, i, j), (op, i) or (1) for some symbol
op representing a unary or binary operation and some integers i and j.

Fix a straight line program s, a group Γ and a finite family (gi)i=1,...,n of elements
of Γ. The evaluation of s in Γ is done as follows: let m be the length of s and let o
be a vector of size n+m such that oi = gi for i = 1, . . . , n and oi = 1Γ otherwise.
We will use the symbols mul, inv and id to represent multiplication, inversion and
identity.

We will incrementaly fill o with elements of Γ. Assume o has been built up to
on+k−1 for k ≥ 0, let instr = sk, then:

(1) If instr = (mul, i, j), put ok = oioj .

(2) If instr = (inv, i), put ok = o−1
i .

(3) If instr = (id, i), put ok = oi.
(4) instr = (1), put ok = 1Γ.

The output of such algorithm can then either be the whole vector o or if a vector
of pointers ρ pointing to a set of specific elements is given, the vector (oρj )j .

Example 4. Let Γ = Z and (g1, g2) = (13, 11). Let + denote mul and − denote inv
for Z. The straight line program

s = [(+, 1, 1), (+, 3, 3), (+, 4, 1), (−, 5), (+, 2, 2), (+, 7, 2), (+, 8, 8), (+, 6, 9)]

evaluates to o = [26, 52, 65,−65, 22, 33, 66, 1] in Z and corresponds to the identity
1 = −5 · 13 + 6 · 11.

4.3. Summary of the setup. Recall that we are given a co-compact Fuchsian
group Γ as a fundamental polygon P and a side pairing (σ1, φ) with S = Γ\h.
From this fundamental polygon we obtain a combinatorial graph embedding ι : G =
Γ\∂P ↪→ S and dual graph embedding ι∗ : G∗ ↪→ S such that the induced morphism
of groups π1(G

∗, V (G∗))→ π1(S − V (G), V (G∗)) is an isomorphism.
To compute anm-handle presentation (1.1) for Γ, from Theorem 2.1, we can view

Γ as the automorphism group Γ(p) of the covering p : h−Y → S−Γ\Y for which we
have Γ(p) ≃ π1(S − Γ\Y, p(v0))/p∗π1(h− Y, v0). From Section 3.3 we further have
π1(S − Γ\Y )/p∗π1(h − Y, v0) ≃ π1(S − V (G), V (G∗))/p∗π1(h − p−1V (G), V (G∗))
where a generating family for p∗π1(h− p−1V (G), V (G∗)) is described again in Sec-
tion 3.3. We then only need to compute a presentation for π1(G

∗, V (G∗)) as in
Theorem 3.5.

We use the notations of Section 3.5 and Section 3.6. The gluing map σ1 induces
a projection map π : FT → G∗ such that the induced morphism π1(FT , V (FT )) →
π1(G

∗, V (G∗)) has kernel of the form ⟨eσ1(e); e ∈ E(FT ) − E(T )⟩ so that we may
only work in π1(FT , V (FT )). We fix v0 ∈ V (FT ).

4.4. Computation of π1(FT , v0). Before computing π1(FT , v0), we set some no-
tations and the ordering h of the faces (Pi)i=1,...,f as in Theorem 3.5.
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Assume that a spanning tree T in Gfaces is given and denote by E the set
⊔iE(∂Pi). Let A be the set of vertices of the form e(0) for e a positively ori-
ented dart of some polygon ∂Pi and such that (e, σ1(e)) is an edge of T . We also
let v0 ∈ A. For each vertex v ∈ A there is a unique corresponding dart e so that
we may write e ∈ A. Viewing T as a tree in ι : G ↪→ S linking the centers of
the polygons (Pi)i=1,...,f , the permutation σ∗

2 yields a cyclic ordering on the darts
incident to a vertex of T .

We will order the set A as well as the polygons (Pi)i as in Theorem 3.5 using a
depth first search in T . Let e0 be the dart corresponding to v0 ∈ A.

Algorithm 4.4.1 (Ordering A).

• Input: A, e0, (σ1, σ2), an index i initialized at 1 for recursion and an
ordering of the faces (Pi)i.
• Output: an ordering of A.

(1) Let e = e0.
(2) Mark the face of index i.
(3) If e is in A and the face Pk containing σ1(e) is not marked, recurse with e0

replaced by σ1(e) and i initialized at k. Then go to step (4).
(4) Increment e to (σ∗

2)
−1(e). If e = e0, terminate. Otherwise go to step (3).

This yields an ordering h : {1, . . . , f} → A. From the recursion process, the set
σ1(A) = {σ1(e)|e ∈ A} is such that for each face Pk there is a unique correspond-
ing edge σ1(e) ∈ σ1(A). The ordering h then also gives an ordering of the faces
(Ph(i))i=1,...,f . We also let ϕ : {1, . . . , f} → {1, . . . , f} ∪ {0} associating with a face
Pi with i ≥ 2 the index of its immediate predecessor in the depth first search, or 0
if i = 1.

For 1 < j, fix e to be the jth dart in A and Pj the corresponding polygon.
There is a unique positively oriented path in ⊔j∂Pj , which may be constant, from
σ1(ϕ(e))(1) to e(0). In FT this is a path from ϕ(e)(0) to e(0) that we call αj . As in
Section 3.3, let δj be the only negatively oriented simple loop in ∂Pj ⊂ FT starting
at e(0).

LetH be the subgraph of π1(FT , A) with edges {αj ; j}∪{δj ; j}. Then V (H) = A.
See Figure 5 for an example.

The graph H contains a unique spanning tree T ′ which is isomorphic to T , such
that H − T ′ is the subgraph of loops {δj}j . Finally for 1 < j, let gj be the unique
smallest path from v0 to δj(0) in H and γj = gjδj ḡj . For j = 1, put g1 to be the
constant path and γ1 = δ1. We are ready to prove the main lemma from which
Theorem 3.5 follows.

Lemma 4.1. Let γ be the only simple path in ∂PT = FT−T in negative orientation
starting at v0. As a word of edges, γ represents S = Γ\h and the equality γ =

∏
j γj

holds in π1(FT , v0) and a fortiori in π1(G
∗, V (G∗)).

Proof. The graph H is a generating graph for π1(FT , A) so that we only need to

find the relation γ =
∏f

j=1 gjδj ḡj in π1(H,A). Let Π = π1(H,A). The group Π(v0)

is freely generated by the set {γj} as H/T ′ ≃ ∨i = 1fS1 and T ′ is a spanning tree.
We say that a word u1 . . . uk of darts in a graph G is elementary if there is no j

such that uj = ūj+1 in π1(G,V (G)).
We will show that γf γ̄ = γ̄f−1 . . . γ̄1.
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16 RAYANE BAÏT AND AUREL PAGE

γ1

h3

γ2 γ3

γ4

γ1

(a ∗
) −

1

e∗ h3

γ2

b∗

c
∗

d∗

γ3

γ4

1

Figure 5. The graphs H and FT with γ = γ1γ2h3γ3γ4h3.

Let (ji)i=0,...,l = (ϕi(f))i=0,...,l denote the path from P1 to Ph(f) in Gfaces. Then
for any i = 0, . . . , l, the path αji does not cross T since by construction each ji
corresponds to some edge e in a face P which is seen last at this depth of the
recursion in the depth first search of Algorithm 4.4.1.

It follows that gf = αjl . . . αj0 does not cross T so that if we write δf = ēηf
for e = h(f) then gf η̄f is elementary and contained in ∂PT . We can then write

γ̄ = gf η̄fη and the product is elementary. Then γ(1) = γf γ̄ = gf ēη is a simple loop

in FT with image FT − ((T − {e}) ∪ E(ηf )) and with γ(1)(0) = v0.
We can then proceed by recursion by writing A1 = A− {h(f)}, T1 = T − e, PT1

the gluing of (Pi)i=1,...,f−1 along T1, FT1 the image of the graph ∪f−1
i=1 ∂Pi in PT1

and H1 = H − {αf , δf}. Indeed since h|{1,...,f−1} is the depth first search ordering
of A1 associated with T1 starting at v0, the analogous statement in H1 says that
γ(1) = γ1 . . . γf−1 which is the desired result. □

It remains to show how to build T and straight line programs for the paths
(gj)j=1,...,f and the word γ. Let e0 be the dart corresponding to v0 ∈ P1.

Algorithm 4.4.2 (Building T). The algorithm is almost identical to Algorithm
4.4.1 and can be performed at the same time.

• Input: the dart e0 and (σ1, σ
∗
2).

• Output: a tree T in Gfaces.

(1) Mark the face ∂P1. Let e = e0.
(2) If σ1(e) is not marked, add (e, σ1(e)) to T and recurse with e0 replaced by

σ1(e) then go to step 2.
(3) Increment e to (σ∗

2)
−1(e). If e = e0, terminate. Otherwise go to step 1.

We write E(∂PT ) = {e0, . . . , en′} where the ordering comes from the positive
orientation of PT . We also write E(T ) = {(e2, . . . , ef )} with the ordering of
the depth first search and if φ is the morphism π1(G

∗, V (G∗)) → Γ we write
φ(D(G∗)+) = {β1, . . . , βm} which is a generating family associated with the em-
bedding G ↪→ S.

Algorithm 4.4.3 (Building a straight line program computing (gi)i=1,...,f .).

• Input: T, FT and (σ1, σ
∗
2).
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• Output: a straight line program s with pointers ρ such that sρi−n computes
gi.

(1) Let s be a vector of size 2n. Let ρ be a vector of pointers of size f . As
g1 = ∅ let s1 = (1) and ρ1 = 1.

(2) Let k = 2.
(3) For l = 2 to f :

• Let e = σ1(e
l) and i = ρ(ϕ(el)), that is i points to the path gi joining

v0 to the face of index l − 1 in o.
• If e(1) = el+1(0) put sk = (ido, n+ i), ρ(l) = k, k = k + 1.
• Otherwise, until e = el+1:

– If φ(e) = βj , put sk = (mulo, n + i, j), ρ(l) = n + k, e = σ∗
2(e)

and k = k + 1.
• Put ρ(l) = k − 1.

(4) Return (s, ρ).

We now fix E(FT ) = {d1, . . . , dn′} an arbitrary ordering.

Algorithm 4.4.4 (Building the word γ from T).

• Input: T, FT and (σ1, σ
∗
2).

• Output: the word γ representing Γ\∂PT ↪→ S.

If S has genus 0 return the empty word.

(1) Let e = e1.
(2) While e is in T :

• Let e = (σ∗
2)

−1σ1(e).
(3) Then e = e0 and we put γ = e.
(4) For i = 1, . . . , n:

• Let e = (σ∗
2)

−1(di).
• While e is in T :

– Let e = (σ∗
2)

−1(σ1(e)).
• Let γ = γ.e.

(5) Return γ.

Once the one face reduction has been performed and we have obtained a word
w representing S, obtaining the various special presentations is simply a matter of
rewriting the topological generators of the fundamental group of π1(G

∗, V (G∗)) as
explained in Section 3.7. The word w is then rewritten as a word w′ in the new
generators such that w = w′ in π1(S − V (G), V (G∗)), and hence in π1(G

∗, V (G∗)).
In the setup of straight line programs, it is more convenient to have a single

straight line program s on a set of generators for Γ corresponding to the side pairing
associated with P that computes the family (e1, . . . , en′ , γ1, . . . , γf ) forming an m-
handle presentation of Γ. Recall that the evaluation of s depends on the chosen
group so that we may say s computes (e1, . . . , en′ , γ1, . . . , γf ) from E(FT ) to say
the same thing as s computes (φ(e1), . . . , φ(en′), φ(γ1), . . . , φ(γf )) from φ(E(FT )).

Algorithm 4.4.5 (Building the full straight line program).

• Input: (s, ρ) as output by Algorithm 4.4.3, γ and (e1, . . . , en′) output by
Algorithm 4.4.4.
• Output: straight line program from E(FT ) to (e1, . . . , en′ , γ1, . . . , γf ).

(1) Let ρ′ be pointers to {e1, . . . , en′} ⊂ E(FT ) using an ordering of D(FT )
and s′ = ((id, ρ′(i)))i=1,...,n′ .
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(2) Let s′ be the composition of s′ with s to get a straight line program from
D(FT ) to (gj)j and update ρ′.

(3) Let s′ be the composition of s′ and a straight line program from (δj , gj)j
to (γj) to get a straight line program from D(FT ) to (γj)j and update ρ′.

(4) Concatenate ρ′ with pointers to the instructions computing (e1, . . . , en′) in
s′ to get an slp from D(FT ) to (e1, . . . , en′ , γ1, . . . , γf ).

(5) Return (s′, ρ′).

Remark 4.2. For various purposes it may be useful to invert a given straight line
program s. If s computes a family (θj)j from a family (βj)j of elements of Γ. By
inverting s we mean building a straight line program s−1 computing (θj)j from
(βj)j . In general it is not possible but we briefly explain how to proceed in our
case. Let (s, ρ) be output by Algorithm 4.4.5 computing (e1, . . . , en′ , γ1, . . . , γf )
from E(FT ). As {e1, . . . , en′} = E(FT − T ) we only need to show how to write
edges of T as seen in FT . By definition γf corresponds to a face P which is a
leaf of T . That is a single edge e of P is in T . Further, as shown in the proof of
Lemma 4.1, ḡf is made only of edges in E(FT − T ). But then since δf = u1 . . . uke
corresponds to ∂P with u1, . . . , uk ∈ E(FT − T ) we can write e = ḡfγfgf ūk . . . ū1

and proceed by recursion.

4.5. Complexity analysis. Let n be the number of edges of the fundamental
polygon P . Building T has complexity that of the depth first search which is
O(n+f) = O(n). When faces have size ≤ m, building the straight line program for

the paths (gj)j=1,...,f has space complexity Õ(m.n) with the presented algorithm.
But in our case, the output of the algorithm in Theorem 2.5 yields a dual graph
embedding with faces of size at most 3. So that this step is quasi-linear. In general
when m is big, it may happen that there are Õ(m) paths αj in the same face. But
for j < k with αj contained in αk we can reuse the computation of αj to obtain αk

and get a complexity of Õ(n).

Building γ̄ has complexity Õ(n) as each edge of T is crossed at most twice. This
proves that the one-word presentation can be obtained in quasi-linear time.

Given a one-word presentation, extracting m-handles has complexity Õ(m.n).
Indeed, using the notations of 3.9, extracting a handle is just a matter of finding
the tuple (c, d), rewriting w and writing f and h which is done in Õ(n) time and

space. For the geometric presentation, this yields Õ(n2) time and space, using the
straight line program representation for the canonical loops (ai, bi)i=1,...,g.

Remark 4.3. Using a direct word representation of ag would require exponential

space as each ai contains
∏i−1

j=1[aj , bj ].

Lemma 4.4. Let µ be the area of a fundamental polygon P for Γ. The co-area
µ(Γ\h) = µ of Γ is linear in the number of edges of P .

Proof. Let P be a fundamental polygon for Γ. Its area is given by the formula

µ(P ) = (n− 2)π −
n∑

i=1

αi

where the (αi) are the interior angles at vertices of P . We will prove that at least
n
6 of the angles are smaller than 2π

3 . As all angles are at most π by convexity, this
shows that n = O(µ(P )).
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We first prove that no two consecutive angles can both be equal to π. Let α be
an interior angle of P for consecutive edges e and σ2(e), and β the interior angle
of σ2(e) and σ2(σ2(e)). We have β, α ≤ π by convexity. We also have α = π if
and only if σ2(e) = g.e for some g ∈ Γ of order 2 by definition of edges of P .
This can be rewritten as σ2(e) = σ1(e). Let us suppose that α = β = π. Then
σ2(σ2(e)) = σ1(σ2(e)) and σ2(e) = σ1(e) yielding σ2(σ2(e)) = e which says that P
has at most 2 edges but as P has non-zero area, it has at least 3 edges so this is a
contradiction. We now prove the result.

Fix a vertex v of P with angle α < π and let C = ∂P . If Dv is the set of darts of
Γ.C incident to v and A is the set of angles between adjacent darts of Dv then A is
a subset of {αi}i because Γ acts conformally on h. From the identity

∑
β∈A β = 2π

and the fact that α is in A we must have |A| ≥ 3 so that at least a third of the
elements of A are less than 2π/3. This concludes the proof of the lemma. □

We have almost proved our main theorem:

Theorem 4.5. Let Γ be a co-compact Fuchsian group with signature (g, ν1, . . . , νf )
identified by a fundamental polygon and a side pairing. There exists an algorithm
that computes a one-word (resp. m-handles, resp. geometric) presentation of Γ in

time Õ(µ+
∑f

i=1 log(νi)) (resp. Õ(m.µ+
∑f

i=1 log(νi)), resp. Õ(µ2+
∑f

i=1 log(νi))).

Proof. The theorem follows from Lemma 4.4, the complexity analysis of Algorithm
4.4.5 made in Section 4.5 and the following remark. We assume given a geometric
representation of a fundamental polygon P . That is a representation for its edges
in h and a set of real numbers representing angles for each successive edges. For
each word c = e1 . . . ek of edges representing a vertex of P , and if the angle between

eiei mod k+1 is αi, we have
∑k

i=1 αi = 2π/m for some integer m. Further, when c is
elliptic and of order νi, we have m = νi. For each e ∈ c, assuming each αi is given
with precision at least 1

νi(νi+1) , we can recover νi in time O(log(ν2i )) = O(log(νi)).

Now each elliptic element γj of a special presentation corresponds uniquely to some
νi and the association is given by the function h computed in Algorithm 4.4.1. □

Example 5 (Geometric presentation for Γ over Q(
√
8).). Using the notations of

example 1 and figure 5, following Algorithms 4.4.3 and 4.4.4 we compute γ1 = ā,
γ2 = ab̄ē, γ3 = h3.(bc̄d).h3, γ4 = h3.(d̄ec).h̄3 and γ = γ1.γ2γ3γ4 = c̄.ecē. As a is
the only elliptic, from the signature of Γ we obtain the geometric presentation

Γ ≃ ⟨c, e, γ1, γ2, γ3, γ4 | [e, c−1]γ1γ2γ3γ4 = 1, γ3
1 = 1⟩.

5. Cohomology of Fuchsian groups

Our goal is to compute the space Mk+2(Γ) of modular forms of weight k +
2, where k ≥ 0 is an even integer; we refer to [Voi21, Section 43.9] or [Shi94,
Chapter 2] for definitions. By the Eichler–Shimura isomorphism, this reduces to
the computation of a cohomology group; we refer to [GV11; DV13] for more details

and focus on this computation. For an integer k ≥ 0, we denote Symk(C2) the k-th
symmetric power of the standard representation of SL2(C) on C2; when k is even
this action descends to PSL2(C) and therefore makes sense as a representation of
any Fuchsian group.

Definition 5.1. Let Γ be a group and V a representation of Γ. Define the space
of 1-cocycles Z1(Γ, V ) = {σ : Γ → V | σ(ab) = σ(a) + aσ(b) for all a, b ∈ Γ},
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the space of 1-coboundaries B1(Γ, V ) = {a 7→ (a − 1)v : v ∈ V } ⊂ Z1(Γ, V )
and the first cohomology group H1(Γ, V ) = Z1(Γ, V )/B1(Γ, V ). Let e1, . . . , en be
generators of Γ. Evaluation on the generators defines an injection Z1(Γ, V ) ↪→
V n. By computing H1(Γ, V ), we mean computing a subspace H of V n such that
Z1(Γ, V ) = B1(Γ, V )⊕H ⊂ V n.

As long as we can express arbitrary elements of Γ as words in the generators,
this representation of H1(Γ, V ) is suitable for the computation of Hecke operators
(see [GV11; DV13] for details). If the fundamental polygon is a Dirichlet domain,
this can be done as long as we can express the generators of the special presentation
in terms of the ones corresponding to the fundamental polygon and conversely.
These expressions are obtained as straight-line programs by our Algorithm 4.4.5
and Remark 4.2, and it is clear that cocycles can be evaluated on elements given
by straight-line programs. At the time of writing we have not yet implemented the
Hecke action.

The main problem we want to solve is the following.

Problem 5.2. Given k and Γ, compute H1(Γ, Symk(C2)).

From an arbitrary presentation of total size O(n), we can apply linear alge-
bra directly to compute H1(Γ, V ) in time O((n dimV )ω), but we will reduce the
dependence on n by using the topological methods of Section 3.

As a warm-up, we explain the easy case k = 0. From a one word presentation
of a Fuchsian group Γ, we can efficiently compute H1(Γ,C) = Hom(Γ,C). Indeed,
elliptic elements map to 0, and in the remaining one-word relation, the hyperbolic
generators cancel modulo commutators (see Section 3.6) so there is no additional
constraint: the morphisms σi : (ej 7→ δi=j , γj 7→ 0) form a basis of H1(Γ,C). In this
section we show that one can obtain similar efficiency for k > 0 from a one-handle
presentation.

Notation 5.3. Let Γ be a group and V a representation of Γ, and let a, b ∈ Γ.
Write Φa,b : V

2 → V the map defined by

Φa,b(v1, v2) = (1− aba−1)v1 + a(1− ba−1b−1)v2.

Write Ψa,b : V → V 2 the map defined by Ψa,b(v) = ((a− 1)v, (b− 1)v).

Throughout this section, let Γ be a co-compact Fuchsian group, let

⟨a, b, e3, . . . , e2g, γ1, . . . , γf | [a, b]w, γν1
1 , . . . γ

νf

f ⟩
be a one-handle presentation of Γ, and let V be a finite dimensional representation
of Γ over a field K. We now provide an explicit description of H1(Γ, V ) under mild
hypotheses.

Lemma 5.4. Assume that Φa,b is surjective. Let n = 2g + f . For each 2 < i ≤ n,
define the subspace Ni ⊂ V n as follows. Let γ be the i-th generator, i.e. γ = ei
if i ≤ 2g and γ = γi−2g otherwise. Define

• V ′ = V if γ is hyperbolic, and
• V ′ = ker(1 + γ + · · ·+ γν−1) if γ is elliptic of order ν.

For each v′ ∈ V ′, let (v1, v2) ∈ V 2 be a solution of Φa,b(v1, v2) = v′′ where v′′ is the
sum of all terms of the following form, one for each occurrence of γ or γ−1 in w:

• w1 · v′ for every word decomposition w = w1γw2, and
• −w1γ

−1 · v′ for every word decomposition w = w1γ
−1w2.
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Define Ni to be the span of the vectors (v1, v2, 0, . . . , 0, v
′, 0, . . . , 0) where v′ ranges

over a basis of V ′.
Then

Z1(Γ, V ) = (kerΦa,b × 0n−2)⊕
n⊕

i=3

Ni ⊂ V n.

Proof. Let σ ∈ Z1(Γ, V ). For an elliptic generator γ, the cocycle condition eval-
uated on the relation γν gives σ(γ) ∈ ker(1 + γ + · · · + γν−1). The one-handle
relation can be written 0 = σ([a, b]w) = Φa,b(σ(a), σ(b)) + [a, b]σ(w). Since Φa,b is
surjective, this means that the σ(ei) for i > 2 and σ(γj) can take arbitrary values
satisfying the elliptic relations, and that σ(a) and σ(b) are constrained only by the
above equation. This proves that the claimed decomposition is correct. □

Lemma 5.5. Assume g ≥ 2 and let c = e3 and d = e4. Assume that Φa,b is
surjective and Ψc,d is injective. Then

Z1(Γ, V ) = B1(Γ, V )⊕ (kerΦa,b × 0n−2)⊕N3,4 ⊕
⊕
i>4

Ni ⊂ V n,

where the Ni are as in Lemma 5.4 and N3,4 is formed as N3 ⊕ N4 in Lemma 5.4
with V 2 replaced by a complement of ImΨc,d in V 2.

Proof. First, we have N3,4 ⊂ Z1(Γ, V ) by construction. Moreover, the map Ψc,d

is injective, therefore by restricting to the 3rd and 4th components and applying
Lemma 5.4 we see that B1(Γ, V ) and the subspace described in the statement indeed
decompose Z1(Γ, V ) into a direct sum. □

Lemma 5.6. Assume dimV ≥ 2. Let a, b ∈ Γ be such that ⟨a, b⟩ acts irreducibly
on V and assume that dimV a ≤ 1 and dimV b ≤ 1. Then Φa,b is surjective and Ψa,b

is injective.

Proof. Let W1 = Im(1 − aba−1) and W2 = Im(a(1 − ba−1b−1)), so that we have
the the equality ImΦa,b = W1 +W2. We have codimW1 = dimker(1 − aba−1) =
dimV b ≤ 1 and similarly codimW2 ≤ 1.

Assume for contradiction that W1+W2 ̸= V . Then by the previous codimension
inequalities we must haveW1 = W2 ̸= V , andW1 ̸= 0 since dimV ≥ 2. Now a−1W1

is stable under b and a−1W2 = Im(1 − ba−1b−1) is stable under ba−1b−1. There-
fore a−1W1 = a−1W2 is stable under ⟨b, ba−1b−1⟩ = ⟨b, a−1⟩ = ⟨a, b⟩, but this
contradicts the irreducibility hypothesis. Therefore W1 +W2 = V .

We have kerΨa,b = V a ∩ V b, on which ⟨a, b⟩ acts trivially, and which has di-
mension at most 1. Since dimV ≥ 2, by the irreducibility hypothesis we must
have V a ∩ V b = 0, so that Ψa,b is injective. □

We now show that the hypotheses on Φa,b and Ψc,d are always satisfied.

Lemma 5.7. Let a, b ∈ SL2(C) be non-commuting hyperbolic elements such that the
group ⟨a, b⟩ contains no parabolic element. Then ⟨a, b⟩ is Zariski-dense in SL2 /C.

Proof. The maximal algebraic subgroups of SL2 are finite subgroups, Borel sub-
groups and normalisers of tori. Let G be the Zariski closure of ⟨a, b⟩. Then G
cannot be contained in a finite group since a and b have infinite order; if G is con-
tained in a Borel subgroup, then the commutator [a, b] is parabolic or the identity,
but that is contrary to our hypothesis; if G is contained in the normaliser N of a
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torus T , then every element of N(C)\T (C) is elliptic so G ⊂ T , but that contradicts
the fact that a and b do not commute. Therefore G = SL2 as claimed. □

Lemma 5.8. Let Γ be a co-compact Fuchsian group and a, b ∈ Γ be noncom-
muting hyperbolic elements, and let k ≥ 0 be even. Then ⟨a, b⟩ acts irreducibly

on Symk(C2).

Proof. By Lemma 5.7, ⟨a, b⟩ is Zariski-dense in SL2. But Sym
k(C2) is irreducible as

an algebraic representation of SL2, so it is irreducible as a representation of ⟨a, b⟩.
□

We are finally in position to prove the main result of this section.

Proposition 5.9. Assume g ≥ 2. Then from the one-handle presentation of Γ and
an explicit representation ρ : Γ → GL(V ) over a field K ⊂ C such that V ⊗K C ∼=
Symk(C2), one can compute a basis of H1(Γ, V ) in O((k + 1)ω(n +

∑
j log νj))

operations in K, where n = 2g + f .

Proof. We may assume k > 0. Let c = e3 and d = e4. By Lemma 5.8, the
subgroups ⟨a, b⟩ and ⟨c, d⟩ act irreducibly on V : indeed [a, b]w is a minimal relation
involving a, b, c or d, so [a, b] ̸= 1 and [c, d] ̸= 1.

We can therefore apply Lemma 5.6 to conclude that Φa,b is surjective and Ψc,d is

injective: indeed, since a, b, c, d are hyperbolic, their fixed-point space in Symk(C2)
has dimension 1, so the same is true in V .

We therefore have an explicit description of H1(Γ, V ) by Lemma 5.5. We ex-
plain how to compute the described basis in time O(kω(n +

∑
j log νj)). Note

that dimK V = dimC Symk(C2) = k + 1.

(1) compute kerΦa,b in time O(kω);
(2) compute a complement of ImΨc,d ⊂ V 2 in time O(kω);
(3) compute all the elements of GL(V ) corresponding to the action of the pre-

fixes of [a, b]w in time O(kωn);
(4) for each 1 ≤ j ≤ f :

• Compute ρ(1)+ ρ(γj) + · · ·+ ρ(γj)
νj−1 in time O(kω log νj) by binary

powering;
• Compute ker(ρ(1) + ρ(γj) + · · ·+ ρ(γj)

νj−1) in time O(kω);
(5) Compute N3,4 in time O(kω);
(6) For each 4 < i ≤ n: compute Ni in time O(kω).

This proves the proposition. □

Remark 5.10. The explicit description in Lemma 5.5 is compatible with Shimura’s
dimension formula [Shi94, Theorem 2.23] via the Eichler–Shimura isomorphism

H1(Γ, Symk(C2)) ∼= Mk+2(Γ)
2.

Remark 5.11. Proposition 5.9 is trivial in the non-co-compact case, since one can
remove the long relation and one parabolic generator: Γ is a free product of cyclic
groups.

In order to obtain Theorem 1.1 and Theorem 1.2 for congruence arithmetic
Fuchsian groups from Theorem 4.5 and Proposition 5.9, note the following standard
facts (see for instance [LMR06]):
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• When Γ is arithmetic, coming from a quaternion algebra A over a field F ,
each elliptic element corresponds to an embedding of a cyclotomic field K
into A. For each i, this gives the bound ϕ(νi) ≤ 2[F : Q] where ϕ denotes
Euler’s totient function, so that log νi = O(log [F : Q]). Moreover, we
have [F : Q] = O(µ) by the structure of arithmetic Fuchsian groups, their
volume formula and Odlyzko’s bound [Odl90], so that log νi = O(log µ).
• By a theorem of Selberg and Zograf [Zog91], there is only a finite number
of congruence arithmetic Fuchsian groups of genus at most 1. We can
therefore compute the cohomology using direct linear algebra for them and
apply Proposition 5.9 when g ≥ 2.

6. Implementation

We implemented the topological algorithms in PARI/GP [26]; the code is avail-
able at https://github.com/rayanebait/Cohomology-of-Shimura-curves, and
uses Rickards’s PARI code to compute fundamental domains [Ric22]. We mea-
sured the time to compute the cohomology group H1(Γ,C) in the following exam-
ple, using our approach and using Magma’s current implementation. Let F = Q(t)
where t3−3t−1 = 0 and let A be the quaternion algebra

(−3,4t
F

)
. We fix a maximal

order O in A and for various prime ideals p we let Γ = O0(p)
×/Z×

F where O0(p) ⊂ O
is an Eichler order of level p. The results are displayed in Figure 6 in logarithmic
scale. More precisely, we first measure the time to compute a fundamental domain
for Γ using X = afuchinit(A,ord,1) from Rickards’s package, and report it as
fdom in Figure 6. We then measure the time to compute a one word presentation
for Γ using Theorem 4.5 (afuch presentation(X,"oneword") in our implementa-
tion); as explained in Section 5 this gives an explicit basis of H1(Γ,C) without extra
computation. In Magma, we use the commands M := HilbertCuspForms(F,N :

QuaternionOrder := OO); Dimension(M : UseFormula := false). This com-
putes the dimension ofH1(Γ,C), but by forbidding the use of the dimension formula
we force the computation of an actual basis for the cohomology space. However, by
varying the level and providing a fixed order, we prevent the computation of new
fundamental domains, so that the measured time only corresponds to cohomology
computation. The algorithm is described in [GV11, Section 6]: it uses direct linear
algebra via Shapiro’s lemma. For the same reason, we could compute a fundamental
polygon by a topological method using the covering map; however these measured
timings shows how our algorithm would behave in a setting where the discriminant
varies instead of the level. The slope of the best linear fit is 4.18 for magma, 1.54 for
fdom (conjectured to be 2 asymptotically [Ric22, Section 5]) and 1.00 for oneword.
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[DV13] Lassina Dembélé and John Voight. “Explicit methods for Hilbert mod-
ular forms”. In: Elliptic curves, Hilbert modular forms and Galois de-
formations. Adv. Courses Math. CRM Barcelona. Birkhäuser/Springer,
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