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Classical Results (Intuitive Overview)

Question: How many integers have “simple” digit patterns in more than one
base?
Senge–Straus (1973):

Consider two bases q1 and q2 (e.g., base 10 and base 3).

Look at integers whose digit sum is small in both bases.

They proved: this set is finite if and only if the ratio log q1/ log q2 is irrational.

Stewart (1980):

He proved explicit, computable upper bounds for such integers.

Canonical Number Systems

Let K be a number field, ZK its ring of integers. A pair (α,N ) is a canonical
number system if every 0 ̸= y ∈ ZK has a unique representation

y = g0α
m0 + g1α

m1 + · · ·+ gnα
mn ,

gi ∈ N , gi ̸= 0, 0 ≤ m0 < m1 < · · · < mn.

The length of the representation of y is ℓα(y) = mn.

Gergő Péter Batta (University of Debrecen) Small Units in CNS 2026. July 06-10. 2 / 3



Main Theorem

Theorem (B.-Pethő) 202?

Let (α,N ) be a CNS in a number field K . Let S be a finite set of places
containing the archimedean ones, and assume there exists a place v /∈ S such that
|α|v < 1.
If u is an S-unit whose α-representation contains at most n non-zero digits, then

ℓα(u) < C ,

where C is an effectively computable constant depending only on K , α, and n.

Numerical result

Let λ be a root of x3 + 8x2 + 19x + 13. Number field: K = Q(λ). Base:
α = λ− 2 Digit set: {0, 1, . . . , 12}. Choose

S = {α+ 2, α+ 4, α− 1}.

There are exactly 67 S-units, whose α-representation has at most 4 non-zero
digits.
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Main Equation

Erdős–Selfridge (1975)
The product of consecutive positive integers is never a perfect power:

x(x + 1) . . . (x + k − 1) = y l

has no solutions in positive integers x , y for k , l ≥ 2.

Our Generalization
We introduce a gap into the product by adding t shifted, fixed terms:

x(x + 1) . . . (x + k − 1)(x + a1) . . . (x + at) = by l + c

where k ≥ 2, k + 3 ≤ a1 < · · · < at , b, c ∈ Z with b ̸= 0.



Results and Ongoing Work

Theorem 1:
For the equation x(x + 1) . . . (x + k − 1)(x + a) = by l + c , all integer
solutions with l ≥ 2 are effectively bounded:

max(|x |, |y |, l) ≤ C1.

Theorem 2:
For the equation x(x + 1) . . . (x + k − 1)(x + a)(x + a+ 1) = by l + c all
integer solutions with l ≥ 2 are effectively bounded:

max(|x |, |y |, l) ≤ C2),

except for two parametric families.

Further Work
Solving for arbitrary polynomials g(y) on the right-hand side.



Ten Thousand Polynomials 
with Small Mahler Measure

Michael Mossinghoff 
Center for Communications Research, Princeton, New Jersey

Rank   d  M                v  Coefficients 
———————————————————————————————————————————————————————————————————————————— 
  1   10  1.176280818260   1  1 1 0 -1 -1 -1 
  2   18  1.188368147508   1  1 1 1 1 0 0 -1 -1 -1 -1 
  3   14  1.200026523987   1  1 0 0 1 -1 0 0 -1 
  4   18  1.201396186235   2  1 1 1 0 0 -1 0 -1 0 -1 
  5   14  1.202616743689   1  1 0 -1 0 0 0 0 1 
  6   22  1.205019854225   2  1 0 1 0 0 1 -1 1 0 0 1 -1 
  7   28  1.207950028412   2  1 1 1 1 0 0 0 -1 -1 -1 -1 0 0 0 1 
  8   20  1.212824180989   2  1 1 0 0 1 1 0 -1 -1 -1 -1 
  9   20  1.214995700776   2  1 1 1 1 1 0 -1 -1 -1 -1 -1 
 10   10  1.216391661138   1  1 0 0 0 -1 1 
 11   20  1.218396362520   2  1 1 0 -1 0 0 0 -1 0 0 1 
 12   24  1.218855150304   2  1 0 0 0 0 1 0 -1 0 0 0 0 -1 
 13   24  1.219057507826   2  1 1 0 -1 -1 -1 -1 -1 0 1 1 1 1 
 14   18  1.219446875941   3  1 1 1 0 -1 -1 -1 0 0 1 
 15   18  1.219720859040   1  1 1 0 0 0 0 0 0 -1 -1 
 16   34  1.220287441693   3  1 0 1 0 0 1 -1 1 -1 0 0 -1 1 -1 0 0 -1 1 
 17   38  1.223447381419   3  1 1 0 -1 -1 0 0 -1 -1 0 1 1 0 0 1 1 0 -1 -1 -1 
 18   26  1.223777454948   3  1 1 1 0 0 -1 -1 -1 -1 0 0 1 0 1 
 19   16  1.224278907222   2  1 1 0 -1 -1 0 1 1 1 
 20   18  1.225503424104   2  1 1 0 0 1 0 -1 0 0 -1

Deg Tot |   1   2   3   4   5   6   7   8   9  
————————————————————————————————————————————- 
  8   1 |   1                                                                                                                                     
 10   7 |   5   2                                                                                                                                 
 12   5 |   1   4                                                                                                                                 
 14  11 |   4   5   2                                                                                                                             
 16  14 |   1  12       1                                                                                                                         
 18  23 |   7   8   8                                                                                                                             
 20  35 |   4  22   3   6                                                                                                                         
 22  48 |   4  12  27   4   1                                                                                                                     
 24  46 |   2  29   3  11       1                                                                                                                 
 26  61 |   7  11  21  11  11                                                                                                                     
 28  59 |   1  15  14  28   1                                                                                                                     
 30  80 |   4  10  36  20   8   2                                                                                                                 
 32  69 |      12   8  35   7   7                                                                                                                 
 34  90 |   2   5  24  19  30   8   2                                                                                                             
 36  88 |   1  15  11  36   4  20       1                                                                                                         
 38  86 |       1  18  18  29   8  12                                                                                                             
 40  87 |   1   9   7  32  10  23   2   3                                                                                                         
 42  57 |          11  14  16   6   8   2                                                                                                         
 44  77 |   1   2   4  29   5  25   4   7                                                                                                         
 46 107 |   1   1  10  13  38  11  23   7   3                                                                                                     
 48  80 |       2   4  24   4  25   1  19   1                                                                                                     
 50  76 |           4  10  15  14  16   9   8                                                                                                    



• Topic of substantial computation for 50 years! 

• Starting in 1996: CECM at SFU housed a database of polynomials 
with Mahler measure < 1.3 and degree ≤ 180. No longer available!

<latexit sha1_base64="eVj4i2iF9HS5VeBAQYhw5EppURU="></latexit>

• Mahler measure: exp

✓Z 1

0
log |f(e2⇡it)| dt

◆
= |ad|

dY

k=1

max{1, |�k|}.

<latexit sha1_base64="yHNQzlTPgacx5ELZdibPe3LJxzI="></latexit>

• Suppose f(x) =
dX

k=0

akx
k = ad

dY

k=1

(x� �k) 2 Z[x].

<latexit sha1_base64="IRj8RL2oPpqFsxbPv0wPzIuBoik="></latexit>

• Lehmer’s problem (1933): is 1 an accumulation point?

<latexit sha1_base64="dXgIO8m7bB/G82QB5D51tz1OKsU="></latexit>

• Smallest known limit points: 1.255 . . . , 1.285 . . . , 1.309 . . . .

<latexit sha1_base64="F9O628A3gSuDomIjVpb8XLSBx6M="></latexit>

• Smallest known value > 1: 1.1762 . . . , for a degree-10 polynomial.



• New site! github.com/mossinghoff/Mahler-Measure-Database 

• All known primitive, irreducible, noncyclotomic polynomials in  
with Mahler measure  and degree : 10236 polynomials. 

• Incorporates recent finds from literature, plus 18 new with deg . 

• Reports: best by degree, count by degree & #roots with , etc. 

• All 72 known Salem numbers . 

• All 61 known two-variable measures . 

• Smallest and largest measures of Littlewood polynomials by degree. 

• Write if you have contributions or suggestions!

ℤ[x]
< 1.3 ≤ 200

≤ 180

|z | > 1

< 49/37

< 1.37
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The g -dimensional ℓ-Superspecial Isogeny Graph Gℓ(p, g)
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Main Result

Gℓ(p, 1) is Ramanujan by Pizer (1980): the spectral radius satisfies

λ(Gℓ(p, 1)) ≤ 2
√
ℓ.

Main Theorem (K., Corte-Real Santos, Täıbi, Wesolowski)

For g ≥ 2, the spectral radius of the higher-dimensional superspecial
isogeny graph Gℓ(p, g) satisfies:

λ(Gℓ(p, g)) ≤
2

ℓg/2 + ℓ−g/2

g∏
i=1

(1 + ℓi ).

Consequence: Rapid mixing for random walks in higher dimensions!

Example: On G2(p, 2) reaching the stationary distribution within an error of p−r

requires only n ≈ (4.66 + 3.11r) log(p) steps.
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On the density of coprime reduction of elliptic curves
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Question

Q: Given non-CM elliptic curves E ,E ′/Q, what is the density of primes p
of good reduction for which the orders of E (Fp),E

′(Fp) are coprime?

In particular, we are interested in understanding the asymptotic behavior
of the following as x → ∞:

πcoprime
E ,E ′ (x) := #{p ≤ x : p ∤ NENE ′ , gcd(|Ep(Fp)|, |E ′

p(Fp)|) = 1}.

Conjecture 1 (H.-Lee-Mayle-Wang)

Let E ,E ′/Q be non-CM elliptic curves that are not Q-isogenous. Then,

πcoprime
E ,E ′ (x) ∼ C coprime

E ,E ′ · x

log x
, as x → ∞.

What can we say about C coprime
E ,E ′ ?



Main Results

Ignoring the finite series part in C coprime
E ,E ′ (which is specific to the actual

Galois image of E × E ′), the Euler product below reflects the generic case:

C coprime :=
∏
q

(
1− (q + 2)(q2 − q − 1)

(q − 1)3(q + 1)2

)
≈ 0.39607 <

6

π2
.

Theorem 1 (H.-Lee-Mayle-Wang, 2026)

Let (E ,E ′) be a Serre pair. Then

0.99998 · C coprime ≤ C coprime
E ,E ′ ≤ 1.02914 · C coprime.

Theorem 2 (H.-Lee-Mayle-Wang, 2026)

lim
T→∞

1

|E(T )|
∑

(E ,E ′)∈E(T )

|C coprime
E ,E ′ − C coprime|t = 0, ∀t ∈ Z+,

where E(T ) is the set of all pairs of elliptic curves of height at most T 6.



Effective Artin–Schreier–Witt theory for curves

Christophe Levrat, Rubén Muñoz--Bertrand



Let:
p be a prime number,
q be a power of p,
n be an integer,
X be a (projective, normal, smooth) curve over Fp defined over Fq.

Problem

How to compute all unramified cyclic covers of X of degree pn?

What is already known:

▶ The theory of Witt vectors (1934) enables one to compute all cyclic covers of X
of degree pn.

▶ There are fast1 algorithms to compute with Witt vectors in characteristic p
(Finotti, 2014, and M--B, 2025).

1in French: vite



Problem

How to compute all unramified cyclic covers of X of degree pn?

AG says :

The Z/pnZ-module H1
ét(X ,Z/pnZ) encodes the data of all unramified

cyclic covers of the curve X of degree pn.

This is the module of fixed points of the Frobenius of H1(X ,Wn(OX )).

▶ We implemented an algorithm to compute fixed points of the Frobenius on
H1(X ,OX ) in Õ(qg

2
), where g is the genus of X . It is optimal.

▶ We developed an algorithm to lift these fixed points to H1(X ,Wn(OX )).

▶ We expressed these points with adeles, so that we answer to the above problem.

▶ We implemented everything in SageMath.

Thank you for listening!



Continued fractions with the digits {1, 2}
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Hensley’s conjecture

Conjecture (Hensley, variant of Zaremba’s Conjecture)

Every sufficiently large integer n can be paired with a coprime 0 < m < n so that
the continued fraction of m/n contains only the digits {1, 2}.

{1, 2, 3, 4, 5}: strong form of Zaremba’s conjecture, expect true for all n;

{1, 2, 3, 4}: expect true for all n ̸= 54, 120;

{1, 2, 3}: expect true for all n > 6234;

Goal: find largest exception for {1, 2}. Issue: growth rate is slow!

Number of such fractions m/n with m < n < N is ≈ cN1.063.

With alphabet {1, 2, 3}, it was ≈ cN1.411.
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Algorithm

Continued fractions are “continuous”:

285117/405197 =[0, 1, 2, 2, 1, 2, 25, 3, 17, 2, 1, 2, 1]

285118/405197 =[0, 1, 2, 2, 1, 2, 26, 1, 1, 2, 1, 15, 4, 1]

285139/405197 =[0, 1, 2, 2, 1, 1, 1, 1500, 10]

If a given m has a digit too large, you can skip a chunk.

For n ≈ 1016, ≈ 4sec to compute; n ≈ 1018, ≈ 150sec

Current largest found is

69765357700255367486 ≈ 6.9 · 1019

Issue: integers beyond 1019 no longer fit inside longs.

Standard libraries (e.g. PARI, gmp) work but significant slowdown.

Need an efficient 128-bit integer implementation.
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Quadratic Chabauty over number fields
Algorithmic Number Theory Symposium XVII

Aashraya Jha

Bilkent University

Joint with Jennifer Balakrishnan, L. Alexander Betts, Daniel Hast,
and J. Steffen Müller 1



Program B
• Following Mazur’s program B, Rouse, Sutherland, and

Zureick-Brown propose a program to classify ℓ-adic images of
elliptic curves. The classification for ℓ = 3 was almost
complete. Needed to to determine X+

ns(27)(Q). This curve
has g = 12.

• RSZB find a genus 3 quotient X/Q(ζ3). J = Jac(X ) has rank
6 over Q(ζ3). There are 13 known points.

Theorem (Balakrishnan, Betts, Hast, J., Müller)

The curve X+
ns(27) has exactly 8 Q-points, all of which correspond

to CM elliptic curves.

Proof

2
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For quadratic fields K , given some technical conditions, we have
developed a method to compute locally analytic functions
ρ : X (K ⊗Qp) −! Qp and finite sets T ⊂ Qp, such that
ρ(X (K )) ⊆ T . This method can compute X (K ) for r = dg .

We use this method to compute X+
ns(27)(Q), and complete the

classification of 3-adic images. :)

Future Work

• Determine quotients of modular curves over quadratic number
fields; determine rational points.

• Compute the action of correspondences and Frobenius on
H1
dR(X ) with non-hyperelliptic and non-planar models.

• Find efficient algorithms to compute zeroes of systems of
p-adic power series.

• Make Tuitman’s algorithm(s) more efficient.
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Fix K = Q(
√
d) and let f (x) = A6x6+ · · ·+ A0 and h(x) = B3x3+ · · ·+B0 in OK(A0, . . . ,B3)[x].

Same idea as Booker et al. : evaluate the formal discriminant ∆ ∈ OK (A0, . . . ,B3) of

y2 + h(x)y = f (x)

over quadratic integer boxes: (a0, . . . ,b3) ∈ {x + ωy| − N ≤ x ≤ N,−M ≤ y ≤ M}11.
We keep curves with |NK/Q(∆(a0, . . . ,b3))| ≤ 106.

Requires O(N7M7) evaluations. Runs at ∼ 108 evaluations per second per CPU core.

Example: curve over Q(
√
26) with discriminant of norm -256:

y2+
(
1+ x2 + (1−

√
26)x3

)
y = (−2−

√
26)+(4+2

√
26)x2+(−1+2

√
26)x3+(−4−

√
26)x4+(2−3

√
26)x5+(1−

√
26)x6

Conductor?
Runtime error in 'RegularModel': Currently only for principal primes, sorry

1



We hope the curves can be added to a public database at some point.
Preliminary computations: endomorphism rings, odd-conductors, Sato-Tate groups?...

Example: 18664 isomorphism classes over Q(
√
2) without model over Q.

For us: we aim to compute the isogeny class of the surfaces associated to these curves.

Contact: hugo.nartz@inria.fr

2
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Mestre’s explicit formulas

Let L(s) be the L-function of an abelian variety A/Q of dimension g and
conductor N, supposed to be an analytic L-function:

L(s) =
∏

p Lp(s) is defined by an Euler product.

L(s) satisfies a functional equation Λ(s) = wΛ(1 − s), with
Λ(s) = Ns/2(gamma factors)L(s).

For test functions F (x) with Fourier transform ΦF (s), an explicit formula
gives

log(N) = B(g ,F ) +
∑
p

C (p,F )−
∑

L(ξ)=0

ΦF (ξ).

Mestre proves

Theorem (Mestre)
An abelian variety over Q with analytic L-function satisfies N ⩾ 10.323g .

In particular, no abelian variety with everywhere good reduction (EGR)
exists over Q. We generalize this to number fields of higher degree.



Number fields admitting no abelian variety with EGR

Computational results: The following table presents the numbers of
number fields of degree d , up to root discriminant d

√
∆, for which the

explicit formula proves non-existence of abelian varieties with EGR.

d d
√
∆ fields d d

√
∆ fields

2 11.135 10 8 9.202 140
3 11.184 6 9 9.953 98
4 11.190 35 10 8.613 317
5 11.109 40 11 11.169 10
6 6.995 122 12 11.186 32
7 8.980 126 13 – 0

Including superfields L/K for which no abelian varieties with EGR exist, the
same property holds for K . The updated values obtained appear in blue.
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Computational results: The following table presents the numbers of
number fields of degree d , up to root discriminant d

√
∆, for which the

explicit formula proves non-existence of abelian varieties with EGR.

d d
√
∆ fields d d

√
∆ fields

2 11.135 18 8 9.202 140
3 11.184 11 9 9.953 98
4 11.190 48 10 8.613 317
5 11.109 42 11 11.169 10
6 6.995 126 12 11.186 32
7 8.980 126 13 – 0

Including superfields L/K for which no abelian varieties with EGR exist, the
same property holds for K . The updated values obtained appear in blue.



Number fields admitting no abelian variety with EGR

Computational results: The following table presents the numbers of
number fields of degree d , up to root discriminant d

√
∆, for which the

explicit formula proves non-existence of abelian varieties with EGR.

d d
√
∆ fields d d

√
∆ fields

2 11.135 18 8 9.202 140
3 11.184 11 9 9.953 98
4 11.190 48 10 8.613 317
5 11.109 42 11 11.169 10
6 6.995 126 12 11.186 32
7 8.980 126 13 – 0

Including superfields L/K for which no abelian varieties with EGR exist, the
same property holds for K . The updated values obtained appear in blue.

Other refinements: Mestre’s method generalizes to tighter conductor
bounds for abelian varieties with prescribed bad reduction and rank.
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Setting
▶ Goal: compute L-polynomials of genus 3 curves.
▶ For a smooth projective curve C with good reduction at p, the L-polynomial

Lp(T ) is the numerator of the zeta function of Cp.
▶ Shape: Lp(T ) = p3T 6 + p2a1T

5 + pa2T
4 + a3T

3 + a2T
2 + a1T + 1 with

a1, a2, a3 ∈ Z.
▶ Motivation: L(C , s) =

∏
p Lp(p

−s)−1, which appears in the generalizations of the
Sato-Tate conjecture, BSD, and the Riemann hypothesis.

▶ Costa–Harvey–Sutherland (CHS) give an average polynomial-time algorithm
(Õ((log p)4)) to compute Lp(T ) mod p for genus 3 smooth plane quartic curves.

▶ Hasse–Weil bounds + Kedlaya-Sutherland bounds + modp info
narrows
====⇒ O(

√
p)

candidates. Only 1 is correct.

Costa–Harvey
–Sutherland

This workC/Q, n all Lp(T )
all Lp(T ) mod p

p < 2n odd, good



Our work: Lp(T ) mod p → Lp(T ). (See arXiv:2602.00965)
▶ To do this:

▶ Explicit group operations in Jac(C )(Fp)+a perfect hash
▶ Baby-step giant-step
▶ Sutherland’s algorithm for structure computation of finite abelian groups

▶ Complexity: Single Lp(T ) computation takes O(p1/4+o(1)) on average (under heuristic
assumptions), O(p1/2+o(1)) in the worst case.

▶ Benchmarking: with Costa-Harvey-Kedlaya and Tuitman’s algorithms, using Sutherland’s
genus 3 smooth plane quartic database

n all Lp(T ) mod p Lift all mod p [CHS23] Costa-Harvey-Kedlaya Tuitman
[CHS] (our work) + our work (estimated) (estimated)

14 2.96 291 294 1140 113000
16 16.4 1050 1070 15100 2490000
18 84.3 4510 4590 188000 54600000
20 427 20900 21300 3010000 1660000000
22 2420 93500 95900 245000000 49200000000
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      Main approach: Sample Frobenius elements 
      by reducing mod p

● The only information we can quickly 
compute is the characteristic polynomial 
and 1-eigenspace dimension.

● Compare observed distribution with 
subgroups of GSp4.

● Fails to distinguish certain subgroups – 
resolve many (but not all) ambiguities by 
checking for ℓ-torsion over Q and quadratic 
extensions.

      Enough for all but 70 of the 66,158 genus 2 
      curves in the LMFDB.

Mod-5 Galois images

Local data for LMFDB curve 431250.a.431250.1, 
primes from 10,000 to 20,000
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      Main approach: Sample Frobenius elements 
      by reducing mod p

● The only information we can quickly 
compute is the characteristic polynomial 
and 1-eigenspace dimension.

● Compare observed distribution with 
subgroups of GSp4.

● Fails to distinguish certain subgroups – 
resolve many (but not all) ambiguities by 
checking for ℓ-torsion over Q and quadratic 
extensions.

      Enough for all but 70 of the 66,158 genus 2 
      curves in the LMFDB.

Mod-5 Galois images

Has ℓ-torsion over a quadratic extension

Does not have ℓ-torsion over any quadratic extension
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Missing functionality in Magma

So we did it ourselves!

https://github.com/MaxPosthumus/MasterProject/tree/main

https://github.com/Aidan-Hennessey/genus2_jacobian_torsion/
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The Idea

V : Fq-subspace of Fqm+1 , where F∗
qm+1 = ⟨ω⟩

For any 1 ≤ t ≤ qm+1 − 1 and c ∈ Fqm+1 ,

St(V, c) =
∑
v∈V

(v + c)t.

For a subset T of Fqm+1 ,
St(T, c) =

∑
x∈Fqm+1

χT (x− c)xt,

where χT : Fqm+1 → {0, 1} is the characteristic function of T .

χT (x− c) −→ g(x) −→ g(ωk) −→ ak =⇒ St(T, c) =

qm+1−1∑
k=1

akω
kt for 1 ≤ t ≤ qm+1 − 1

(S1(T, c), . . . , Sqm+1−1(T, c))
Fourier vector←−−−−−−−−→ aqm+1−1x

qm+1

+ · · ·+ a2x+ a1



Our Results

Conditions on t for St(V, c) = 0,
V is a hyperplane of Fpm+1 .
(Byott and Chapman)

Conditions on t for St(V, c) = 0,
V is a hyperplane of Fqm+1 .
(Chandler, Wu, and Xiang)

Question: What are the neces-
sary & sufficient conditions on t for
St(V, c) = 0 when the dim(V ) < m?
(Chandler, Wu, and Xiang)

St(V, c) values for all t when V is a
hyperplane of Fpm+1 .

St(V, c) values for all t when V is a
hyperplane of Fqm+1 .

St(V, c) values for all t when V is
an (m − 1)-dimensional subspace of
F2m+1 .
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Family and Main Result

We study the family

Em,t : y2 = x3 +m2x2 − t2x ,

where

m2 = 3t2 + 1.

Key observations

Em,t(Q)[2] ∼= Z/2Z.
Two explicit rational points are

P1 = (t,mt), P2 = (−1, 2t).

The Pell equation
m2 − 3t2 = 1

has infinitely many integer solutions, producing infinitely many curves
in the family.

Main Theorem
For every Pell solution (m, t),

rank(Em,t(Q)) ≥ 2.

P. Patel Elliptic Curves of rank at least 2 ANTS XVII 2 / 3



Idea of the Proof

Compute canonical heights from the growth of x([2N ]P).
The canonical height is defined by

ĥ(P) =
1

2
lim

N→∞

H([2N ]P)

4N
.

For the constructed points,

ĥ(P1) =
1

4
, ĥ(P2) =

1

2
, ĥ(P1 + P2) =

5

2
.

Hence the Néron–Tate height pairing matrix is

H =

(
⟨P1,P1⟩ ⟨P1,P2⟩
⟨P1,P2⟩ ⟨P2,P2⟩

)
=⇒ H =

(
1
2

1
2

1
2 1

)
Since det(H) = 1

4 > 0
the points P1 and P2 are linearly independent.

Conclusion:

rank(Em,t(Q)) ≥ 2.

P. Patel Elliptic Curves of rank at least 2 ANTS XVII 3 / 3
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Arithmetic on elliptic curves

↑
0E

••• ×
π(P)

•P

•−P

π : E → P1 deg. 2 cover with ramification at 2-torsion points
(colored) and π(P) = π(−P). Computing n · P?

π(P), π(Q), π(P − Q) 7→ π(P + Q)

π(P) 7→ π(2 · P)

}
 Montgomery ladder

Kummer line π(P)

Montgomery XZ (XP : ZP)
Theta level 2 (θ0(P) : θ1(P))
Theta level 2 squared (θ0(P)2 : θ1(P)2)
Theta level 2 twisted (θ0(0E )θ0(P) : θ1(0E )θ1(P))

Nicolas Sarkis (ia.cr/2025/543) Models of Kummer lines and Galois representations July 6, 2026 2 / 3
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How to find curves with a given Kummer line?

Point on a modular curve P ∈ X  E with a chosen Kummer line.

Modular curve Galois image lies in Kummer line

X0(4) {( ∗ ∗
0 ∗ ) mod 4} Montgomery XZ

Xsp(4)
{( ∗ 0

0 ∗
)
mod 4

}
Theta lvl 2

X±1(2, 4)
{
( ∗ ∗

0 ∗ ) mod 4,
( 1 0

0 1
)
mod 2

}
Theta lvl 2 squared

X±1(2, 4)
{
( ∗ ∗

0 ∗ ) mod 4,
( 1 0

0 1
)
mod 2

}
Theta lvl 2 twisted

Montgomery type (MT) for T ∈ E [2](k) (let 2 · T0 = T ):
 when the 4-isogeny f : E → E/〈T0〉 is rational
• Montgomery XZ : one MT point
• Theta level 2: two MT points
• Theta level 2 squared / twisted: one MT point + E [2] = E [2](k)

Xsp(4)

X±1(2, 4)

X0(4) X(2)

X0(2)

X(1)
Nicolas Sarkis (ia.cr/2025/543) Models of Kummer lines and Galois representations July 6, 2026 3 / 3
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E E ′

Ẽ

φ

N1·N2

φN1

N1

φN2

N2

Problem: Computing isogenies is
slow, specially for higher degrees.

Idea: Can we "factor" a
2-dimensional (2, 2)-isogeny?

Approach: Degrees in cyclic isogenies don’t grow with dimension g .
Goal:

• Compute ONE 2D cyclic isogeny using Kani’s Reducibility Criterion.

A A′

A

Â Â′

f

ℓg

[ℓ]

ℓ2g

φ′ 1

φ

1
f̂

ℓg

[ℓ] : A → A, where
deg(f ) = Norm∗([ℓ]) = ℓg

f is a (ℓ, · · · , ℓ)-isogeny

Research focus on these isogenies!

• Though, cyclic isogenies have
potential of outperfoming
them in higher dimensions.

Raul Arturo Hernandez-Gonzalez University of Virginia

Computing 2D Cyclic Isogenies: An Approach using Kani’s Reducibility Criterion 2 / 3



A A′

A

Â Â′

f

��>
ℓ

ℓg

���
µ

[ℓ]

��>
ℓ2

ℓ2g

φ′ 1

φ

1
f̂

��>
ℓ

ℓg

What if: µ : A → A, where
deg(f ) = Norm∗(µ) = ℓ

Want: f to be cyclic µ-isogeny

B A

E 2 C

ψ′
B

µ−iso

ψBµ−iso
φ

ψC

ψ′
C

ℓ prime, t smooth, ℓ, t coprime.
φ is (ℓ, ℓ)-isogeny

Φ is (t, t, t, t)-isogeny w/

Φ =

(
ψB −ψ̃′

B

ψC ψ̃′
C

)
: E 2×A → B×C

To compute cyclic isogenies ψB , ψ
′
B , we need to:

• Compute an (ℓ, ℓ)-isogeny φ. (Easy!)
• Compute a (t, t, t, t)-isogeny Φ. (Hard!)

Raul Arturo Hernandez-Gonzalez University of Virginia

Computing 2D Cyclic Isogenies: An Approach using Kani’s Reducibility Criterion 3 / 3
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Theorem (EGIKKLMPS ’26++)

Let p, ℓ prime, p > ℓ30, and E/Fp supersingular elliptic curve. If
k > 5

2 logℓ(3p) then End(E) is generated as a Z-algebra by
endomorphisms of degree ℓk.

Proof.

Let C = {α ∈ End(E) | degα = ℓk}. End(E) is a maximal order in a
quaternion algebra Bp,∞, and Z[C] is a suborder containing C.

The number of elements of norm ℓk in a maximal order of Bp,∞ is strictly
larger than the number in any non-maximal order, so Z[C] = End(E).

We need explicit bounds on an(O) := |{α ∈ O | nrd(α) = n}|.

Jonathan Love Generating endomorphism rings July 2026 2 / 3



v1

Brandt module
(basis vectors ↔ O-ideals

I1 = O, I2, . . . , Ih)
Modular forms
M2(Γ0(N))

vi 7→ θIi(q)

:=
∑∞

n=0 an(Ii)q
n

coefficient of qn:

θO(q)
an(O)

= E(q)
computable

+
∑

ci
???

fi(q
ei)

bounded
(Deligne)

Brandt operator Bn: the i, j entry counts J ⊆ Ij of prescribed index
with [J ] = [Ii]. (We can express θ in terms of Bn: an(O) = |O×|Bn(1, 1))

Theorem (EGIKKLMPS ’26++)

For any quaternion Z-order O, the operators Bn pairwise commute.

⇒ Brandt module has an orthogonal basis of simultaneous eigenvectors.
Use this to show θO lands in a certain compact region.

Jonathan Love Generating endomorphism rings July 2026 3 / 3
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The problem: how many point counts pin down the zeta function?

Let A/Fq be an abelian variety of dimension g . Its zeta function is determined by the L-polynomial

L(A,T ) = det
(
1− Frobq T | H1

ét

)
=

2g∏
i=1

(1− αiT ) with |αi | = q1/2 and αiαi+g = q

Its reverse fA(T ) =
2g∏
i=1

(T − αi ) =
2g∑
i=0

aiT
2g−i ∈ Z[T ], where ag+i = qiag−i is a q-Weil polynomial.

▶ (Honda-Tate) Knowing fA ⇐⇒ zeta function ⇐⇒ isogeny class

▶ The point counts are: cn := #A(Fqn) =
∏2g

i=1(1− α n
i ) =

∏
ζ n=1 fA(ζ) = Res(fA(T ),T n − 1).

Kedlaya’s question.
How few counts c1, . . . , cN recover fA?
(Kedlaya 2006): The first 2g point counts
c1, . . . , c2g suffice once q > 256 g2.

Sturmfels–Zworski conjecture.
A monic reciprocal polynomial p of even degree 2g
is determined by the first g + 1 cyclic resultants
rm(p) = Res(p(x), xm − 1), m ≤ g + 1.

Question: Are the first g point counts c1, . . . , cg enough to recover fA?

Shiva Chidambaram (UW-Madison) Point counts & the zeta function 2 / 3



Theorem (C–Keller)

If q > Q(g) =
(
16 g3p(2g)

)2g+2
, then the g point counts #A(Fqi ), 1 ≤ i ≤ g , determine fA.

▶ Power sums sn =
∑

i α
−n
i : as qnsn = Tr(Frobn) ∈ Z, can round once error is < 1

2q
−n.

▶ Counts give log(qgn/cn) =
∑

j sjn/j , which can be inverted by Möbius inversion.

▶ recursive error bound on sn for g/2 < i ≤ g , using Newton-Girard identities + functional equation

Question: Is this optimal, i.e., are g point counts necessary?

Let N(g) := least number of points counts that can recover every isogeny class (for large enough q).

▶ g=3: N(3) = 2 — c1, c2 give the linear data fA(±1); the fibre line has lattice points ∼ q2 apart,
the Weil region only ∼ q3/2 wide ⇒ ≤ 1 q-Weil polynomial (for q ≥ 16).

▶ g=4: N(4) = 4. Two ”Z[q]-families” of non-isogenous fourfolds sharing c1, c2, c3 but not c4.

T 8−(q+1)T 5−(q2+q+2)T 4−q(q+1)T 3+q4; T 8−2T 6−(q+1)T 5+(q2−q)T 4−q(q+1)T 3−2q2T 2+q4

▶ g=5, 6: no two ”Z[q]-families” share the first 4 point counts (Gröbner elimination)

Challenge: Prove or disprove: N(5) = 4; N(6) = 4. What is the least k such that N(g) ∼ kg?

Shiva Chidambaram (UW-Madison) Point counts & the zeta function 3 / 3
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What You Probably Already Know

Cryptography is very useful and important

Shor’s algorithm puts classical cryptography at risk

Lattices are very popular for quantum-secure algorithms

Naive implementations take n2 numbers to describe

Ideal lattices can be described with n numbers!

Ideal lattices may not be as secure as general lattices
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What You Probably Don’t Know

Martin defined Simultaneous Approximation (SA) Lattices (2020)

Only require n + 1 numbers to describe!

SVP in these lattices is the same as SAP!

Martin gave reduction from SVP to SAP using SA lattices (2020)

So these are as secure as general lattices!

V. defined CVP and SIVP in SA lattices (2026)

V. gave reductions from CVP and SIVP to SA counterparts (2026)

Also improved the SVP case from Martin’s results

Approximate a general lattice by an SA lattice and transform the problem
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Monogenic Polynomial

A monic irreducible polynomial f (x) with integer coefficients is said to be
monogenic if Z[θ] is the ring of integers of Q(θ), where θ is a root of f (x).

Question: Given a monic irreducible polynomial f (x) ∈ Z[x ] with a root
θ, when is Q(θ) monogenic?

If f (x) is the minimal polynomial of an algebraic integer θ over Q, then
the discriminant 4f of f (x) and the discriminant dK of K = Q(θ), are
related by the formula

4f = [ZK : Z[θ]]2dK , (1)

where ZK is the ring of integers of K . The group index [ZK : Z[θ]] will be
denoted by indK (θ).

- On a conjecture of Lenny Jones about some monogenic polynomials 2 / 3



Conjecture by L. Jones [Bull. Aust. Math. Soc. 100 (2019), 239-244]

Let p be a prime number, n,m and B be positive integers with
m < n, n > 2 and gcd(n,mB) = 1. Then f (x) = xn + p(Bx + 1)m is
monogenic if and only if nn + (−1)n+mBn(n −m)n−mmmp is square-free.

Theorem 1.1. (-, Kumar), 2024

Let A and B are integers, n and m are positive integers with m < n, n > 2
and B 6= 0. Assume that gcd(n,mB) = 1. Then an irreducible polynomial
of the type f (x) = xn + A(Bx + 1)m is monogenic if and only if both A
and nn + (−1)n+mBn(n −m)n−mmmA are square-free.

It may be pointed out that in the above theorem the assumption
‘ gcd(n,mB) = 1’ cannot be dropped.

- On a conjecture of Lenny Jones about some monogenic polynomials 3 / 3
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Motivation

Let K be a number field with ring of integers OK . We study the equation

ε+ δ = n, n ∈ Z>0, ε, δ ∈ O×
K .

For a fixed nonzero n, Siegel’s theorem gives only finitely many solutions (ε, δ), and
Baker’s theory of linear forms in logarithms makes them effectively computable.

What if we don’t fix n? Let’s define

NK :=
{
n ∈ Z>0 | n = ε+ δ for some ε, δ ∈ O×

K

}
.

We are interested in the following two questions:

1. For which number fields K is NK finite?

2. When NK is finite, can we compute it explicitly?
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Finiteness of NK

Theorem (Tinková–V–Yatsyna 2025)

Let K be a number field not containing any real quadratic subfield. Then NK is finite.

• Let ε(1), . . . , ε(d) and δ(1), . . . , δ(d) be the d distinct conjugates of ε and δ resp.
If ε+ δ = n, then ε(i) + δ(i) − ε(j) − δ(j) = 0: a unit equation in several unknowns.
The non-degenerate solutions are finite (Evertse, van der Poorten–Schlickewei).

Theorem (V–Ziegler 2026)

Let K be a number field such that either D = [K : Q] is odd, or D ≥ 3 and K primitive.
Then NK is effectively computable: i.e. there is an effectively computable constant CK

with n ≤ CK for all n ∈ NK .

• Given ε(i)+ δ(i)− ε(j)− δ(j) = 0, the unit matching techniques of Bajpai and Bennett
gives a lower bound for the second smallest element of |ε(i)|, |δ(i)|, |ε(j)|, |δ(j)|.
Applying known effective bounds on linear forms on logarithms proves the result.
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Theorem (Tinková–V–Yatsyna 2025)

Let K be a number field not containing any real quadratic subfield. Then NK is finite.

• Let ε(1), . . . , ε(d) and δ(1), . . . , δ(d) be the d distinct conjugates of ε and δ resp.
If ε+ δ = n, then ε(i) + δ(i) − ε(j) − δ(j) = 0: a unit equation in several unknowns.
The non-degenerate solutions are finite (Evertse, van der Poorten–Schlickewei).

Theorem (V–Ziegler 2026)

Let K be a number field such that either D = [K : Q] is odd, or D ≥ 3 and K primitive.
Then NK is effectively computable: i.e. there is an effectively computable constant CK

with n ≤ CK for all n ∈ NK .

• Given ε(i)+ δ(i)− ε(j)− δ(j) = 0, the unit matching techniques of Bajpai and Bennett
gives a lower bound for the second smallest element of |ε(i)|, |δ(i)|, |ε(j)|, |δ(j)|.
Applying known effective bounds on linear forms on logarithms proves the result.

3 / 3



Finiteness of NK

Theorem (Tinková–V–Yatsyna 2025)
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Notation Theorem

Notation

Let k be a number field. We denote by A(k) the 2-class group of k. A
Z2-extension of k is an infinite extension of k denoted by k∞/k such that
Gal(k∞/k)≃ Z2, where Z2 denotes the ring of 2-adic integers.

For each n ≥ 1, let Q2,n =Q
(
2cos

(
2π

2n+2

))
, and put kn = kQ2,n. Then

k = k0 ⊂ k1 ⊂ k2 ⊂ ·· · ⊂ kn ⊂ ·· · ⊂ k∞ =
⋃
n≥0 kn.

The inverse limit A∞(k) := lim←−A(kn), with respect to the norm maps, is called the
Iwasawa module for k∞/k.

In previous work, M. Chems Eddin classified all real biquadratic fields satisfying :

rank(A(k)) = rank(A∞(k))≤ 2.

Let K be a real biquadratic number field such that K1/K is a ramified extension
of QO-fields, where K1 = K(

√
2) is the first layer of the cyclotomic Z2-extension

of K .
Consider the following problems:

What are the real biquadratic fields K such that

rank(A(K∞)) = 3 and rank(A(K∞)) = rank(A(K))?

IKRAME DAQAQ Families of Real Biquadratic Fields with 2-Iwasawa Module Rank 3 July 4, 2026 1 / 2
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Gal(k∞/k)≃ Z2, where Z2 denotes the ring of 2-adic integers.

For each n ≥ 1, let Q2,n =Q
(
2cos

(
2π

2n+2

))
, and put kn = kQ2,n. Then

k = k0 ⊂ k1 ⊂ k2 ⊂ ·· · ⊂ kn ⊂ ·· · ⊂ k∞ =
⋃
n≥0 kn.

The inverse limit A∞(k) := lim←−A(kn), with respect to the norm maps, is called the
Iwasawa module for k∞/k.

In previous work, M. Chems Eddin classified all real biquadratic fields satisfying :

rank(A(k)) = rank(A∞(k))≤ 2.

Let K be a real biquadratic number field such that K1/K is a ramified extension
of QO-fields, where K1 = K(

√
2) is the first layer of the cyclotomic Z2-extension

of K .
Consider the following problems:

What are the real biquadratic fields K such that

rank(A(K∞)) = 3 and rank(A(K∞)) = rank(A(K))?
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Notation Theorem

Theorem

Let F be a real biquadratic number field that is of the form F :=Q(
√
q,
√
d). Then

rank(A(F∞)) = 3 and rank(A(F∞)) = rank(A(F )) if and only if F takes one of the
following forms:

1. F :=Q(
√
q,
√
d) where q ≡ 3 (mod 4) is a prime number and d > 2 is square free

integer relatively prime to q, and d = rst, where r , s and t are two prime numbers
such that

( q
s

)
=

( q
r

)
=

( q
t

)
= 1 and one of the following conditions holds

1 q ≡ 3 (mod 8) and r ≡ t ≡ 3 (mod 8) and s ≡ 5 (mod 8)
2 q ≡ 3 (mod 8) and r ≡ 3 (mod 8) and s ≡ t ≡ 5 (mod 8)
3 q ≡ 3 (mod 8) and r ≡ 3 (mod 8) and s ≡ 5 (mod 8), t ≡ 7 (mod 8), in this case

rank(A(F1)) ∈ {3,4} and it’s equal to 3 if and only if
√

ε2q /∈<−1,ε2,
√

εq >
4 q ≡ 3 (mod 8) and r ≡ t ≡ 5 (mod 8) and s ≡ 7 (mod 8) rank(A(F1)) ∈ {3,4} and

it’s equal to 3 if and only if
√

ε2q , /∈<−1,ε2,
√

εq >
5 q ≡ 7 (mod 8) and r ≡ t ≡ 3 (mod 8) and s ≡ 5 (mod 8)
6 q ≡ 7 (mod 8) and r ≡ 3 (mod 8) and s ≡ t ≡ 5 (mod 8)
7 q ≡ 3 (mod 8), r ≡ 3 (mod 8), s ≡ 7 (mod 8) and t ≡ 3 (mod 8) and such that√

ε2q ,
√

εq /∈<−1,ε2,>

IKRAME DAQAQ Families of Real Biquadratic Fields with 2-Iwasawa Module Rank 3 July 4, 2026 2 / 2


