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p-adic theories of curves

2 Types of curves: Elliptic, hyperelliptic and general curves.
2 Algorithmic, families and global (rational points) applications.
2 L-function computation, Modular method, Parity conjecture.
2 Odd/even residue characteristic.

2 (dd residue characteristic.

Céline Maistret University of Bristol ANTS XVI



2 L-functions of Elliptic Curves and local invariants

Let E/Q be an elliptic curve.

» L(E,s) = HLP(E,p‘S)‘1
P

> A(E, s) = N"*2r) T (s)L(E, s) > N=|]p"
2 AE,s)=w-AE2—s) > W:HWp
P

2 Birch and Swinnerton-Dyer conjecture
2 ord,— L(E/Q, s) = rk(E/Q)

2 (Strong) Birch and Swinnerton-Dyer conjecture

L(E, ) Q\IH(E/@)\R(E/@)HP c, . HC

g 11_I>Il — 1rke = 2
s—1 (s ) | Ep (Q) | p
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2 Euler factors

Let E/Q be an elliptic curve. Then L(E, §) = H Lp(E, p~)~!, where

p
2 . . - =
| —a,I'+pT= if E has good red. at p, witha, = p + 1 — #E(F)),
L(E.T) = 1-T if £ has split mult. red. at p,
1+ T if £ has non-split mult. red. at p,
1 if £ has additive red. at p.

Consider E/Zp Y2 = (x — a))x —ay)x — o).

i ]
N

E:=@F-a)E-a)E—a)  E:57=@F-a)E-a’ E:y=@E-a)
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2 Euler factors: minimal data

Let E/Q be an elliptic curve. Then L(E, §) = H Lp(E, p~)~!, where

p
2 . . - =
| —a,I'+pT= if E has good red. at p, witha, = p + 1 — #E(F)),
L(E.T) = 1-T if £ has split mult. red. at p,
1+ T if £ has non-split mult. red. at p,
1 if £ has additive red. at p.

Consider E/Zp Y2 = (x — a))x —ay)x — o).

Pt AL plAg plAg

Céline Maistret University of Bristol ANTS XVI



2 Euler factors: minimal data

Let E/Q be an elliptic curve. Then L(E, §) = H Lp(E, p~)~!, where

p
2 . . - =
| —a,I'+pT= if E has good red. at p, witha, = p + 1 — #E(F)),
L(E.T) = 1 -T if £ has split mult. red. at p,
1+ T if £ has non-split mult. red. at p,

1 if £ has additive red. at p.
) ? {&19 &29 &3} /
Consider E/Zp Yy =@ —a)x — o)k — o).

i ]
N

E:=@F-a)E-a)E—a)  E:57=@F-a)E-a’ E:y=@E-a)
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2 Conductor exponents: minimal data

2 A(E,s) = N"’Q2n)~T(s)L(E, s)

0 if good,
1 1f mult
) § _ ”
> N=[]ph where f,=1, if add. (p > 5),
! 2+5,0<8 <6 ifadd. (p=2.3).
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2 Conductor exponents: minimal data

2 A(E,s) = N"’Q2n)~T(s)L(E, s)

0 if good,
B . )1 if mult., e {ay, .552, &.3}
2z N = Hp », where f, = 5 if add. (p > 5). & Galois action
P 24+65,0<68 <6 ifadd. (p=23). on 14, @y, @3}

Céline Maistret University of Bristol ANTS XVI



2 Local root number: minimal data

2 A(E,s) = N"’Q2n)~T(s)L(E, s)

0 if good,
r 1 1f mult., e {a, .5‘2» &.3}
PN= HP », where f, = 0 if add. (p > 5), & Galois action
Ay, Ay, A
g 24+65,0<8,<6 ifadd. (p=23). on 101, @, O3
1 if good, s
—1 if split mult., >, %2> 05.3}
pw=— va, where w, = ) , , & Galois action
; 1f non-split mult. on {ay, ay, ay )
{£1}, ifadd, & p-adic distances
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B Tamagawa numbers

L(E. 5) Q II(E/Q) (E/D]] ¢,

> lim o = :
— VK
s=>1 (s — 1) | £ (Q) |

Kodaira Iy | I1 I11 IV I3 I IV [1r- I
symbol (n>1) (n>1)

Special fiber € I = 1

: ‘ r AR ! 1_::2:% l/_E_ 1.2._3 4 fa
(The numbers ] \ 1 1 1 - R - | 3 4|3
indicate multi- : 1' 1 - e _{_2__ 1_3—- 2 !3
plicities) wl : ] | | 2 |2 N2 2] 3 6 _2_._‘3

p p P
Cp=n

Ref: The Arithmetic of Elliptic Curves, J.H. Silverman
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2 Tamagawa numbers: minimal data

LEs — QIIEQIED]] ¢,
» lim =
s=>1 (s — 1y | Eio (@) |

Ref: The Arithmetic of Elliptic Curves, J.H. Silverman
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2 Tamagawa numbers: minimal data

2E:y>=x(x—-pHix-1)

py:=x(x—pHx—-1 =29P=2G-1) =2>9P=@G-1) ’ :
4 )yci ;yqu = y12 = x(x —P3)(X1P -1) = ﬁ = —55%
b vy W =nm- It 1) >3 = -8
o NI ikt = R=x —
P SR ERE - D -D S F=-5E - D }{
|
+

1&121

?{alaazaa:%} / ; —8‘
Bv(d,—a P
p( I 2) cp=2
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2 L-functions of Elliptic Curves and local invariants

Let E/Q be an elliptic curve.

» L(E,s) = HLP(E,p‘S)‘1
P

> A(E, s) = N"*2r) T (s)L(E, s) > N=|]p"
2 AE,s)=w-AE2—s) > W:HWp
P

2 Birch and Swinnerton-Dyer conjecture
2 ord,— L(E/Q, s) = rk(E/Q)

2 (Strong) Birch and Swinnerton-Dyer conjecture

L(E, ) Q\IH(E/@)\R(E/@)HP c, . HC

g 11_I>Il — 1rke = 2
s—1 (s ) | Ep (Q) | p
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2 L-functions of Elliptic Curves and local invariants

Let E/Q) be an elliptic curve.

? {&19 &29 &3}
& Galois action
on {0(1, 0[2, a3}

? {&19 &29 &3}
P Wp & Galois action
on {0(1, 0(2, 0{3}

B C
P
(semistable) P vp(al _ (12)
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2 Extending to Hyperelliptic curves

v =x(x — pHx = 2pH)(x = 3pH)(x — 4pH)(x* + D(x — Dx — 1 = p*)(x — 1 — p?)

9 {&19 &29 &3}
& Galois action
on {0(1, 0[2, a3}

9 {&19 &29 &3}
P Wp & Galois action
on {0(1, 0(2, 0{3}

B C
P
(semistable) P vp(al _ (12)
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2 L-functions of Elliptic Curves and local invariants

Let E/Q) be an elliptic curve.

@9 9,

4
N
9 {&19 &29 &3}

& Galois action (; O)O

on {0(1, 0[2, a3}

(@, 9,
B {ay, &y, as}
P Wp & Galois action
on a0 . o) @e 9,
B Cp 1> 42> 43 —
(semistable) P vp(al _ (12) (m 0)n
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& Cluster pictures + Galois action on roots

Cluster Picture |@@@), @ QO @ QO % % % TIORIC Dl (OOO); 3 >
e mamers NN N NAIRE [T AT
indicate multi- : | | ] J 1 2 L—T- +—2__ 1 T3 13
plicities) w, wl 1 ] ] l 1_2_+2 N2 13__ 6 —2--‘3
pLEP) V| V|V V|V VNV
o, viviviviviviviv]ivI iv]v
2w, v | v |V |V V|V Y VY
>c, il viviviol 21212 21

Ref: The Arithmetic of Elliptic Curves, J.H. Silverman
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& Hyperelliptic Curves over local fields (p # 2).

(Dokchitser-Dokchitser-M .-Morgan, 2022)

2 Reduction type of curve and Jacobian + semistability criterion
2 Regular model (semistable)

» Tamagawa Numbers (semistable) (Betts)

2 Differentials (semistable) (Kunzweiler)

2z Root numbers (tame) (Bisatt)

2z SNC model (tame) (Faraggi-Nowell)

2z Conductor exponent

2 Galois representation (£ # p)

2z LMFDB (Best-van Bommel)
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2 Semistable Hyperelliptic Curves, genus 2.

Ceéline Maistret

Type EC ’U(Cf) TC mgo Hl(Tc, Z) Def U(Amm)
2 @9, O ® 1 - + 0
1%l | (9,009, 7| @@ r+1 - + 127
; - o —@ _ Ly .
1%,1 | (29eew,), 7 . r+1 () | 12r4107
1 000009} | 0 C—n\/. n [1:n] + n
1, 000009;) 0 C%;. n 2 : n] + n
1xI, | (@®pe)) 7| G ® - 1 n] v 121 + 7
0
1xI, | (@®ped)) 7| T ® ntr 2 : n] + 121 +n
0
Iy (0009 @9 0 Cn>'<m> n+m-—1 [1.1: n,m] + n+m
I:;;,L (00@9:@9;) 0 Cn>.<§l> n+m-—1 [1.24 : n,m)| + n+m
Lim | 069;69;) 0o Dl atm-1 | [22:0,m] + n+m
>
I;n 000909 , 0 Cn>.<n> 2n — 1 [1.25 : n,n| + 2n
—
L, | @@ 0 C<D o — 1 4 : n] + on
f&)
Upmi | (@9;09;@9)" 0 e — n+m+k—1| [1.1:d,t/d] + n+m-+k
Ck%J
Upk | (09:692@9¢) 0 it n+m+k—1| [2.2:d,t/d] Ok m A+ k
C%QD
Up ok | (@969;09)° 0] =, 2n+k—1 | [1.25:n+2k,n] + on + k
&&3
Upnk | (0969,09 0 =, 2n+k—1 | [1.25:n,n+2k] (—)F 2n + k
st
Ul @@@ 0| = 3n—1 3 : n] + 3n
/”»‘ !\v
U,nn 09-0909): ; 0 N 3n—1 6 : n] (=)™ 3n
I'x I (0@9!) (0*%‘)\ T ?’ r .<m> n+m-+r—1 [1.1:n,m)] + 12r4+n+m
T 7’)0
I:; x. I, (OQ (o%)‘ T Cn>. r .<$L> n+m-+r—1 [1.24 : n,m] + 12r+n+m
T 7)0
I,xL, | [0@;) p@@s)] 7| 7| ntmtr—1| [22:n,m] + | 12r4ntm
T r)o
L 3
x| e@Yeee))] 7| G P | -1 | [125:n,0) (=) | 12r+2n+107
2o
T
- = = | C> )
I, %I, (o °@9: ) Fl AR A | 2n4r—1 [4:n] (=) | 12r+2n+107
2o
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2 Semistable genus 2 curves

Cluster

Picture (000000)0 (WOOO}

1 ° A A
NANP: AN e or Lom 7<k_> 7)<(X %

N () W W (n) m

(0000 @9),)

(@39, 909) | (00 ©9,@9),) |(€9;©9;69,) | (0@9,)o@d),]

Y
\)

2 Diftterent special fibres correspond to different cluster pictures
2 Several cluster picture correspond to same special fibre (change of variables, non-minimal)

2z Equivalent classes of cluster pictures (same special fibre)
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Semistable genus 2 curves

Type 2
2 @aaarad) @0000 (000000)
}/, < Type I,
NGV rrwa @) (090@0) 0@090) (00@200) (29©209) (2(0@200)) (2(02009)
7% 7\ Type Inm
\f gy @@ @) (@909 02909) (092989 (92269 (2(0209)) 422 @9)
1 7 Type Upm.r
N @@ @) (@9eY) (01@9@9) (9@ @9) [+(«@2@9)
T Type I, X Iy,
K7y ()es) 6o689) (6esn) ((eo68) boebe) (56659)
b o }E’@ E{
1 L Type 1 X I,
e 20069) G9639) (00G99) (0290@9) 6GIE39) (09(0@29)
{of  (6906559) [+pss9) (Eues9) eseed)
/&(- .—.13/\ Type 1 x 1
1 1 (D Gaw) (00@00) (000000) @@o
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p-adic theories of curves

2 Types of curves: Elliptic, hyperelliptic and general curves.

2 Algorithmic
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2 Euler factors at primes of almost good reduction for genus 2 curves.

2 Joint with A. Sutherland.

2 Let C/Q be a genus 2 curve.
2 p an odd prime of bad reduction for C and good reduction for Jac(C).

2z Almost good reduction

» L(C,T)=L/(E,T)L(E,T) 1 —a ,T+pT> 1-a,,T+pT”

P (@D@Ei) (00000) (000099) (0(00099)
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p-adic theories of curves

2 Types of curves: Elliptic, hyperelliptic and general curves.

z Computations in families
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& Conductor exponents for the Modular method.

2 Joint with M. Azon, M. Curco Iranzo, M. Khawaja, D. Mocanu.

2 Generalised Fermat equations: x” + y? = z7.
2 Conjecture: There are no non-trivial primitive solutions if r, g, p > 3.
? When r = g = p, it 1s Fermat’s Last Theorem, proved using the “Modular Method”.

2 Darmon’s Program: to each putative solution (a, b, ¢), attach a Frey variety.

2 One of the steps: compute the conductor exponents

2 Signature (7, r, p). (Billerey-Chen-Dieulefait-Freitas)

r

2 CJa,b) : V= (ab)';le[ (x — Z_,’i — C,,_j) +b"—a’

j=1
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& Conductor exponents for the Modular method.

2 Joint with M. Azon, M. Curco Iranzo, M. Khawaja, D. Mocanu.

2 Generalised Fermat equations: x” + y? = z7.
2 Conjecture: There are no non-trivial primitive solutions if r, g, p > 3.
? When r = g = p, it 1s Fermat’s Last Theorem, proved using the “Modular Method”.

2 Darmon’s Program: to each putative solution (a, b, c¢), attach a Frey variety.

2 One of the steps: compute the conductor exponents

2 Signature (p, p, r). (Chen-Koutsianas)

r—1

> 2
2 C (a,b,c):y* = c”H (f) + =7 =2) = 2(aP - bP)

C

j=1
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& Conductor exponents for the Modular method.

2 Joint with M. Azon, M. Curco Iranzo, M. Khawaja, D. Mocanu.

2 Generalised Fermat equations: x” + y? = z7.
2 Conjecture: There are no non-trivial primitive solutions if r, g, p > 3.
? When r = g = p, it 1s Fermat’s Last Theorem, proved using the “Modular Method”.

2 Darmon’s Program: to each putative solution (a, b, c¢), attach a Frey variety.

2 One of the steps: compute the conductor exponents

2 Signature (p, p, r). (Chen-Koutsianas)

1

r

- 2
2 C(a,b,c) : y? = (x + 2¢) c”H (f) Z_,’,];— Z_,’,,_j— 2) — 2(al — bP)
C

J=1
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& Conductor exponents tor the Modular method.

2 Joint with M. Azon, M. Curco Iranzo, M. Khawaja, D. Mocanu.

2 Signature (7, r, p). (Billerey-Chen-Dieulefait-Freitas)

r

— 1
2
> Clab):y = @)y Tx[|a-g-H+br-a’
j=1
2 Set of roots: {{'a+ ¢7'h, 0 <i<r— 1} + Galois action

Theorem 3.4. Let q € Z be an odd prime such that q | Ag, (ap)- Then the cluster pictures of
C,(a,b) at q are as follows:

(1) [%%naé’,a;j; a?go, ifq#r and q|a” +b", where n:=v,(a" +b") € Z,
(2) @899 909, ifg=r andq+ta”+b",
(3) ﬁmm a_m °],%1’ if =7 and q|a” + b7, where m:=v,(a+b) - .

(1) Ifg#r, q|a" +b", then ngqy =5
(2) If g=r, g+ a" +b", then nc,=7-1;
(3) Ifq=r, q|a” +b", then ng,=7-1.
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p-adic theories of curves

2 Types of curves: Elliptic, hyperelliptic and general curves.

2 Global application
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& p-Parity Conjecture for Elliptic curves over totally real fields.

2 Joint with H. Green

2 Birch and Swinnerton-Dyer Conjecture: ord,— L(E/Q, s) = rk(E/Q).
2 AE/Q,s) =wE/Q) - A(E/Q,2 — ).
2 Parity conjecture: (— 1) = w(E/Q).

2 For any prime p, p-Parity conjecture: (— 1)&Q = w(E/Q).

2 Theorem

Let £, E,/K be elliptic curves over a number field. If E,[2] ~ E,[2] as Galois modules, then the 2-Parity conjecture holds
for E,/K if and only if it holds for E,/K.

2 Corollary
Let p be a prime and K be a totally real number field. Then the p-Parity conjecture holds for E/K.
(Dokchitser-Dokchitser, Nekovar: odd primes + p = 2 without CM).
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& p-Parity Conjecture tor Elliptic curves over totally real fields.

2 Joint with H. Green

2 Let K be a number field and f(x) € K]|x] be a separable monic cubic polynomial.

PE:y*=fx), E:y>=xf(x),

B (— 1)rk2(E/K)+rk2(J aC(E'/K)) _ H

c(E)c(E')

¢,(C)

2k Xp/k 2acE/K

Notation: X = 2if2|xand X = Tif2 1 x.

Ceéline Maistret

C:y* = f(x*).

2 T,/ KOw,Jac(E'TK)).

Yo Gk Gar/c Gacc/k Mok Atk WekWiace/k Hex

University of Bristol

ANTS XVI



p-adic theories of curves

2 Types of curves: Elliptic, hyperelliptic and general curves.

2 Global application

2 Local height on hyperelliptic curves and quadratic Chabauty
(Betts, Duque-Rosero, Hashimoto, Spelier)
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2 General curves and p = 2

zp=2.
2 Dokchitser V.-Morgan (clusters at ordinary good red),

2 Yelton-Fiore,

2 Gehrunger-pink,
2 Wewers-0Ossen,
B ...

2 (General curves.

2 algorithms
2 Dokchitser T., Dokchitser T.-Muselli,

...

2 Genus 3: Cayley Octads (van Bommel, Docking, Dokchitser V., Lercier, Lorenzo-Garcia)
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Thank you!
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