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Abstract. We determine the quadratic Chabauty set for integral points on elliptic curves of

rank 2 defined over imaginary quadratic fields using quadratic Chabauty. This builds on the

work of Bianchi [Bia20] and Balakrishnan et al. [BBBM21]. We give the first instance of the
implementation of anticyclotomic heights for curves which are not base changes, along with an

implementation of a certain sieve for elliptic curves introduced by Balakrishnan et al. [BBM17]
and used by Bianchi [Bia20] to determine integral points of rank 2. We give the first example of

the determination of the integral points of an elliptic curve of rank 2 defined over an imaginary

quadratic field, which is not a base change via quadratic Chabauty.
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1. Introduction

Let K be a number field with OK its ring of integers. Let C/K be a smooth, projective, and
geometrically irreducible curve, henceforth called a nice curve. Let U/OK be an affine scheme with
projective closure C such that C × SpecK ∼= C. Let g be the genus of C. In 1929, Siegel [Sie14]
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showed that the set U(OK) is finite if g ≥ 1. For g ≥ 2, this was superseded by Faltings’s theorem
in 1983 [Fal83], which shows C(K) is finite for g ≥ 2.

Neither of these proofs can be made effective; that is, we can not use them to explicitly determine
the sets C(K) or U(OK). There has been significant progress in determining the sets U(OK) and
C(K) via p-adic methods of Chabauty and Coleman. Let J be the Jacobian of C and r be the rank
of J(K). In his paper [Cha41], Chabauty showed the set C(K) is finite if r < g.

We give a heuristic explaining why we might expect this when K = Q. We first pick a prime of
good reduction, say p.

We can identify C as a subvariety of J via the Abel-Jacobi map ι : C ↪! J . If we have r ≤ g− 1,
then the closure J(K) ⊆ J(Qp) has dimension at most r (as an analytic variety over Qp), and the

curve CQp
has dimension 1. Since r + 1 ≤ g, we expect the intersection J(K) ∩ CQp

to be finite.
Chabauty constructs functions that vanish on this intersection, which Coleman [Col85] later

identified as p-adic (Coleman) integrals of holomorphic differential forms. The method of Chabauty-
Coleman relies on the image of the map

(1) log : J(Q)⊗Qp ! H0(XQp ,Ω
1)∨

having positive codimension, which is used to write down abelian integrals vanishing at the rational
points.

Kim’s work [Kim09] gave rise to the non-abelian Chabauty program, which aims to remove the
restriction of r < g. Kim’s method considers unipotent quotients of the Qp-étale fundamental group
of C and looks at the Selmer schemes attached to these quotients. In [Kim10] and its appendix
[BKK11], the authors show that a certain p-adic locally analytic function is constant on integral
points of elliptic curves with Tamagawa product 1. This p-adic function is a linear combination of
an iterated Coleman integral and the square of an abelian Coleman integral.

Let p be a prime of good reduction. We let

h : C(Q)! Qp
denote the global height of Coleman and Gross [CG89], and for finite places v of K, we let

hv : C(Qv)! Qp
denote the local heights of Coleman and Gross. We have h =

∑
v hv|C(Q). In [BB15], the authors

extend the function h−hp to a locally analytic function on C(Qp), and show that this function is a
scalar multiple of the Coleman function in [Kim10] and [BKK11] . In [BBM16], the authors further
extend this approach to hyperelliptic curves. Let C be a hyperelliptic curve defined by y2 − f(x)
where f has degree 2g + 1, and let

U := SpecZ[x, y]/(y2 − f(x))).

They prove the following theorem regarding integral points on hyperelliptic curves.

Theorem 1.1. [BBM16, Theorem 3.1] Suppose that r = g and that the log map in (1) is an iso-
morphism. Then there exists an explicitly computable finite set T ⊂ Qp and an explicitly computable
non-constant Coleman function ρ : U(Zp)! Qp such that ρ(U(Z)) ⊆ T .

We would like to extend this method to curves over more general number fields K. Based on an
idea of Wetherell, Siksek [Sik13] looks at the restriction of scalars of V := ResKQ C and A := ResKQ J .
He exploits the fact C(K) = V (Q) and that

(2) V (Q) ⊆ V (Qp) ∩A(Q) ⊆ A(Qp).

Submitted to Algor. Num. Th. Symp.
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Let B := V (Qp)∩A(Q). If r ≤ d(g− 1), one expects B to be finite due to reasons of dimension.

Remark 1.2. Siksek [Sik13] provides a statement that he thinks is possibly correct. Let L ⊆ K
be a subfield and let D/L be a nice curve such there is an isomorphism D×SpecL SpecK ∼= C. Let
JD be the Jacobian of D and let rD be the rank of JD(L). Then if for all L ⊆ K and all D/L if

(3) rD ≤ [L : Q](g − 1),

then B is finite. Dogra [Dog23] shows this statement is not true; he constructs a hyperelliptic genus
3 curve for which the the set B is infinite even though it satisfies (3) for each such D/L. On the
other hand, he shows if (3) holds and further if J does not share a component with any of its
conjugates over Q, we have finiteness of the set B.

In the paper [BBBM21], the authors exploit the idea of using Weil restrictions and multiple
p-adic height functions to give a quadratic Chabauty method over number fields. They consider
the map

(4) log : J(K)⊗Qp ! (ResKQ J)(Q)⊗Qp ! Lie(ResKQ (J))Qp
.

Let p be a prime which splits completely in K. For 1 ≤ i ≤ m, let ψi : K ↪! Qp denote all the
embeddings of K into Qp. Let

OK ⊗ Zp =
m∏
i=1

OK ⊗ψi Zp and U(OK ⊗ Zp) :=
m∏
i=1

U(OK ⊗ψi Zp).

Also let ψ : U(OK) ↪! U(OK⊗Zp) denote the natural embedding induced by the ψi for 1 ≤ i ≤ m.
We refer the reader to Section 2.1 for the definition of p-adic idèle class characters. They prove the
following theorem:

Theorem 1.3 ([BBBM21]). Let p be a prime such that U has good reduction at all primes above p,
and let χ be a p-adic idèle class character. Suppose the map in (4) is injective. Then there exists an
explicitly computable finite set Tχ ⊂ Qp and an explicitly computable non-constant locally analytic
function ρχ : U(OK ⊗ Zp)! Qp, both dependent on χ, such that ρχ(ψ(U(OK))) ⊆ Tχ.

For practical applications, computing the set of integral points via this method has been limited
to quadratic number fields for curves defined over Q. Some of the difficult steps in extending this
method to higher degree number fields include finding the generators of (a finite-index subgroup
of) the Mordell–Weil group J(K) when the curve is defined over a larger degree number field,
implementing Coleman integration and computing heights over field extensions of Qp.

We review examples that have been computed in the literature thus far. In [BBBM21], the
authors compute the set of Z[ζ3]-points of a genus 2 curve defined over Q. The quadratic Chabauty
set is the set of is the preimage of Tχ under ρχ as χ ranges over linearly independent idèle class
characters. In particular, it is a set of p-adic points in U(OK ⊗ Zp). The authors of [BBBM21]
compute finite quadratic Chabauty sets, which are supersets of the OK-points, of two elliptic curves
where K is Q(

√
5) and Q(

√
3). To find these sets, they use the cyclotomic height and a relation

among the linear forms given by abelian Coleman integrals.
We note that the Mordell–Weil sieve cannot be applied to get rid of auxiliary p-adic points which

are zeroes of Coleman functions on elliptic curves, since the sieve crucially relies on the fact that
the curve embeds as proper subvariety of its Jacobian and consequently the map

CFq
(Fq)! JFq

(Fq)
is not surjective.
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Gajović and Müller [GM23b] compute the Z[
√
7]-points of a hyperelliptic curve which is not a

base change using linear quadratic Chabauty. Their method applies to a hyperelliptic curve in the
form

y2 = f(x),

where the degree of f is even and f is monic. This complements the work in [BBBM21], where the
authors provide a method when the degree is odd. We remark the linear quadratic Chabauty method
of Gajović and Müller uses an innovation in [GM23a] to compute p-adic heights of hyperelliptic
curves. Based on the work of [BB12], they provide an algorithm which cleverly uses the degree
0 divisor above infinity to compute heights on hyperelliptic curves, which is significantly faster if
deg(f) is odd.

Bianchi [Bia20] looks at the Mordell curve with LMFDB label 20736.1-CMd1 and minimal Weier-
strass equation

y2 = x3 − 4

base changed to Q(ζ3), and uses the theory of Mazur-Stein-Tate [MST06] heights on elliptic curves.
This heavily relies on the p-adic sigma function developed by Mazur and Tate [MT91]. On com-
puteing the quadratic Chabauty locus, she then employs a sieve that exploits the size of the set of
mod 7 and mod 13 points of E. This allowed her to determine all the Z[ζ3] points of this Mordell
curve.

In this paper, we give a method to compute the integral points of rank 2 elliptic curves over
imaginary quadratic fields which are not base changes. We follow the strategy proposed by Bianchi
in [Bia20]. Some of the simplifications both in the quadratic Chabauty method and the application
of the sieve are lost when one works with a curve that is not a base change. Our work gives the
first instance of a calculation of the anticyclotomic height of an elliptic curve, which is not a base
change from Q, see Proposition 2.14 and Algorithm 1. We also present the first example where the
integral points of an elliptic curve over an imaginary quadratic field which is not a base change of
an elliptic curve over Z have been determined via the method of quadratic Chabauty.

The most common algorithms for computing the set of integral points on elliptic curves are
based on the study of elliptic logarithms. The implementation in Magma is based on an algorithm
of Stroeker and Tzanakis [ST94] which uses linear (group) relations between integral points and
the generators of the free component of the Mordell–Weil group transformed into a linear form in
elliptic logarithms. This was extended to number fields in the work of Smart and Stephens [SS97].
This implementation seems to be only available for elliptic curves defined over totally real fields.
Sage currently has no implementation for computing the set of integral points over number fields
apart from the rationals. We thus give a method to determine integral points for elliptic curves
over imaginary quadratic fields.

We can use our quadratic Chabauty method to prove the following result:

Theorem 1.4. Let OK = Z[ζ3] with fraction field K. Consider the scheme U1/OK cut out by the
Weierstrass equation

y2 + (ζ3 + 2)y = x3 + (−ζ3 − 2)x2 + (ζ3 + 1)x.

This curve has LMFDB label 134689.3-CMa1 Then

U1(OK) ={(−3 : −8ζ3 − 4), (−3 : 7ζ3 + 2), (4ζ3 + 4 : −8ζ3 − 4), (0 : 0), (0 : −ζ3 − 2), (ζ3 + 1 : 0),

(ζ3 + 1 : −ζ3 − 2)(4ζ3 + 4 : 7ζ3 + 2), (1 : 0), (1 : −ζ3 − 2), (−3ζ3 + 1 : −8ζ3 − 4), (−3ζ3 + 1 : 7ζ3 + 2)}.

Remark 1.5. The data in the LMFDB is presented in terms of the algebraic integers a = ζ6. Hence
the equations on LMFDB are obtained by replacing ζ3 above with a− 1.

Submitted to Algor. Num. Th. Symp.
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The paper is organised as follows. We look at the theory of heights as formulated by Mazur,
Stein, and Tate [MST06] in Section 2. We outline the strategy to determine the quadratic Chabauty
sets for a given elliptic curve in Section 3. We then look at a sieve to eliminate spurious p-adic
points in Section 4. Finally, we compute explicit examples in Section 5.

While we can determine the quadratic Chabauty set for elliptic curves over imaginary quadratic
fields of class number 1, this method is not very effective in determining the set of integral points.
The major stumbling block is the sieve we use. To use the sieve, we need the curve to have trivial
torsion, and we need the cardinalities of reductions at two split primes to satisfy a particular
condition; see Condition 4.1. Unfortunately, this condition is not satisfied too often, and when it
is satisfied, the sieve often does not end up eliminating all mock integral points. For example, we
found 3528 curves over Q(ζ3) of rank 2, trivial torsion, which were not base changes. Of these, only
36 satisfied Condition 4.1. Amongst these curves, the sieve described in Section 4 only managed
to eliminate all mock integral points in one case. Thus, developing a better sieving algorithm for
p-adic points of elliptic curves would help improve this method significantly.

The code used in this paper is available on Github [Jha24].
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Notation

K A number field,

OK The ring of integers of K,

p, q, v Finite places of K,

Kv The completion of K along a place v,

ψi : K ↪! Qp Embeddings of K into Qp for completely split primes p.

OK ⊗ Zp :=
m∏
i=1

OK ⊗ψi
ZpThe product of tensor products given by all embeddings.

A×
K The group of idèles of a number field.

E/K An elliptic curve over K,

EKv
:= E ×SpecK SpecKv The base change of E to Kv,

E/OK An integral model of E, often the minimal Weierstrass model,

U/OK := E \ {O} E minus the identity section

EFp
:= E ×OK/p The reduction of E at p.

Submitted to Algor. Num. Th. Symp.
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Remark 1.6. For a rational prime p which splits completely in K and for a prime pi | p of K, we
will also use ψi to denote the isomorphism

ψi : Kpi
! Qp

which extends the embedding ψi : K ↪! Qp.

Remark 1.7. We set
ψ : K !

∏
p|p

Kp, x 7!
∏

ψi(x),

to be the diagonal embedding of K into its completions at places above p.

2. Computing non-Archimedean heights on elliptic curves

A fundamental tool used in quadratic Chabauty is the theory of p-adic heights. In this section,
after recalling some basic properties of heights, we will focus on the computational aspects of p-adic
heights of elliptic curves over imaginary quadratic fields.

We shall use the definition of p-adic heights from [MT83] and [MST06].
In [MT83] the authors define height parings valued in various abelian groups for abelian varieties

defined over various fields, but we stick to the case where E is an elliptic curve over a number field
K, and our height pairing is valued in Qp, for some rational prime p. Given an (admissible) idèle
class character 1

χ : A×
K/K

× ! Qp
they show there exists a “canonical” pairing

(·, ·)χ : E(K)× E(K)! Qp
which is symmetric and bilinear and therefore is a height pairing. This height satisfies some nice
functorial properties, see [MT83, Section 4].

In [MST06], the authors give explicit formulas for the canonical pairings described in [MT83] as
a sum of local pairings and an algorithm to compute these pairings. David Harvey [Har08] provides
a more efficient algorithm to calculate the height associated to the cyclotomic character for elliptic
curves defined over Q, which we modify to obtain cyclotomic heights in the number field case.

The main inputs in computing p-adic heights on elliptic curves are idèle class characters, the
p-adic sigma function introduced in [MT91], and denominators of the x-coordinate of given points.
We say more about these in the upcoming subsections.

Simplifying Assumption. We assume henceforth K has class number 1 for ease of exposition
and to speed up computations.

2.1. Idèle class characters.

Definition 2.1. An idèle class character

χ =
∑
v

χv : A×
K/K

× ! Qp

is a continuous homomorphism that decomposes as a sum of local characters χv. ⋄

Below are some properties of idèle class characters:

• For any prime q ∤ p we have χq(O
×
q ) = 0 because of continuity. So if πq is a uniformiser in

Kq, then χq is completely determined by χq(πq).

1See Definition 2.1
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• For any p | p, there is a Qp -linear map tχp such that we can decompose the local height as
follows

(5)

O×
p Qp

Kp

χp

logp tχp

because χp take values in the torsion free group (Qp,+) where tχp is a Qp-linear map.

If a continuous idèle class character χ is ramified at p, that is, if the local character χp does not
vanish on O×

p , then we can extend logp : K×
p ! Kp in such a way that the diagram (5) remains

commutative.

Remark 2.2. An idèle class character χ is admissible in the sense of [MT83] if the chosen abelian
variety A has good, ordinary reduction at places v where χv is ramified, i.e. χv(O

×
v ) ̸= 0. If χ is

admissible, then we can associate a pairing on A(K)×A(K).

Example 2.3. If K = Q, the unique idèle class character up to scalar multiplication is the cy-
clotomic character χ := χcyc

Q . If x = (xq)q ∈ A×
Q then, χcyc

Q (x) = logp(xp) −
∑
q ̸=p logp(q

vq(xq)),

where vq denotes the q-adic valuation for Q×
q . We choose logp to be the Iwasawa branch of the log

function, that is logp(p) = 0. We note that χ(Q×) = 0, so χ factors through the idèle class group

A×
Q/Q×.

Example 2.4. For general K, let NmK/Q : A×
K ! A×

Q be induced by the usual norm function. The

cyclotomic idèle class character is defined as χcyc
K := χcyc

Q ◦NmK/Q

Remark 2.5. The character χcyc
K is called ‘cyclotomic’ because it corresponds to the Galois character

which cuts out the cyclotomic Zp-extension via the identification of p-adic Hecke characters with
p-adic continuous Galois characters by class field theory.

Example 2.6. Suppose K is an imaginary quadratic field. An anticyclotomic p-adic idèle class
character is a continuous homomorphism

χ : A×
K/K

× ! Zp

such that χ ◦ c = −χ. where c is the map induced on AK by complex conjugation.

Remark 2.7. By class field theory, the anticyclotomic character cuts out the anticyclotomic Zp-
extension.

Lemma 2.8. [BÇL+16, Proposition 1.4] Let K be an imaginary quadratic field and let K have
class number 1. Let p be a prime which splits in K and let pOK = p1p2. Also let ψ1 : Kp1

! Qp
and ψ2 : Kp2

! Qp be isomorphisms induced by the inclusion of K. Consider the map

χ : A×
K/K

× ! Qp
(xv)v 7! logp(ψ1(α) · xp1)− logp(ψ2(α) · xp2)

where α ∈ K× is any element such that αxv ∈ O×
v for all finite v. Then χ is the unique (up to

scaling) non-trivial anticyclotomic p-adic idèle class character.

Submitted to Algor. Num. Th. Symp.
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Proof. We refer the reader to [BÇL+16, Section 1] for a proof, noting that the if c is the involution
on AK induced by complex conjugation, then ψ2(α) = ψ1(α

c) for α ∈ K. We note complex
conjugation acts in the following manner (see for example [Neu13, Section V1.2])

c : A×
K !A×

K

(xv)v 7!(c(xvc)).

So, at the two places above p, complex conjugation acts by switching them. ■

The restriction to class number one above is not essential, as there is an explicit formula (albeit
more complicated) for class number not one. In this paper we look at number fields that have class
number one, so will restrict our attention to this case.

Lemma 2.9. [BBBM21, Corollary 2.4] Let K have 2r2 complex places. Then the continuous idèle
class characters of K form a Qp-vector space VK of dimension ≥ r2 + 1. If Leopoldt’s conjecture
[Leo62] holds for K, then we have dimQp

VK = r2+1. In particular, this holds if K/Q is an abelian
extension.

For an imaginary quadratic field, the cyclotomic and anticyclotomic characters described above
span the space of continuous idèle class characters.

2.2. p-adic sigma function. In their 1991 paper [MT91], Mazur and Tate introduce the notion
of p-adic sigma function, which we will recall in this section.

Let R be a complete discrete valuation ring with uniformiser π and residue field k = R/πR of
characteristic p > 0. Let K be the field of fractions of R. Let E/K be an elliptic curve over K.
Let Ef the formal group of E. We suppose that E is ordinary, i.e.

Ef
k
∼=

(
Gfm

)
k
.

In that case there is a good p-adic analog of the classical Weierstrass sigma function if p is odd,
and of its square if p = 2. In [MT91], the authors give 11 different characterisations of the p-adic
sigma function, but we will present the one which is amenable to calculations. Let

x(t) =
1

t2
+ · · · ∈ R((t))

be the formal Laurent series that expresses x in terms of the local parameter t = −x/y at infinity.

Theorem 2.10 ([MST06, Theorem 1.3]). There is exactly one odd function σ(t) = t+ · · · ∈ tR[[t]]
and constant c ∈ R that together satisfy the differential equation

(6) x(t) + c = − d

ω

(
1

σ

dσ

ω

)
where ω is the invariant differential dx/(2y + a1x + a3) associated with our chosen Weierstrass
equation for E.

An algorithm to compute the p-adic sigma function is given in [MST06]. A more efficient algo-
rithm to calculate it was given by David Harvey in [Har08]. This is the implementation we use. The
implementation in SageMath [The23] is for elliptic curves defined over the rationals. We modify the
algorithm to use it for elliptic curves defined over (imaginary) quadratic extensions at split primes.
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Remark 2.11. If m ∈ Z, and Q ∈ Ef (R), then [MT91, Theorem 3.1] states that

σ(mQ) = σ(Q)m
2

fm(Q).

where fm is the mth division polynomial relative to ω. Now taking log, we see

log(σ(mQ)) = m2 log(σ(Q)) + log(fm(Q))

Informally, we say that, up to a correction term that the function log σ is quadratic.

2.3. Denominator. For any point P = (x, y) ∈ Ev(Kv) which reduces to a non-singular point, for
any finite place v, we can find av, bv, dv which generate Ov, unique up to scaling by an element of
O×
v such that

x =
av
d2v
, y =

bv
d3v

since Ov is a unique factorisation domain.
Let πv be a uniformiser of Ov. Let valv be the valuation on Kv. In [MST06], the authors define

σ̃v(P ) = π
valv(dv)
v for v ∤ p. We note that σ̃v can be defined at places where the reduction is not

good and ordinary, whereas σv, the v-adic sigma function of Ev cannot be defined at such places.
In [MST06], the authors say that σ̃v is a serviceable replacement for σv in the following sense.

The v-adic valuation of σ̃v is the same as the v-adic valuation of the v-adic sigma function. Since
χ : A×

K/K
× ! Qp is unramified at v ∤ p and consequently χv is sensitive only to the v-adic valuation

of the input, this is an appropriate replacement for the sigma function.
Note that for a global point P = (x, y) ∈ E(K), we get points Pv ∈ E(Kv) for all places v. In

this case, Wuthrich [Wut04b, Proposition 2] shows that on a finite index subgroup E◦(K) of E(K)
we have a choice of a global denominator d(P ) ∈ OK along with a(P ), b(P ) ∈ OK such that

x =
a(P )

d(P )2
, y =

b(P )

d(P )3
,

and a(P ), b(P ), d(P ) are pairwise coprime. Consequently dv = d(P ) in Kv up to O×
v for all v.

Remark 2.12. In fact in Wuthrich’s thesis [Wut04a, Proposition IV.3], he shows that for a point P

in E◦(K), we have d(mP ) = d(P )m
2

fm(P ). Comparing this to Remark 2.11, we see the function

h(P ) := log(σ(P ))− log(d(P ))

satisfies h(mP ) = m2h(P ) for P ∈ E◦(K). Since the class group is trivial, E◦(K) is precisely the
subgroup of points that reduce to a non-singular point for all places v.

2.4. Computing heights for imaginary quadratic Fields. In this section, we outline how one
obtains heights from idèle class characters, denominators and p-adic sigma functions. We then give
explicit formulas for the cyclotomic and anti-cyclotomic heights.

For p | p, let σp be the sigma function attached to the elliptic curve EKp
. Let E denote the min-

imal Weierstrass model. Note σp defines a function on the kernel of reduction E1
p := ker(E(Kp)!

E(kp)) to Zp. Indeed, if P = (x, y) ∈ E1
p and t = −x/y then valv(t) ≥ 1, and so σp(P ) := σp(t) is a

well-defined element of OKp
. If m = #E(kp), then any P ∈ E(K), mP ∈ E1

p .
For v ∤ p, if P reduces to the identity component of the special fibre at v, σ̃v(P ) = dv as in

Section 2.3. As discussed in Remark 2.12, for points in E◦(K), a finite index subgroup of E(K),
we have a global denominator, d(P ) ∈ OK . This is well defined up to an OK unit. If n is the least
common multiple of the Tamagawa numbers, then for any P ∈ E(K), we have nP ∈ E◦(K).

Submitted to Algor. Num. Th. Symp.
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Definition 2.13. Let E(K)ht ⊆ E(K) be the set of non-torsion points P which lie in E1
p for all

p | p and reduce to the identity component for v ∤ p. This is a finite index subgroup of E(K). ⋄

Fix P ∈ E(K)ht and an idèle class character χ. For p | p and v ∤ p, we define

hχp (P ) := χp((σp(P ))) and hχv (P ) := χv(σ̃v(P )).

For P ∈ E(K), let n be such that nP ∈ E(K)ht. As before, let fn be the nth division polynomial.
For any place v, we extend local heights as follows:

hχv (P ) =
1

n2
(hχv (nP )− χv(fn(P )))

This definition does not depend on n; see Remark 2.11 for v | p and Remark 2.12 for v ∤ p.
Finally, we have a formula for the global height

(7) hχ(P ) :=
∑
v

hχv (P ) =
1

n2

∑
v

hχv (nP ).

We now compute cyclotomic and anti-cyclotomic heights explicitly. We fix K, an imaginary
quadratic field and E/K an elliptic curve. Let p be a split prime and write p1, p2 for the prime
factors of pOK . Let σ1, σ2 be the sigma functions attached to the curves EKp1

and EKp2
respectively.

Fix a non-torsion point P , and choose an n such that nP ∈ E(K)ht. Let nP = (x, y), and t = −x/y.
Set ti = ψi(t) for i = 1, 2. Also, let d be the denominator of nP as in Section 2.3.

2.4.1. Cyclotomic Height. Using (7) and using the formula for the cyclotomic character in Example
2.4, we get

hcyc(P ) =
1

n2

(
logp

(
σ1(t1)

σ2(t2)

)
+ logp

(
ψ1(d)

ψ2(d)

))
.

2.4.2. Anticyclotomic Height. The formula to calculate with the anticyclotomic character is a bit
more involved than the formula for the cyclotomic character. We prove a slight generalization of
[BÇL+16, Proposition 2.4] and use it to compute the anticyclotomic height. See Remark 2.15 for
more details.

Proposition 2.14 (Anticyclotomic Height). Let P ∈ E(K)ht be a non-torsion point. Then, the
anticyclotomic p-adic height of P , denoted hanti(P ) is given by the formula

hanti(P ) = logp

(
σ1(t1)

σ2(t2)

)
− logp

(
ψ1(d)

ψ2(d)

)
Proof. Let P = (x, y) reduce to the origin modulo p1, p2. By considering valuations, we see there
exist e1, e2 ∈ Z≥1 such that we have valpi

(x) = −2ei, valpi
(y) = −3ei for i = 1, 2. We get

valpi(t) = valpi(x)− valpi(y) = ei.

Furthermore valpi
(σi(ti)) = ei since σi(t) ∈ t+ t2Zp[t] for i = 1, 2. Let π1, π2 ∈ OK generate p1, p2

respectively. Choosing α = π−e1 in Lemma 2.8, we get

χanti
p1

(σ1(P )) = logp(ψ1(π
−e1
1 )) + logp(σ1(t1))− logp

(
ψ2(π

−e1
1 )

)
,

and choosing α = π−e2
2 , we get

χanti
p2

(σ2(P )) = logp(ψ1(π
−e2
2 ))− logp(σ2(t2))− logp

(
ψ2(π

−e2
2 )

)
.
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Therefore we get

(8) hantip1
(P ) + hantip2

(P ) = logp

(
σ1(t1)

σ2(t2)

)
− logp

(
logp(ψ1(π

e1
1 π

e2
2 ))

logp(ψ2(π
e1
1 π

e2
2 ))

.

)
For local heights away from p we get∑

v∤p∞

hantiv (P ) =
∑
v∤p∞

χanti
v (dv(P )) =

∑
v∤p∞

χanti
v (d(P ))

by definition of d(P ). Choose β ∈ OK such that d(P ) = πe11 π
e2
2 β and

valp1(β) = valp2(β) = 0.

Then by Lemma 2.8 we get

∑
v∤p∞

hantiv (P ) = logp

(
ψ1(β

−1)

ψ2(β−1)

)

= − logp

(
ψ1(d(P ))

ψ2(d(P ))

)
+ logp

(
ψ1(π

e1
1 π

e2
2 )

ψ2(π
e1
1 π

e2
2 )

)
.(9)

Adding (8) and (9), we get the desired result. ■

Remark 2.15. Proposition 2.14 is a mild generalization of Proposition 2.4 in [BÇL+16]. There are
a few key differences:

(1) Let c denote the action of complex conjugation, which is the same as the non-trivial Galois
automorphism of K. Since we are working with E/K, a curve which is not necessarily a
base change of one over Q, it is not necessarily the case that if P = (x, y) ∈ E(K) then
(xc, yc) ∈ E(K).

(2) We get two different sigma functions attached to E above p.

We describe an algorithm to compute the cyclotomic and anti-cyclotomic heights.

Algorithm 1 (Computing the Cyclotomic and Anticyclotomic Height). Input: An affine point
P = (x, y) ∈ E(K).
Output: The cyclotomic and anticyclotomic heights hcyc(P ) and hanti(P ).

(1) If P is torsion, hcyc(P ) = hanti(P ) = 0.
(2) We first compute the least common multiple of the Tamagawa numbers of the elliptic curve.

Call this number m.
(3) Given P ∈ E(K), we find the order of P in EFpi

for i = 1, 2. We call these n1, n2 and let

n = lcm(n1, n2,m).
(4) Compute nP , and find a square root of the denominator of the x-coordinate d(nP ). Note

we can do this since we have chosen K to have class number 1.
(5) Let

t = −x(nP )
y(nP )

,

and let t1 = ψ1(t), t2 = ψ2(t). Compute the sigma functions attached to EKpi
and call them

σi for i = 1, 2. Compute

si := σi(ti)

for i = 1, 2.
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(6) Compute

d1 = ψ1(d(nP )), d2 = ψ2(d(nP )).

(7) Return the heights:

hcyc(P ) =
1

n2
(
logp(s1) + logp(s2

)
− 1

n2
(
logp(d1) + logp(d2)

)
and

hanti(P ) =
1

n2
(
logp(s1)− logp(s2

)
− 1

n2
(
logp(d1)− logp(d2)

)
3. Quadratic Chabauty for integral points of elliptic curves

Let K be a quadratic imaginary number field with ring of integers OK and let E/K be an
elliptic curve. As before, let K have class number one. Let f(x, y) be the Weierstrass equation of
the minimal Weierstrass model of E, and let

U := SpecOK [x, y]/f(x, y).

We let E be the minimal regular resolution of projective closure of U in P2
OK

. We shall give a
method to determine the set U(OK), when E(K) has rank 2 and trivial torsion based on the proof
of Theorem 1.3. If E(K) has rank 0, one just needs to compute the torsion points of E to determine
the set U(OK). Since there are finitely many choices for the different groups E(K) can be [Kam92],
this can be done relatively easily using division polynomials.

In the case of E(K) being rank one, one can generically find a p-adic linear functional and a
height function which vanishes on the integral points of U , as was done in [BBBM21]. The case of
rank 2 is the one where one needs to genuinely use the two different height functions to determine
the quadratic Chabauty set, and this is the case we shall explore. Let

E(K) = Z · P ⊕ Z ·Q.

Fix an idèle class character χ. In Theorem 1.3, we have a function ρχ for a choice of idèle class
character χ, and a set Tχ such that ρχ(ψ(U(OK))) ⊆ Tχ. We shall explain how to obtain the
function ρχ and the set Tχ using the p-adic heights considered in Section 2.

We first recall some preliminaries on Coleman integration.

3.1. Coleman integration and height functions. Let L/Qp be a finite extension and let Xan/L
be a rigid analytic curve. See [Col85, Section 1] for notions on rigid geometry used in the following
theorem. See [FVdP12] for a more thorough introduction to rigid geometry.

Theorem 3.1 (Coleman, [Col85, Proposition 2.4, Theorem 2.7]). Let η, ξ be 1-forms on a wide
open V of Xan and A,B,C ∈ V (L). Let a, b ∈ L. The definite Coleman integral has the following
properties:

(1) Linearity: ∫ B

A

(aη + bξ) = a

∫ B

A

η + b

∫ B

A

ξ.

(2) Additivity in endpoints: ∫ B

A

ξ =

∫ B

C

ξ +

∫ C

A

ξ
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(3) Change of variables: If φ : Xan ! X ′
an is a rigid analytic map then∫ B

A

φ∗ξ =

∫ φ(B)

φ(A)

ξ

(4) Fundamental theorem of calculus:∫ B

A

df = f(B)− f(A)

for f a rigid analytic function on X.

We now state an easy consequence of the properties of the Coleman integral, which we will use.

Lemma 3.2 ([Col85, Theorem 2.8]). Let E/L be an elliptic curve and P1, P2 ∈ E(L) be points on
the elliptic curve. Let ω ∈ H0(E,Ω1) be an invariant differential. Then∫ P1+P2

O
ω =

∫ P1

O
ω +

∫ P2

O
ω

We use the implementation of Coleman integration in [BBK10].
Let p be a split prime and write p1, p2 for the prime factors of pOK . Further, we let ψ1, ψ2 :

K ↪! Qp be the natural embeddings. Let

EKp1
:= E ×ψ1

SpecQp, EKp2
:= E ×ψ2

SpecQp.

Fix ω ∈ H0(E,Ω1), a choice of invariant differential, and let ωi = ψ∗
i ω be the pullbacks to EKpi

for i = 1, 2. For P1 ∈ EKp1
(Qp), P2 ∈ EKp2

(Qp) we let

f1(P1) :=

∫ P1

O

ω1 and f2(P2) :=

∫ P2

O

ω2

where the integrals are Coleman integrals. In particular for R ∈ E(K) we let

f1(R) :=

∫ ψ1(R)

O

ω1 and f2(R) :=

∫ ψ2(R)

O

ω2.

By Lemma 3.2, fi are linear functions on EKpi
(Qp) for i = 1, 2. Consider

SpanQp
{f1, f2} ⊆ (E(K)⊗Qp)∨

where (E(K)⊗Qp)∨ = HomQp(E(K)⊗Qp,Qp).
If f1, f2 are linearly independent, this inclusion is an equality (since E(K) has rank 2), and we

can use the idea of quadratic Chabauty and restriction of scalars to find the integral points U(OK).
We now assume the following condition holds:

Condition 3.3. SpanQp
{f1, f2} = (E(K)⊗Qp)∨.

If Condition 3.3, one can compute a linear combination of f1 and f2 which vanishes on the
integral points of E via a version of Siksek’s method.

Definition 3.4. For R1 ∈ EKp1
(Qp), R2 ∈ EKp2

(Qp), let

gij(R1, R2) =
1

2
(fi(R1)fj(R2) + fi(R1)fj(R2))

for 1 ≤ i ≤ j ≤ 2. ⋄
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Remark 3.5. When Condition 3.3 holds SpanQp
{g11, g12, g22} is the full space of symmetric Qp-

bilinear forms on E(K)⊗Qp. It is essential in computing locally analytic expansions of the functions
ρχ

3.2. Finding the quadratic Chabauty sets for elliptic curves. The global height pairing is
bilinear, so if Condition 3.3 holds, it can be expressed as a linear combination

(10) hχ = αχ11g11 + αχ12g12 + αχ22g22,

where the coefficients αi,j ∈ Qp. Now we return to sketch an algorithm to find a set Bp ⊆ E(K⊗Qp)
which contains the image ψ1(U(OK))× ψ2(U(OK)). We need the following properties of heights:

(1) For v ∤ p, hχv takes only finitely many values on OK-points. Call this set of values Tχv . If
v does not divide the discriminant of E, then Tχv = {0}. This follows from the fact that
the local heights of Coleman–Gross [CG89] coincide with the height of Mazur and Tate by
work of Balakrishnan and Besser [BB15, Corollary 4.3]. The local heights of Coleman and
Gross away from places above p are given by

hv(R) = (R,R)χ(v)

where (·, ·) is an intersection pairing. In [BBM17, Lemma 2.4], the authors show the
intersection pairing, and hence the local height at v ∤ p only depends on the connected
component that R reduces onto in the special fibre. Hence, this set is finite and in fact
equal to {0} for almost all v.

To compute this set for elliptic curves, we follow the algorithm in [Sil88, Section 5] and
use [CPS06, Proposition 6].

(2) The global height hχ and local height hχp for p | p can be expressed as locally analytic p-adic
functions in each residue disk and computed to desired p-adic and t1, t2-adic precision as
elements of Zp[[t1, t2]]. For a point P such that mP lies in an appropriate neighbourhood
of the identity, we use the identity hχp (P ) =

1
m2

(
hχp (mP )− χ|mfp(fm(P ))

)
To compute analytic expansions of hχ in all residue disks we first find α11, α12, α22 in

Equation 10 by plugging in P,Q, P+Q. Then, we can compute Coleman integrals by finding
a local parametre at a fixed point in each disk and using it to compute a tiny integral.

Hence we can compute

ρχ := hχ −
∑
p|p

hχp

as a p-adic analytic function up to desired p-adic precision in each residue disk.

Thus ρχ is a p-adic analytic function in two variables, and

ρχ(ψ1(U(OK))× ψ2(U(OK))) ⊆ Tχ,

where Tχ is determined by the sets Tχv above.
For K imaginary quadratic, as discussed in Section 2.1, one has two linearly independent char-

acters χcyc, the cyclotomic character and χanti the anticyclotomic character. Let ρ = (ρcyc, ρanti).
We wish to solve the system of equations ρ = (t1, t2) for (t1, t2) ∈ T cyc × T anti.

This can be done using a multivariate Hensel’s lemma. We can lift mod pn solutions using a
Newton’s method type argument uniquely in disks of small radius under certain conditions sat-
isfied by the Jacobian matrix of partials of ρ. See, for example [BBBM21, Appendix A]. Since
finitely many disks cover U(Zpi), one gets finitely many U(Zp1) × U(Zp2)-solutions (z1, z2) such
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that ρ(z1, z2) = (t1, t2) for (t1, t2) ∈ T cyc ×T anti. Some adjustments need to be made when the Ja-
cobian matrix does not satisfy the required criterion, which is also discussed in [BBBM21, Appendix
A].

We call the set of solutions obtained above the quadratic Chabauty set and denote it Bp ⊆
U(OK ⊗ Zp). We use a version of algdep which relies on the LLL [LLL82] algorithm to recognise
OK-points for p-adic points. We call the set of points which we have not been able to identify as
mock integral points and use the notation Ap to identify them. We would like to use some sieving
method to show that these points are not integral, but unfortunately the Mordell–Weil sieve can
not be used for elliptic curves.

We discuss an alternative sieve in Section 4. Here is an overview of the algorithm to be followed
to find the set Ap above.

Algorithm 2 (Finding the quadratic Chabauty set for an elliptic curve).
Input: An elliptic curve E/K over an imaginary quadratic field such that E(K) = Z ·P ⊕Z ·Q. A
prime p which splits in K and E has good, ordinary reduction at both primes above p.

Output: A finite set Bp ⊆ U(OK ⊗ Zp) containing σ(U(OK)) and a set Ap containing mock
integral points.

(1) Find the Mordell–Weil generators of E(K) and let E(K) = Z · P ⊕ Z ·Q. To speed up the
algorithm, one can optionally fix a positive integer C and compute

E(OK)known = {nP +mQ : |n|, |m| ≤ C and nQ+mR ∈ U(OK)} .

(2) Calculate the sets T cyc and T anti by computing the possible values of intersection pairings
as in [CPS06] and [Sil88].

(3) For χ = χcyc, χ = χanti find an analytic expansion of hχ −
∑

p|p h
χ
v in all residue disks.

This will be done in two steps.
(a) Compute the local height at p | p by using the p-adic sigma function as in Section 2.2.
(b) Consider the systemh(P, P )

h(P,Q)
h(Q,Q)

 =

g11(P, P ) g12(P, P ) g22(P, P )
g11(P,Q) g12(P,Q) g22(P,Q)
g11(Q,Q) g12(Q,Q) g22(Q,Q)

α11

α12

α22


and solve for α11, α12, α22. Using implementations of Coleman integration for the
matrix on the right and Algorithm 1 for the heights on the left, we can find α11, α12, α22.
Hence we can express h−

∑
p|p hv as a p-adic power series in two variables.

(4) Let ρχ = hχ −
∑

p|p h
χ
p .We solve the system (ρχ

cyc

, ρχ
anti

) = (t1, t2) for all (t1, t2) ∈ T cyc ×
T anti using multivariate Hensel’s lemma. Pull back solutions to points in U(OK). This is
the set Bp.

(5) We identify elements of Bp which lie in U(OK) using p-adic LLL. We let Ap be the com-
plement of the points which are recognised as integral.

Remark 3.6. The bottleneck in this algorithm is solving the system of p-adic power series. One
would like to optimise solving these multivariate series to make this algorithm faster.

In the next section, we discuss a method that shows certain points in Ap are not OK-points.
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4. A sieve for integral points on elliptic curves

As before, let p be a prime which splits in the chosen imaginary quadratic field K. On running
the quadratic Chabauty algorithm for an elliptic curve to find integral points, one gets the following
output:

Bp :=
{
(R1, R2) ∈ U(Zp1)× U(Zp2) : ρcyc(R1, R2) ∈ T cyc, ρanti(R1, R2) ∈ T anti

}
.

We often have p-adic points which are not recognised as algebraic points. For a curve with genus
g ≥ 2, one uses the Mordell–Weil sieve to show auxiliary p-adic points are not algebraic, but this is
not applicable in our case.

Instead, we outline a method that first appeared in the appendix of the paper [BBM17]. We first
choose two primes p, q for which we run the quadratic Chabauty algorithm. As always, we assume
the primes split in the chosen imaginary quadratic field, say pOK = p1p2 and qOK = q1q2. Also
assume E has good reduction at p1, p2, q1, q2. The primes must satisfy the following condition:

Condition 4.1. Let Fpi
:= OK/pi, Fqi

:= OK/qi. We require q | #E(Fpi) for at least one of
i = 1, 2, and p | #E(Fqj ) for at least one of j = 1, 2. This is equivalent to p | #E(OK/q) and
q | #E(OK/p) since E(OK/p) = E(Fp1

)× E(Fp2
) and E(OK/q) = E(Fq1

)× E(Fq2
).

Since we have chosen a curve such that

E(K) = Z · P ⊕ Z ·Q,

we know any integral point, R can be expressed as

(11) R = mP + nQ

for some unique integers m,n.
We shall find constraints on the m and n mod p and mod q using Coleman integrals (log infor-

mation) and using the cardinalities of the reductions at p, q which satisfy Condition 4.1. We discuss
this in the upcoming sections. For an abelian group G and a positive integer n, we let G/n denote
the quotient G/nG.

4.1. Reduction information. Let p, q be rational primes which satisfy Condition 4.1. Consider
the following diagram:

U(OK) Bp

E(OK) E(K ⊗Qp)

E(OK)/q E(OK/p)/q.red

Figure 1. Reduction data.

Let R denote the image of R under the map Bp ! E(K ⊗Qp)! E(OK/p)/q.

Definition 4.2. Let redR := red−1(R) ⊂ E(OK)/q. We call this set the collection of mod q
reduction constraints on a putative integral point corresponding to the p-adic point R. ⋄
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Since we have fixed generators P,Q, we have an isomorphism E(OK) ∼= Z2, and with this choice
of basis, we obtain (mod q) constraints on the coordinates m and n of a putative integral point
giving rise to R in this basis.

Remark 4.3. Condition 4.1, the Fp-vector space E(OK/p)/q is not isomorphic to {0}, so we do get
meaningful information by considering redR.

Let P i, Qi for i = 1, 2 denote the image of the generators in EFqi
(Fq) for i = 1, 2, and let Ri

denote the reduction of R = (R1, R2) ∈ Bp. Then we can compute redR as

redR =
{
(m,n) | m,n ∈ Z/p,R1 = mP 1 + nQ1, R2 = mP 2 + nQ2

}
.

If this set is empty, we can immediately discard the point (R1, R2) as not coming from a point
R ∈ E(OK), by the commutativity of Figure 1. Else we record redR.

4.2. Log information. Recall that we have a map ψ : E(K) ! E(K ⊗ Qp), P 7! (ψ(P )) which
embeds points diagonally. Let T1, T2 denote the tangent spaces of E(Kp1

) and E(Kp2
). For i = 1, 2,

we had f1, f2 in Condition 3.3 as functionals on H0(EQpi
,Ω1) ∼= T ∗

i . We have a natural log map

log : E(K ⊗Qp)! T1 × T2

(R1, R2) 7! (f1(R1), f2(R2))

We have the following commutative diagram which encapsulates the objects and maps we have
discussed:

U(OK) Bp E(K ⊗Qp)

E(K) T1 × T2

E(K)/p

log

log |E(K)

red

Figure 2. Log data

Definition 4.4. Let logR := red(log |−1
E(K)R)) ⊆ E(K)/p. We call this set the collection of mod p

log constraints on a putative integral point corresponding to the p-adic point R. ⋄
Suppose R = (R1, R2) ∈ Ap. To calculate logR, we solve for m,n in the following equations:

f1(R1) = mf1(P ) + nf1(Q)

f2(R2) = mf2(P ) + nf2(Q).
(12)

If M is invertible, we let

M =

(
f1(P1) f1(Q1)
f2(P2) f2(Q2)

)
,

and let

(13)

(
m
n

)
=M−1

(
f1(R1)
f2(R2)

)
,
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where m,n ∈ Qp. If m,n ̸∈ Zp, then the point (R1, R2) is not integral. If m,n ∈ Zp, we can take
mod p reductions to get logR. If M is not invertible, then we need to check if (13) has infinitely
many solutions or no solutions. If it has no solution, we can discard the point R, else, we reduce
mod p and record logR.

4.3. Comparing log and reduction information. For R ∈ Bp, let redR × logR ⊂ E(OK)/q ×
(OK)/p be as in Definition 4.2 and Definition 4.4. Similarly, for S ∈ Bq, let logS × redS ⊂
E(OK)/q × E(OK)/p. Let S be the union of logS × redS for all S in Bq.

Lemma 4.5. Assume condition 4.1. Let R ∈ Bp. If (redR× logR)∩S is empty, then R is not the
image of a point in U(OK).

Proof. By the commutativity of Diagrams 1 and 2 , it follows that the image of a global point in
U(OK) in E(K)/q × E(K)/p must be in the intersection of (redR× logR) ∩S. ■

We now list the steps to carry out the sieve.

Algorithm 3. Input: Sets Ap ⊆ E(OK ⊗ Zp) and Aq ⊆ E(OK ⊗ Zq).
Output: Subsets A′

p ⊂ Ap and A′
q ⊂ Aq, which only contain points which satisfy reduction and log

considerations.

(1) For all R ∈ Ap, compute redR. Let Rq = {redR : R ∈ Ap}. Let Rp be the analogous set
for the set Aq.

(2) For R ∈ Ap, calculate logR as in 4.2. Let Lp := {logR : R ∈ Ap}. Similarly, let Lq denote
the analogous set for Aq.

(3) For each R, compute

(14) (logR × redR)
⋂ ⋃

S∈Aq

redS × logS


If the set in (14) is empty, then we discard R.

(4) If the set in (14) is not empty, we record each S ∈ Aq such that (logR × redR)∩(logS × redS) ̸=
∅. We check for each such S if the sum of local heights away from q corresponds to the sum
of local height away from p computed for R. If they correspond to different local heights,
we discard R. Else, we append R to A′

p.
(5) We run through Step 1 to Step 4 for all R ∈ Ap. This leaves us with a subset A′

p ⊆ Ap of
points that satisfy the restrictions obtained from log information and reduction information.
We also get a similar set A′

q ⊆ Aq.

5. Examples

Let K = Q(ζ3), and OK = Z[ζ3].

Example 5.1. Consider the scheme U1/OK cut out by the Weierstrass equation

y2 + (ζ3 + 2)y = x3 + (−ζ3 − 2)x2 + (ζ3 + 1)x.

We let E be the projectivisation of the generic fibre of U1. Let pOK = p1p2 for p = 7 and
qOK = q1q2 for q = 13. We have the following information about this curve:

(1) E(K) = Z · P ⊕ Z ·Q where P = (1, 0), Q = (ζ3 + 1, 0).
(2) EFp1

(Fp) ∼= Z/13Z ∼= EFp2
(Fp).

(3) EFq1
(Fq) ∼= Z/7Z, EFq2

(Fq) ∼= Z/19Z.
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(4) The curve has bad reduction at the single prime p = (−22ζ3 − 9) and Nm(p) = 367. It
has Kodaira Symbol II, Tamagawa number 1. The discriminant and conductor of the
curve are both p2. For more information about this curve, see the LMFDB page at https:
// www. lmfdb. org/ EllipticCurve/ 2. 0. 3. 1/ 134689. 3/ CMa/ 1 .

(5) The sets T cyc and T anti as described in Algorithm 2 are {0} for i = 1, 2.

We first search for points of small height and get a list of 12 OK-points. We wish to certify these
are the only points of U1.

On finding the quadratic Chabauty sets for p = 7, q = 13 since they satisfy Condition 4.1, we
get #Ap = 204,#Aq = 108. On applying the sieve described in Algorithm 3, all the classes are
eliminated, that is all the extra 7-adic points and 13-adic points are eliminated via mod 7 and mod
13 considerations. Hence we get

U1(OK) ={(−3 : −8ζ3 − 4), (−3 : 7ζ3 + 2), (4ζ3 + 4 : −8ζ3 − 4), (0 : 0), (0 : −ζ3 − 2), (ζ3 + 1 : 0),

(ζ3 + 1 : −ζ3 − 2),(4ζ3 + 4 : 7ζ3 + 2), (1 : 0), (1 : −ζ3 − 2), (−3ζ3 + 1 : −8ζ3 − 4), (−3ζ3 + 1 : 7ζ3 + 2)}.

Example 5.2. Consider the scheme U2/OK cut out by the Weierstrass equation

y2 + (−ζ3 + 1)y = x3 + (ζ3 − 1)x2 − ζ3x

More infromation about this curve can be found at This is the Galois-conjugate of the scheme
U1 in Example 5.1. We have a bijection of OK-points via the non-trivial Galois automorphism of
Q(ζ3); that is, there is a bijection

U1(OK) ! U2(OK).

Hence we get #U2(OK) = 12.

Example 5.3. Consider the scheme U3 ⊆ A2
OK

given by

y2 + (ζ3 + 1)y = x3 + (−ζ3 − 2)x2 + (ζ3 + 1)x+ (ζ3 + 2)

There are at least 24 points of small height in U3, and we compute a finite superset U3(Zp)sieve ⊆
U(OK ⊗Zp) of the integral points. We let E be the elliptic curve given by the Weierstrass equation
above. For more information about this curve, see the LMFDB page at https: // www. lmfdb. org/
EllipticCurve/ 2. 0. 3. 1/ 47089. 9/ CMa/ 1 .

Let pOK = p1p2 for p = 13 and qOK = q1q2 for q = 19. We have the following information
about this curve:

• E(K) = Z · P ⊕ Z ·Q where P = (−1,−2ζ3 − 1), Q = (2ζ3 + 2, ζ3).
• EFp1

(Fp) ∼= Z/19Z, EFp2
(Fp) ∼= Z/21Z.

• EFq1
(Fq) ∼= Z/13Z ∼= EFq2

(Fq).
• The curve has bad reduction at a prime above 7, v1 = (3a − 2) and at a prime above 31,
v2 = (6a−5). Over v1, the Kodaira Symbol is IV , with Tamagawa number 3 and at v2, the
Kodaira symbol is II with Tamagawa number 2. The conductor is v21v

2
2 and the discriminant

is v41v
2
2.

• The sets T cyc =
{
0,− 2

3χ
cyc(v2)

}
and T anti =

{
0,− 2

3χ
anti(v2)

}
as described in Algorithm 2.

The set Ap has cardinality 672 while the set Aq has cardinality 216. Performing the sieve
described in Algorithm 3, we have 24 points which are not accounted for. So we have a set
U3(Zp)sieve such that

U3(OK)known ⊆ U3(OK) ⊆ U3(Zp)sieve ⊆ U(OK ⊗ Zp)
such that #U3(OK)known = 24 and U3(Zp)sieve = 48.
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