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Example

Let K = Q(θ) be a number field of degree n.

The ring of integers ZK of K is the integral closure of Z in K .

A basis (b0, . . . , bn−1) is called a triangular basis of ZK if

bi =
θi +

∑
j<i λi ,jθ

j

hi
, λi ,j , hi ∈ Z.

For K = Q(
√

5) we have

ZK =
〈

1,

√
5 + 1

2

〉
Z
.
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Approaches

K = Q(θ), f monic minimal polynomial of θ.

Disc(f ) = l · S2 with l ,S ∈ Z and l �-free and p prime dividing S.

1 Linear algebra over Z
Round 2 Algorithm (Pohst-Zassenhaus)

2 p-adic approach

Round 4 Algorithm (Zassenhaus, Ford, . . . )
OM-Representation (Nart, Guardia, Stainsby, B.)
Puiseux expansion (v. Hoeij, Decker, . . . )

Our algorithm: p-adic initialization step and then linear algebra.
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Notations

A Dedekind domain, K the fraction field of A.

Fix a non-zero prime ideal p of A with prime element π.

Ap localization of A at p.

θ is a root of a monic irreducible separable polynomial
f ∈ A[x ] of degree n.

L = K (θ) finite separable extension of K generated by θ.

O is the integral closure of A in L and Op is the integral
closure of Ap in L.

A p-integral basis is an Ap-basis of Op.

This talk: Construct a triangular p-integral basis.

Example: A = Z, K = Q, L = Q(
√

5), f (x) = x2 − 5.
Disc(f ) = 22 · 5, p = 2 · Z, π = 2.

(1, 1+
√
5

2 ) is a triangular 2-integral basis.
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Construction of triangular bases

Let P1, . . . ,Ps be all prime ideals of O lying over p. Denote by ei
the ramification index of Pi over p.

ω : L→ Z ∪ {∞}, ω(z) =
⌊

min
1≤i≤s

{vPi
(z)

ei

}⌋
.

For 0 ≤ i ≤ n − 1, we call a monic degree i polynomial gi (x) in
A[x ] i-maximal if

ω(gi (θ)) ≥ ω(g(θ))

for all monic g ∈ A[x ] of degree i .
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Construction of triangular bases

Theorem (H. D. Stainsby, 2018.)

Let b0, . . . , bn−1 ∈ L with

bi =
gi(θ)

πω(gi (θ))
, gi(x) ∈ A[x ] i -maximal,

then (b0, . . . , bn−1) is a triangular p-integral basis.

Idea of the algorithm: Construct gi (x) ∈ A[x ] being i-maximal.
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Augmentation-Step

Denote by R ⊂ A a fixed system of representatives of kp = A/p.
Let c0, . . . , cm be in L ordered by non-decreasing ω-value and

c∗m = cm +
m−1∑
j=0

λjπ
ω(cm)−ω(cj )cj with λ0, . . . λm−1 ∈ R.

If ω
(
c∗m

)
> ω(cm), then we call c∗m an augmentation-step.

The algorithm: Set b0 = 1.

Find λ0,0 ∈ R s.t. b∗1 = θ + λ0,0b0 is 1-maximal. Set
b1 = b∗1/π

ω(b∗1 ).

Find λ1,0, λ1,1 ∈ R s.t. b∗2 = θ2 + λ1,1b1 + λ1,0b0 is 2-maximal.
Set b2 = b∗2/π

ω(b∗2 ).

...
⇒ b0, . . . , bn−1 triangular with bi is i maximal.
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Realization of Augmentation

Let Kp be the completion of K at p, extend vp to Kp.

Denote by Âp the valuation ring of vp in Kp.

For 1 ≤ i ≤ s, we denote by LPi
the completion of L at Pi .

f = f1 · · · fs ∈ Âp[x ] and θi is a root of fi .

We write LPi
= Kp(θi ) and define

ιi : L→ LPi
, θ 7→ θi .

OPi
integral closure of Âp in LPi

with integral basis Bi .
For z ∈ LPi

, we denote by CBi (z) = (z1, . . . , zni ) ∈ Kni
p the

coefficients of z w.r.t Bi , where ni = ei · f (Pi/p).

We define ι : L→
∏

i K
ni
p = Kn

p , ι(z) = (CBi (ιi (z)))1≤i≤s .
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Realization of Augmentation

For z ∈ L we write ι(z) = (z1, . . . , zn) ∈ Kn
p .

Lemma

ω(z) = min1≤i≤n{vp(zi )}.

For λ ∈ Kp with vp(λ) = m, we write λ =
∑∞

j=m λjπ
j with λj ∈ R.

For an integer r ≥ m, we define

ltr(λ) =

{
λm if r = m

0 else.

For z ∈ L and r ≥ ω(z), we set

LTr (z) = (ltr(zi))1≤i≤n ∈ knp .
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Realization of Augmentation

Lemma

Let c0, . . . , cm ∈ L ordered by non-decreasing ω-value and
α0, . . . , αm ∈ R with αm 6= 0 such that∑

0≤i≤m

αiLTω(ci )(ι(ci)) = 0. (1)

Then, c∗m = cm +
∑m−1

j=0
αj

αm
πω(cm)−ω(cj )cj realizes an

augmentation-step.

Moreover, if the LTω(ci )(ι(ci)) are kp-linearly independent,
then no augmentation-step is applicable.
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Example

Let A = F13[t] and L be the function field defined by
f = x4 + 4x3 + (4t2 + 4)x2 + 8t2x + 2t8 + 4t4 + 8t2 ∈ A[x ].

Disc(f ) = l · S2 with S = t2(t3 + 3)(t3 + 10).

We consider p = t · A with π = t, and pO = P1 ·P2.

f = f1 · f2 over Âp[x ] = F13[[t]][x ]

f1 ≈ Φ1 = x2 + 2t2, f2 ≈ Φ2 = x2 + 4x + 2t2 + 4.

LPi
= F13((t))[x ]/(fi ) ≈ F13((t))[x ]/(Φi ).

B1 = (1, θ1/t), B2 = (1, (θ2 + 2)/t) with Φi (θi ) = 0, for i = 1, 2.

ι1 ι2
1 1 1
θ θ1 θ2
θ2 11t2 9θ2 + 11t2 + 9
θ3 11t2θ1 (11t2 + 12)θ2 + 8t2 + 3
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Example

B1 B2 ω

ι(1) 1 0 1 0 0
ι(θ) 0 t 11 t 0
ι(θ2) 11t2 0 11t2 + 4 9t 0
ι(θ3) 0 11t3 12t2 + 5 11t3 + 12t 0

M =

 LT0(1)
...

LT0(θ3)

 =


1 0 1 0
0 0 11 0
0 0 4 0
0 0 5 0

 ∈ F4×4
13 , rank(M) = 2 < 4

=⇒ θ2 − 4

11
θ = θ2 + 2θ, θ3 − 5

11
θ = θ3 + 9θ.

Updated basis: 1, θ, θ2 + 2θ, θ3 + 9θ.



12/ 14

Example

B1 B2 ω

ι(1) 1 0 1 0 0
ι(θ) 0 t 11 t 0
ι(θ2) 11t2 0 11t2 + 4 9t 0
ι(θ3) 0 11t3 12t2 + 5 11t3 + 12t 0

M =

 LT0(1)
...

LT0(θ3)

 =


1 0 1 0
0 0 11 0
0 0 4 0
0 0 5 0

 ∈ F4×4
13 , rank(M) = 2 < 4

=⇒ θ2 − 4

11
θ = θ2 + 2θ, θ3 − 5

11
θ = θ3 + 9θ.

Updated basis: 1, θ, θ2 + 2θ, θ3 + 9θ.



12/ 14

Example

B1 B2 ω

ι(1) 1 0 1 0 0
ι(θ) 0 t 11 t 0
ι(θ2) 11t2 0 11t2 + 4 9t 0
ι(θ3) 0 11t3 12t2 + 5 11t3 + 12t 0

M =

 LT0(1)
...

LT0(θ3)

 =


1 0 1 0
0 0 11 0
0 0 4 0
0 0 5 0

 ∈ F4×4
13 , rank(M) = 2 < 4

=⇒ θ2 − 4

11
θ = θ2 + 2θ, θ3 − 5

11
θ = θ3 + 9θ.

Updated basis: 1, θ, θ2 + 2θ, θ3 + 9θ.



12/ 14

Example

B1 B2 ω

ι(1) 1 0 1 0 0
ι(θ) 0 t 11 t 0
ι(θ2) 11t2 0 11t2 + 4 9t 0
ι(θ3) 0 11t3 12t2 + 5 11t3 + 12t 0

M =

 LT0(1)
...

LT0(θ3)

 =


1 0 1 0
0 0 11 0
0 0 4 0
0 0 5 0

 ∈ F4×4
13 , rank(M) = 2 < 4

=⇒ θ2 − 4

11
θ = θ2 + 2θ, θ3 − 5

11
θ = θ3 + 9θ.

Updated basis: 1, θ, θ2 + 2θ, θ3 + 9θ.



13/ 14

Example

B1 B2 ω

ι(1) 1 0 1 0 0
ι(θ) 0 t 11 t 0

ι(θ2 + 2) 11t2 2t 11t2 11t 1
ι(θ3 + 9θ) 0 11t3 + 9t 12t2 11t3 + 8t 1

M =


1 0 1 0
0 0 11 0
0 2 0 11
0 9 0 8

 , rank(M) = 4

=⇒ (1, θ, θ
2+2θ
t , θ

3+9θ
t ) is a triangular p-integral basis.



13/ 14

Example

B1 B2 ω

ι(1) 1 0 1 0 0
ι(θ) 0 t 11 t 0

ι(θ2 + 2) 11t2 2t 11t2 11t 1
ι(θ3 + 9θ) 0 11t3 + 9t 12t2 11t3 + 8t 1

M =


1 0 1 0
0 0 11 0
0 2 0 11
0 9 0 8

 , rank(M) = 4

=⇒ (1, θ, θ
2+2θ
t , θ

3+9θ
t ) is a triangular p-integral basis.



14/ 14

Thank you! . . . Questions?
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Complexity

Theorem

The algorithm needs at most

O
(
n3δ + n2δ2 + n1+εδ log q + n1+εδ2+ε

)
p-small operations. In particular, the runtime after the initialization
is equal to O(n2δ2) p-small operations.

Here δ := vp(Disc f ) and q = #A/p.)
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