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Problem Statement
In	1984,	Robin	[6]	gave	an	equivalent	statement	of	the	Riemann	hypothesis	in	terms	of	the	
sum-of-divisors	function	𝜎𝜎 𝑛𝑛 .	
	

Theorem	1	(Robin	[6]):	
The	Riemann	Hypothesis	is	true	if	and	only	if	σ 𝑛𝑛 < 𝑒𝑒'	𝑛𝑛 log log 𝑛𝑛	for	all	𝑛𝑛	>	5040.	

	
Here,	γ	is	the	Euler-Mascheroni	constant.	This	inequality	has	since	become	known	as	
Robin’s	inequality.	We	prove:	
	

Theorem	2:	
	 Robin’s	inequality	is	true	for	all	integers	𝑛𝑛 > 5040	which	are	15-free.	
	
	 	

History
There	are	many	results	proving	Robin’s	inequality	for	infinite	families	of	integers.		
We	will	focus	on	the	“𝑡𝑡-free”	families	of	integers.	We	call	𝑛𝑛	𝑡𝑡-free	if	𝑛𝑛	is	not	divisible		
by	the	𝑡𝑡th	power	of	any	prime	number.		
	

• In	2007,	Choie,	Lichiardopol,	Moree,	and	Solé	[4]	proved	that	Robin’s	inequality		
is	true	for	all	integers	𝑛𝑛 > 5040	which	are	5-free.	

• In	2012,	Solé	and	Planat	[7]	proved	that	Robin’s	inequality	is	true	for	all	integers	
𝑛𝑛 > 5040	which	are	7-free.	

• In	2015,	Broughan	and	Trudgian	[2]	proved	that	Robin’s	inequality	is	true	for	all	
integers	𝑛𝑛 > 5040	which	are	11-free.	
	

Additionally,	in	2006,	Briggs	[1]	computationally	verified	Robin’s	inequality	for	integers	
5040 ≤ 𝑛𝑛 ≤ 105678.	
	
	
	 	

Method
Since	we	may	write	the	sum-of-divisors	function	as	

𝜎𝜎 𝑛𝑛 = (1 + 𝑝𝑝 + ⋯+ 𝑝𝑝>)
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then	one	can	verify	that	for	𝑡𝑡-free	𝑛𝑛,	

𝜎𝜎 𝑛𝑛 ≤ ΨE 𝑛𝑛 ≔ 	𝑛𝑛 1 +
1
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We	then	use	the	following	lemma	from	Solé	and	Planat.	
	

Lemma	(Solé,	Planat	[7]):	

Let	𝑅𝑅E 𝑛𝑛 = IJ C
C KLM KLMC

	and	let		𝑁𝑁C = 	 𝑝𝑝OC
OP5 	denote	the	𝑛𝑛th	primorial	number.		

If	𝑅𝑅E 𝑁𝑁C < 𝑒𝑒',	and	𝑛𝑛 ≥ 2263,	then	for	all	𝑚𝑚 > 𝑁𝑁C	we	have	𝑅𝑅E 𝑚𝑚 < 𝑒𝑒'.	
	
Using	up-to-date	bounds	from	Büthe	[3]	and	Dusart	[5],	we	find	that	

𝑅𝑅E 𝑁𝑁C ≤ 𝑒𝑒'
exp 2

𝑝𝑝C
log 𝑝𝑝C 1 + 0.006

log[ 𝑝𝑝C

𝜁𝜁 𝑡𝑡 log 𝑝𝑝C −
𝑝𝑝C	log 𝑝𝑝C
8	𝜋𝜋 	

	

where	for	𝑛𝑛 ≥ 688383,	

𝑛𝑛 log 𝑛𝑛 + log log 𝑛𝑛 − 	1	 +
log log 𝑛𝑛 − 	2.1

log 𝑛𝑛
≤ 𝑝𝑝C

≤ 𝑛𝑛 log 𝑛𝑛 + log log 𝑛𝑛 − 	1	 +
log log 𝑛𝑛 − 	2

log 𝑛𝑛
	

Thus,	we	wish	to	find	the	smallest	integer	n	so	that	𝑅𝑅E 𝑁𝑁C < 𝑒𝑒',	from	which	it	follows		
that	Robin’s	inequality	is	true	for	all	𝑡𝑡-free	integers	𝑚𝑚 > 𝑁𝑁C.	So	long	as	𝑁𝑁C < 1056

56,		
then	the	inequality	has	already	been	verified	for	𝑡𝑡-free	integers	less	than	𝑁𝑁C	by	Briggs	[1].	
	
	 	

Conclusion
By	calculation,	we	have	that	𝑅𝑅5` 𝑁𝑁a5bc56a[ < 𝑒𝑒',	and	that	Robin’s	inequality	holds	for	all	
15-free	5040 < 𝑚𝑚 < 	𝑁𝑁a5bc56a[.	Since	the	smallest	integer	which	is	not	15-free	is	32768,	
we	may	give	an	equivalent	form	of	the	Riemann	hypothesis:	
	

Corollary	to	Theorem	2:	
The	Riemann	Hypothesis	is	true	if	and	only	if	Robin’s	inequality	holds	for	all	positive	
𝑛𝑛	which	are	divisible	by	the	15th	power	of	some	prime.	

	
When	we	attempt	to	prove	Robin’s	inequality	for	16-free	integers,	we	compute	
that	𝑅𝑅5f 𝑁𝑁b55gb[h66h < 𝑒𝑒'	.	However,	𝑁𝑁b55gb[h66h	~	1056

78.jkl
,	meaning	that	there	are	

16-free	integers	between	𝑁𝑁b55gb[h66h	and	105678 	for	which	we	have	not	verified	Robin’s	
inequality.	Our	results	may	be	improved	upon	by	extending	Briggs’	results	past	105678,		
or	by	improving	the	known	bounds	[3]	[5]	on	functions	relating	to	the	𝑛𝑛th	prime	number.		
	
	
	 	

There	are	twenty-six	known	exceptions	to	Robin’s	inequality,	the	largest	of	which	is	5040.	
	
Demonstration	of	Robin’s	inequality	for	6000	 < 	𝑛𝑛	 < 	20000.		
	
	
	 	

There	are	twenty-six	known	exceptions	to	Robin’s	inequality,	the	largest	of	which	is	5040.	
	
Demonstration	of	Robin’s	inequality	for	6000	 < 	𝑛𝑛	 < 	20000.		
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