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Definitions

A pseudo element can be thought of simply as a pairing of an ideal with an element. An element
is in the span of a set of pseudo elements it it can be written as a linear combination of the
elements in the pseudo elements in the set with coefhicients lying in the correponding ideals. A
pseudo basis is a set which spans a module and contains the correct number of pseudo elements.

([Sti93] Proposition I111.7.3) Let F be a algebraic field containing a primitive n-th root of unity,
where n > 1 is coprime to the characteristic of F', and let « € F be such that v # w? for all
w € Fand d > 1,d | n. Then F' = F(«a) with " = u is a Kummer extension of F.

([Sti93] Proposition II1.7.8) Let I’ be a function field of characteristic p > 0 with perfect
constant field and let w € F be such that u # wP — w for all w € F. Then F' = F(«), where
of —a = u, is an Artin—Schreier extension of F'.

Let F be a function field of characteristic p > 0 with perfect constant field and F' the separable
closure of F in some algebraic closure. An Artin-Schreier—Witl extension of F' is an abelian
extension £ C F' of F' of degree p".

Kummer Extensions

Kummer extensions are an important special case of radical extensions.

Theorem (Radical)

Let F'/F be a radical extension defined by the polynomial x™ —u and let o be a root of this
polynomial, a primitive element for F'. Let P be a place of F' withvp(n) = 0. Set gp, kp, jp
such that gp = kpvp(u) + njp,0 < gp < n and gp is minimal (i.e. gp = ged(vp(u),n)
mod n). Set k'p, jp such that vp(u)/gpk’s +n/gpjp = 1. Let O = Zp|a| be an order of F'
and S be a set of primes of Zp. Then
(wi, @;)o<icn = (&, || P"*)o<icn
PeS

s a pseudo basis for an S-mazimal overorder R of O where
(

jpip +vp(u)tp,, if P is unramified or totally
ramified in F', ip is such
that v = kp;,,0 <ip <n
and tp;, = |kpip/n]

Pi = 9
HA, otherwise with ip,lp such

—ipvp(u)/gp + jplp + vp(W)tpipp,
that i = kpi,,0<ip < gp,
0 S ZP < n/gP,

trisy = L(iPn/gp + kplp)/n]

\

The construction of a maximal order from this pseudo basis is eflicient and this can be used to
oreat advantage to compute maximal orders of class fields of number fields.

Some Comparisons

Table 1 contains average times for computing maximal orders of 10 random radical extensions
of Fro1(t)[y] /(3> + y*> + y + t) whose defining polynomials are of the form " — [[_, p{’, where
p; is a random prime polynomial and e; € [1...6,8,10] is chosen randomly.

Degree | Algorithm (ECMO) using Theorem (Radical) Round 2
28 0.125s 475.416s
30 0.112s 043.358s
31 0.409s 727.231s

Table 1. Comparison of average timings for maximal order computations of radical extensions

Let F' = Q[z]/{x* —2). Let A be an abelian extension of F' of degree 16. The average time to
compute the maximal order of some extensions A using Algorithm (ECMO) was 8.86s. This is
245 times faster than the average of 36.3min for the Round 2 algorithm to compute the maximal
orders.
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Overview

Cyclic extensions of global algebraic fields occur as Kummer extensions of algebraic number
fields and as Kummer and Artin—Schreier—Witt extensions of global algebraic function fields.
Since maximal orders of global algebraic fields are also modules over Dedekind domains, we
present 3 similar pseudo bases from which maximal orders of these cyclic extensions can be et-
ficiently computed. An advantage of our approach is that the factorization of a discriminant

is not necessary in most cases. For detailed information please see [Sut12|, [Sut13], [Sut14]
and [Sut15].

Efficient Construction of a Maximal Order

Algorithm (ECMO)

INPUT:

= A cyclic extension E/F = F(«a) of a global field F' and an integral closure Zp C F.
OUTPUT:

« A maximal order of E over Zp.

STEPS:

o Compute a set S of primes of Zp at which Zp|da] is not maximal, where d € Zp is
such that da is integral and d has smallest valuation.

o Compute a pseudo basis for an S-maximal order of E over Zp using the
corresponding Theorem for the type of cyclic extension E/F is.

o Construct the maximal order of E over Zr from the pseudo basis.

Artin—Schreier Extensions

Let F be a function field of characteristic p > 0 with separable closure F. The Artin—Schreier
operator o : F — F is the ¥ )-linear homomorphism ¢ : & + x? — .

Let P € Pp and u € F. An Artin—-Schreier quotient of u modulo P is an element zp € F
satisfying vp(u — p(zp)) > 0 or p{vp(u — p(zp)) < 0.

Let S C Pp. If z is an Artin—Schreier quotient of v modulo P for all P € S then we call z an
Artin—Schreier quotient of u modulo S.

Theorem (AS)

Let F'/F be an Artin—Schreier extension, O = Zp|da| an order of F', S be a set of primes
of Zip and z € F' an Artin—Schreier quotient of u modulo S. Then

(wjs a;); = <(d(04 21, 11 P“P’jjvp(d)) ,
0<7<p

PeS

is a pseudo basis over Zp for an S-mazimal overorder of O, where pp; is the smallest
non-negative integer such that vp(a;w;) >0 for all P'| P.

Some Comparisons

Table 2 contrasts timings for the computation of maximal orders in Artin—Schreier extensions.

All examples are given by F' = Fly|/{y? —y—u) where F' = F,(¢)[z]/{x’ — (t+1)x*+ 22t —t°),

1044241 1
5 Pt

p | Algorithm (ECMO) using| Round 2| p | Algorithm (ECMO) using Round 2
Theorem (AS) Theorem (AS)
31 0.9s 3dmin |53 3.81s 13hrs
01 5.98s > 20hrs |71 9.78s -

Table 2: Comparison of times for examples from [Fra05]

p is a primitive element of F' and u = %pQ +
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Artin—Schreier—Witt Extensions

Let A be a commutative ring and let n > 0. The ring W,,(A) of Witt vectors of length n is the
set of all vectors of length n with entries in A with addition and multiplication given by |[Has80)]
Section 10.4. The zero element is (0,...,0) and a multiplicative identity is (1,0, ..., 0).

Let @ : Wo(F) — W,(F) be given by p(z1,...,2,) — (z},...22) — (21,...,2,). Let P € Pp

and u € W, (F). An Artin—-Schreier—Witt quotient of u modulo P is an element (p € W,,(F)

satistying vp((u — @(Cp));) > 0 or pfvp((u — p((p));) < 0forall 1 <i<n.
Let S C Pp. If ( is an Artin—Schreier—Witt quotient of u modulo P for all P € S then we call

¢ an Artin—Schreier—Witt quotient of u modulo S.
Theorem (ASW)

Let k be a field with prime characteristic p, I’ be an extension of k(t), and u € W,(F).
Let E = F(a) = F(p Hu)) be an Artin—Schreier—Witt extension of degree p" and S a
set of primes of Zr with the same ramification degree p"~t. Let ( € F be an Artin-
Schreier—Witt quotient of uw modulo S. Let p € E,_1 = F(p (u1,...,u,—1)) be an
Artin—Schreier quotient of the constant coefficient of the defining polynomial of E/FE, 4
modulo {P" : P' | P,P € S | e(P'|P) > p} such that vg(p) > 0 for all Q & {P" : P" |
P,Pec S |elP|P)>p}U{X} for some place X with X NZr = k. Let d; be such that
vp(diay) > 0 for all P, | P, P a prime ideal of Zr and let vp;; = jup(d) + S qop(dy).
Then

(wijs aij)ij = ((dala = Q)" (dila = O)"(d(an — p)V, ] P*™ " )ocin, - ivepo<icp
PeS

or, without computing p when the ramification index p"~' = p,

(wij» aig)ij = ((di(ar = C)1)" .o (dn—r(e = Q)" (d( = Q)n)
LI P )osiy, .o s<poin
PeS
is a pseudo basis for an S-mazimal order of I over Zp, where pp; is the smallest non-
negative integer such that vp(a;w;;) > 0 for all P'| P € S and all 1.
For a set S of primes of Zp containing primes of several ramification degrees we can split the
set S into a disjoint union of sets S;, 0 < ¢ < n containing primes of ramification degree p*. For
each of these sets we can compute an S;-maximal order S;. The sum ), S; calculated using
addition of modules is then an S-maximal order of /' containing Zp.

A Comparison

For 30 randomly generated degree 72 ASW extensions of F-(t) the average time to compute a
maximal order using Algorithm (ECMO) and Theorem (ASW) was 31.129s. Using Round 2
the average time was 1.4hrs.
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