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1. Introduction

THE purpose of this study is to give an al-
gorithm for the discrete logarithm problem

on elliptic curves defined over Q.

THE discrete logarithm problem on elliptic curves
defined over a field K is:

Definition 1 Given an E be an elliptic curve over K,
a point S ∈ E(K) and a point T ∈ 〈S〉, find the integer
d such that T = [d]S.

In the case where K is a finite field with q elements,
there are a number of ways of approaching the solu-
tion to this problem (see [1]). On the other hand, the
solution to this problem in the case where K is the
field of rational numbers is not well known.

2. Main Idea

LET E be an elliptic curve over Q. Fix a
point S ∈ E(Q). Assume that the order

of S is of infinite. The subset {[d]S | d ≥ 0}
of the group 〈S〉 is denoted by 〈S〉+. Given
a point T ∈ 〈S〉+. Our main idea to find the
positive integer d such that T = [d]S is based
on the method solving the discrete logarithm
problem for an anomalous elliptic curve over
a prime field (see [2]).

2.1 Mathematical Foundations

FIX a prime number p at which E has good reduction. De-
note Ẽ the reduction of E modulo p and let N be the order

of the group Ẽ(Fp). For finding the positive integer d such that
T = [d]S, we use the following maps:

hp : E(Q)
ι−→ E(Qp)

[N ]
−→ E1(Qp) ' E(pZp),

E(pnZp)/E(pn+1Zp) ' Z/pZ (n ≥ 1)

where E is the formal group associated to E (see [3]).

3. Main Theorem

Theorem 1 For each p, the following algo-
rithm gives the p-adic expansion of the inte-
ger d such that T = [d]S.

4. Algorithm

Input: E : elliptic curve over Q,
S : rational point of E of infinite order, T ∈ 〈S〉+.

Output: d ∈ Z≥0 s.t. T = [d]S.
1. a ← 0.
2. While a = 0 do:

2.1. Choose a prime p at which E has good reduction.
2.2. Compute the order of Ẽ(Fp) and N ← ]Ẽ(Fp).
2.3. Compute [N ]S = (x, y) and z ← −x/y.
2.4. a ← z/p (mod p).

3. n ← 0 and ` ← 1.
4. While T 6= 0 do:

4.1. Compute [N ]T = (x, y) and w ← −x/y.
4.2. b ← w/p`.
4.3. d̄n ← b/a (mod p) and dn ← lift(d̄n).
4.4. T ← T − [dn]S and S ← [p]S.
4.5. n ← n + 1 and ` ← ` + 1.

5. d ← d0 + d1p + d2p
2 + · · · + dn−1p

n−1.
6. Return(d).

5. The discrete logarithm problem on
elliptic curves defined over a finite field

LET p be a prime. Our method is also ap-
plicable for solving the discrete logarithm

problem on ellipitc curves defined over a p-
adic field Qp. If we could reduce the discrete
logarithm problem on elliptic curves defined
over a prime field with p elements to the dis-
crete logarithm problem on elliptic curves de-
fined over Q or Qp, we can solve the discrete
logarithm problem on elliptic curves defined
over a prime field with p elements using our
method.
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