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Abstract

Given a non-singular, projective, non-hyperelliptic curve C over Fq where q is
prime we present an algorithm that computes all the coefficients of the L-polynomial
of C, in an expected time of Õ(q2) in both the genus 4 and genus 5 case. We represent
C as a plane model and if this model is of low degree the expected running time to
recover all the coefficients of the L-polynomial can be reduced to Õ(q4/3). This is
an improvement on the previous best running time of Õ(q3/2) for genus 4 and Õ(q2)
for genus 5 given by Elkies in [2].

Let L(t) =
∑2g

i=0 ait
i be the L-polynomial of the curve of genus g. From the

Theorem of Weil given in [5] we know that a0 = 1, a2g = qg and we have bounds on
the other coefficients. A proof of Weil’s Theorem can be found in [3]. Let JC(Fqk)
denote the group of Fpk -rational points on the Jacobian Variety of C.

The algorithm consists of 2 stages. The first stage is based upon Diem’s Index
Calculus algorithm as described in [1]. We use an adapted version of the main
algorithm in [1] to compute the #JC(Fq). This stage is the most time intensive and
in both cases takes Õ(q2) but for a plane model of low degree can take as little as
Õ(q4/3).

By simply counting the number of Fq-rational points on C, which takes time
Õ(q), we have the unknown coefficients a1 and a2g−1 by Weil’s Theorem. By Lemma
1 in [4] we have that #JC(Fq) = L(1) and #JC(Fq2) = L(1) · L(−1). We can write
L(−1) as a function of L(1) and the coefficients a1, . . . , ag. Using ‘Baby-Step Giant-
Step’ techniques developed by Sutherland in [4] we can compute possible values of
L(−1) and therefore possible values of #JC(Fq2) that can be checked. As we have
computed the values of L(1) and a1 we can find the correct value of L(−1) and the
remaining unknown coefficients in time Õ(q3/4) for genus 4 and Õ(q5/4) for genus
5.
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[5] André Weil. Numbers of solutions of equations in finite fields. Bulletin of the American
Mathematical Society, 55:497–508, 1949.

2


