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Introduction

Let £//Q be an elliptic curve given by

Y’ =1° +ax +b.
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Introduction

Let £//Q be an elliptic curve given by

y* =x2° +azx +0b.

Then,
E(Q) ~ Eos(Q) @ Z'P).
Moreover, for any given prime p 1 6N (E)

E(F,) ~ Z/d, 7 & Z/d,e,Z.
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Questions
» When is E(IF,) cyclic?




Questions
» When is E(IF,) cyclic?

» (Given E/Q with T(E) > 1, P € E(Q)/EtOIS(Q)a
When < P mod p >= E(F,) ?
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Questions
» When is E(IF,) cyclic?

» (Given E/@ with T(E) > 1, P € E(Q)/EtOIS(Q)a
When < P mod p >= E(F,) ?

* When |E(IF,)| is prime?
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Cyclicity

Conjecture: (Borosh-Moreno-Porta) Let £//(QQ be an
elliptic curve. There exist a constant C'r such that

X

[Ip(x) =#{p < x : E(F,)iscyclic} ~ OElogx'
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Cyclicity
Conjecture: (Borosh-Moreno-Porta) Let £//(QQ be an

elliptic curve. There exist a constant C'r such that

Mp(z) = #{p <z : E(F,)is cyclic} ~ Cp—

log x

* Proved by Serre in 1976 under GRH, with an
explicit constant C'z, which is non zero precisely

when [Q(FE[2]) : Q] > 1.
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Cyclicity

Conjecture: (Borosh-Moreno-Porta) Let £//(QQ be an
elliptic curve. There exist a constant C'r such that

X

[Ip(x) =#{p < x : E(F,)iscyclic} ~ OElogx'

* Proved by Serre in 1976 under GRH, with an
explicit constant C'z, which is non zero precisely

when [Q(FE[2]) : Q] > 1.

* In 1979 Murty prove the conjecture
unconditionally for CM curves.
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Primitive points

Conjecture: (Lang-Trotter, 1976) Given F/Q with
r(E) > 1, P € E(Q) free, there exist Cg_p such that
if

App(x) ={p <z :< Pmodp >= E(F,)},

then

A ~ (C .
App(a)] ~ O ppo
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Primitive points

Given £/Q with CM by Ok, r(F) > 1, P € E(Q)
free, let

R 5(z) = #{p € Ap.p(x) : psplits in Ok }.
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Primitive points

Given £/Q with CM by Ok, r(F) > 1, P € E(Q)
free, let

R 5(z) = #{p € Ap.p(x) : psplits in Ok }.

Theorem: (Gupta-Murty, 1987) Under GRH we have

X

TR () ~ OE’Plogx

Remark: The constant Cg p 18 positive whenever 2, 3

are inert or X' = Q(/—11).
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Primitive points

Theorem: (Gupta-Murty, 1987) Whenever r(E) > 6,
there is a finite explicit set, S € F(Q) such that
|Ag p(x)| — oo unconditionally for some P € S.
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Primitive points

Theorem: (Gupta-Murty, 1987) Whenever r(E) > 6,
there is a finite explicit set, S € E(Q) such that
|Ag p(x)| — oo unconditionally for some P € S.

Theorem: (Gupta-Murty, 1987)

H{p<axz:psplits,| < Pmodp > | < :IJ%_E} — o(z'™)

#{qg <z : qinert,| < Pmodq > | <25} = o(z' ™)
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Prime Order

Conjecture: (Koblitz, 1988) Let £//Q be an elliptic
curve not isogenus to one with nontrivial (Q torsion.
Then,

177 () = #{p <  : |E(F,)| is prime} ~ Cf -

log? x

Remark: It is not known a single example of curve
for which the conjecture 1s true. Why?

Almost prime orders of CM ellintic curves modulo o. — p. 8/15



Prime Order

Conjecture: (Koblitz, 1988) Let £//Q be an elliptic
curve not isogenus to one with nontrivial (Q torsion.
Then,

177 () = #{p <  : |E(F,)| is prime} ~ Cf -

log? x

Remark: It is not known a single example of curve

for which the conjecture 1s true. Why?
Consider the CM case.

[E(Fy)| = N(mp, — 1), € Ok,

Hence, m, = 1 + 7, 1s the twin prime conjecture 1n
the ring O
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Prime Order, known results.

Theorem:(Balog-Cojocaru-David, Preprint)

1 rime
el > I (x) ~ C

EeC

X

log? x
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Prime Order, known results.
Theorem:(Balog-Cojocaru-David, Preprint)

@) ~ O

e log T

Find the smallest n such that
#{p <z :|EF,)| =P} >

log T

Almost prime orders of CM ellintic curves modulo . —

n. 9/15



Prime Order, known results.
Theorem:(Balog-Cojocaru-David, Preprint)

@) ~ O

EcC 10g L

Find the smallest n such that
#{p <z :|EF,)| =P} >

log T

* (Miri-Murty) , GRH, non CM, n < 16.
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Prime Order, known results.
Theorem:(Balog-Cojocaru-David, Preprint)

@) ~ O

EcC 10g L

Find the smallest n such that
#{p <z :|EF,)| =P} >

log T

* (Miri-Murty) , GRH, non CM, n < 16.
* (Steuding-Weng), GRH, n < 9, and n < 4 if CM.
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Prime Order, known results.
Theorem:(Balog-Cojocaru-David, Preprint)

@) ~ O

EcC 10g L

Find the smallest n such that
#{p <z :|EF,)| =P} >

log T

* (Miri-Murty) , GRH, non CM, n < 16.
* (Steuding-Weng), GRH, n < 9, and n < 4 if CM.
e (Cojocaru),CMn < 5

Almost nprime orders of CM ellintic curves modulo o. — p. 9/15



Prime Order, known results.
Theorem:(Balog-Cojocaru-David, Preprint)

@) ~ O

EcC 10g L

Find the smallest n such that
#{p <z :|EF,)| =P} >

log T

* (Miri-Murty) , GRH, non CM, n < 16.
* (Steuding-Weng), GRH, n < 9, and n < 4 if CM.
e (Cojocaru),CMn < 5

3

» (Iwaniec-Jiménez Urroz), n < 2 for y* = 2% — x.
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Almost prime orders.

Theorem: (Jiménez Urroz) Let E//QQ be an elliptic
curve with complex multiplication by O. Then,

1 X
#lp < wpsplits : —|E(F,)| = P} > —5
dp log” x

Almost prime orders of CM ellintic curves modulo . —p. 10/15



Almost prime orders.

Theorem: (Jiménez Urroz) Let E'/QQ be an elliptic
curve with complex multiplication by O. Then,

. 1 T
#{p < z,psplits : —|E(F,))| = P} > >
dp log” x

Remark: The method allow us to improve on
primitive points in the following way.

Let £//Q be an elliptic curve with complex
multiplication by O with r(F) > 1,and P € E(Q)
free. Then

X

log? x

#{q <z :qinert,| < Pmod g > | >x0'44} >
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Proof of the remark.

The Theorem gives an explicit constant such that

Cx

log? x

#p <2, |B(E,)| =P} >
b
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Proof of the remark.

The Theorem gives an explicit constant such that

Cx

log? x

#p <2, |B(E,)| =P} >
b

We know that

#{g<z:|<Pmodqg>|< xl/?’—e} — o(z'7).
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Proof of the remark.

The Theorem gives an explicit constant such that

Cx

log? x

#p <2, |B(E,)| =P} >
b

We know that
#{g<z:|<Pmodqg>|< 331/3—6} — o(z'7).

By sieve, find (3 such that

. x
#{p < z,: q||E(F,)|,2"/* ¢ < ¢ <1’} < (C—e)

log? x

For 1nert primes use results of Cai and Wu for the best
constant in the twin prime conjecture.
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The constant d
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The constant d

Corollary: Any £ /Q with CM curve by

K = Q(v/—D), D > 11 does not have rational
torsion.
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The constant d

Corollary: Any £ /Q with CM curve by

K = Q(v/—D), D > 11 does not have rational
torsion.

Proof: Note that for any prime A € Oy,

(Ox /AOg)*| > 3 and use Cebotarev density
theorem.
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Proof of Main Theorem

Based on the formula
|E(Fy)| = N(mp — 1),

for some explicit 7, above p in Ok. Recently Rubin
and Silverberg have given a general formula, valid in
particular for any CM curve over Q).

Consider the sequence

Alz) = {a — N (”g;) me P(x)} .

The problem 1is a typical sieve problem.
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Proof of Main Theorem

Use the following weighted sum with y = /3.

)DIR ST ST S

acA(z) pola a=p1PP3
(a,P()Q(2)p ) =1 2<po<y 2 <p3<yY<pa<pi
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Proof of Main Theorem

Use the following weighted sum with y = /3.

)DIR ST ST S

acA(z) pola a=p1PP3
(a,P()Q(2)p ) =1 2<po<y 2 <p3<yY<pa<pi

To control the error term, we need a
Bombieri-Vinogradov type theorem in two different
contexts, first in the ring O, and then for elements

o— 5E7T17T27T3.

Finally, one key ingredient 1s remove the inert primes
from the sequence before sieving in order to increase
the level ot distribution of the sequence.
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