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Hilbert modular forms

Notations

Let F be a totally real number field of even degree g.

Letv;,,i=1,...,g, be all the real embeddings of F. And,
for every a € F, let a; = vj(a) be the image of a under v;.

We let Of be the ring of integers of F.
Let 91 be an integral ideal of F.

Let 0, i=1,..., h", be a complete set of representatives
of the narrow class group CI*(F).

For each ideal 91;, we define the group

) — OF m71 . X
Fo(N, MN)) = {7 € <‘ﬁ‘ﬁ,~ (’)F> - det(y) € Of, det(y) > O} )

Let 5 = {x+ iy € C: y > 0} be the Poincaré upper
half-plane.



Hilbert modular forms

Definition

A classical Hilbert modular form of level ['o(0, 91;) and
parallel weight 2 is a holomorphic function f : $9 — C given by
a power series

f(z) = Z al(j)ezm'(lhb-&-m—&-ugzg)

pn=0,
©>0
such that
g9
aizy + by agZy + bg 1 >
f = det(r; Cizi + d;
(C‘IZ‘]ﬁ’(j‘l7 ’Cng+dg H (’YI) ( b ’+ I)

xf(zy,-- -, Zg),

for all v € T(M, M;).
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Hilbert modular forms

Definition
The space of Hilbert modular forms is given by

ht

Mo(M) = D Ma(To (N, ).
=1

In other words, a Hilbert modular form of parallel weight 2 and
level 9 is an h™ -tuple of classical Hilbert modular forms.

Letf = (fi,...,fy) be a Hilbert modular form. We say that f is
a cusp form ifa(()’) =0foralli=1,...,9.

We denote the space of cusp forms by S»(N).




Hilbert modular forms

Hilbert modular forms

Definition
Letf = (f,..., ) be a Hilbert cusp form of parallel weight 2
and level M.

Letm be an integral ideal, and N; be the unique representative
such thatm = (u)%;'. Then &}’ only depends on m.

We call it the Fourier coefficient of f at m and denote it by
am(f)-

The L-series attached to f is defined by

L(f,s):= % an(f)

3
wco, N(m)

This converges for Re(s) large enough.
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Hilbert modular forms

There is a commuting family of diagonalizable operators called
the Hecke operators which acts on the space of Hilbert
modular forms My().

We say that a cusp form f is a newform if it is a common
eigenvector of the Hecke operators and a)(f) = 1.

This theorem explains in parts the interest of number theorists
into modular forms.

Theorem (Shimura)

Let f be a newform. Then the coefficients a(f) are algebraic
integers. More specifically, Q(am(f), m C Of) is a number
field, and L(f, s) admits an Euler product.




Modularity conjectures

Modularity over totally real number fields

Let A be an abelian variety over F.

As in the classical setting, we can define the L-series of A again
by counting points.

We say that A is modular if there exists an integral ideal 9t in F
and a newform f of level 9 and parallel weight 2 such that
L(A, s) = L(f, s).

Conjecture (Shimura-Taniyama)

Let A/F be an abelian variety (of GL»-type). Then, there exists
an integral ideal 9t and a newform f of level n and weight (2, 2)
such that

L(A, s) = L(f, s).




Modularity conjectures

Modularity over totally real number fields

In the classical setting, this is now a theorem of
Khare-Wintenberger et al.

The totally real case is very less understood. Hence the need
to experiment.

Experimentation was crucial in the understanding of the
classical case.



Modularity conjectures

Brandt modules

@ We let B be a division quaternion algebra over F such that
B ® R = HY, where H is the Hamilton quaternion algebra,
and such that the completion of B at any finite prime p is
the matrix algebra.

@ We choose a maximal order R of B.

@ Let CI(R) denote a complete set of representatives of all
the right ideal classes of R (appropriately chosen).

@ For any a € CI(R), we let R, be the left order of a.

@ We fix an isomorphism R ® (O /M) = Ma(Og/M).



Modularity conjectures

Brandt modules

Let MF=(9) := Z[[\P'(Op/M)], where [, = R} /OF is a finite
group.
For each a, b € CI(R) and any prime p in Of, put

©(p; a, b) := RY\ {u cab: m = p},

where R} acts by multiplication on the left.

We define the linear map Tg, u(p) : Mf" (M) — Mf“ (M) by

Too()f() = > f(wx).

ue©®)(p; a, b)



Modularity conjectures

Brandt modules

Theorem (Shimizu, Jacquet-Langlands)
There is an isomorphism of Hecke modules

Mp(M) ~ € Mf=(M),
acCI(R)

where the action of the Hecke operator T(p) on the right is
given by the collection of linear maps (T, x(p)) for all
a, b € CI(R).




Algorithm

Precomputations

@ Find a set of prime ideals S not dividing 91 that generate
CI*(F).

© Find a presentation of the quaternion algebra B/F ramified
at precisely the infinite places, and compute a maximal
order R of B.

© Compute a complete set CI(R) of representatives a for the
right ideal classes of R such that the primes dividing nr(a)
belong to S.

© For each representative a € CI(R), compute its left order
R., and compute the unit group I'; = Ry /OF.

© Compute the sets ©(9)(p; a, b), for all primes p with Np < b
and all a, b € CI(R).



Algorithm

Algorithm

@ Compute a splitting isomorphisms
(R® O/M)* = GLo(Op/M).

© For each a € CI(R), compute Mf“(‘ﬁ) as the module
MS=(91) = Z[T\P'(OF /7).

© Combine the results of step (2), forming the direct sum

Mp(?) = €D M=)
acCI(R)

@ For every prime p, compute the Brandt matrix of T, acting
on M ().



Algorithm

Brandt modules

@ The main improvement to the current algorithm lies in the
precomputation phase.

@ An improvement of the lattice enumeration process led to a
substantial speed up in this phase.

@ The complexity of this phase depends only on the base
field F.

@ The main part of the algorithm is essentially linear algebra.
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Example: Q(1/10)

Let F be the real quadratic field Q(v/10) and H = Q(v/2, v/5)
its Hilbert class field. Then, we have the followings:

a) Up to isogeny, there is a unique modular abelian variety A
over F with everywhere good reduction; and it is a simple
abelian surface with real multiplication by Z[/2].

b) The abelian surface A is of the form A = Resy,r(E), where

E is an éelliptic curve with everywhere good reduction over
H.




Examples

Example: Q(1/10)

Ideas of the proof:

@ We compute all the Hilbert newforms of level 1 and weight
(2,2) and weight (2,2, 2,2) over F and H respectively.
Then we obtained the tables below.

@ We observe that all the form on H are base change from F.
@ We then search for the corresponding motives.
@ Finally, we prove that the motives we found are modular.
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Example: Q(1/10)

The Hilbert class field of F is H := Q(v/2,v/5) = Q(«a), where
the minimal polynomial of « is x* — 2x3 — 5x% + 6x — 1. We
consider the integral basis

ar = 1,
1
ap = 5(2043—3042—10@—1—7),
ag = ;(—2043—1—3042—1—1304—7),
1
g4 = g(—a3+3a2+5a—8).

Then E/H is given by

[ ay E ag ay ag |
[ E: [0,0,1,0] [1,0,1,—1] [0,1,0,0] [—15, —44, —21, —26] [—91, —123, —48, —97] ]
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Example: Q(v/10)

[N(p) | p | fl B[ ]
2 (2, wa0) 3] 3] -2
3 (3,wa0 +4) —4| 4 V2
3 (3, wa0 + 2) —4| 4 V2
5 (5, wao) 6| 6|-2V2
13 | (13,w4o +6) | —14 | 14 0
18 | (18,wgo+7) | —14 |14 0
31 | (31,wso +14) || 3232 4
31 | (B1,ws0+17)|| 32|32 4
37 | (87,ws0+11)|| 38|38 | 6v2
37 | (37,w40+26) | —38 |38 | 6v2

Table: Hilbert modular forms of level 1 and weight (2,2) over Q(+/10).
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Example: Q(v/10)

[ N(p) | p | A] &
4 [0,0,1,0] 5] 2
9 [1,1,—-1,0] 10 | -4
9 [0,1,—1,1] 10| —4
25 | [1,-2,0,0] |26 -2
31 | [1,1,1,-1] | 32| 4
31 [[1,-1,-1,-1] 32| 4
31 | [1,1,-1,1] | 32| 4
31 | [-3,2,-1,0] |32| 4

Table: Hilbert modular forms of level 1 and weight (2,2,2,2) over the
Hilbert class field H of Q(v/10).
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Example: Q(v/257)

[N | P [[ EIST [ 257A | 257B | 257C | EIS2 |
2 (2, was7) 3 —1 1+§/ﬁ 1“2/?3 73+32\/7—3
2 (2,1 — wos7) 3 -1 1—2\ﬁ 17\2/773 7372\/773
9 (3) 10 4 —4 4 10
11 (11,4 + wos7) 12 0 1 0| —6+6V-3
11 (11,5 — wos7) 12 0 1 0| —6—6v=-3
13 (13,9 + wos7) 14 2 V13 —14++v=3 | -7-7/-3
13 | (13,10 — wos7) 14 2 V13| —-1—-v=3| -7+7/-3
17 | (17,11 + wosy) 18 4| 4+V13 | —2—-2y/=3 | -9+9/-3
17 | (17,12 — wos7) 18 4| 4-V13 | —2+2y/=83 | —-9-9/-38

Table: Hilbert modular forms of level 1 and weight (2, 2) over

Q(V257).
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Example Q(v/257)

[N(p) | p Il 257D |
2 (2, was7) B
2 (2,1 — wos7) (B3+B2+4ﬁ*3)/3
9 (3)
11 (11,4 + wps7) (- 5374ﬁ274,879)/12
11 (11,5 — wps7) (8% +48% + 438 —3)/12

13 (13,9 + wos7) (—78°% — 482 — 288 + 21)/12
13 | (13,10 — wos7) (—B% —4p8%2 — 283 — 9)/12
17 | (17,11 + wps7) (—B% —4p2 +48 —9)/4

17 | (17,12 — wpsy) || (118% + 2082 + 443 — 33)/12

Table: Hilbert modular forms of level 1 and weight (2,2) over
Q(v257) (contd). (Here the minimal polynomial of 5 is given by
x4+ x3 +4x2 -3x+9)
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Example: Q(v/401)

In this case hr = ht = 5.
Our algorithm gives the dimensions dim M»(1) = 125 and
dim Sp(1) = 120.

The forms that are base change come from the space of
classical modular forms S,(401, (421)), which has dimension
32.

Thus the dimension of the subspace of newforms that are not
base change is 120 — 32/2 = 104.
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