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Statement of problem

> Let g = p" be a prime power, F finite field with g
elements.

» Let V/F, be an n-dimensional variety, n > 1.

» Let Z(V, T) be the function

€Xp (Z #V(Fqs)
s=1

Determine Z(V, T) in polynomial time.

» Dwork: Z(V, T) is a rational function.

» Weil conjectures: determining Z(VJ) in polynomial
time is equivalent to determining # V/(Fg) in polynomial
time.

Ti
S

i

i O
tog:

Point counting

Remke
Kloosterman

Formulation of
problem



Known results | (/-adic)
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Cases with complete solution to this problem:

» V smooth genus g curve. (g = 0 trivial, g = 1 by
Schoof-Elkies-Atkin, g > 1 by Pila, but not practical.)

» Some exceptional cases (e.g., “Modular elliptic
surfaces”, Edixhoven).

Formulation of
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Known results

» Use étale cohomology (and Lefschetz trace formula).
More complicated if n > 1. —r—

-function
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Known Results Il (p-adic)

Other approaches:

» AGM (Mestre), Canonical Lift (Satoh). Methods for
curves.

» Methods using Monsky-Washnitzer cohomology / rigid
cohomology:

» Direct Method: Kedlaya (hyperelliptic curves),
Lauder-Wan (Artin-Schreier curves), Denef-Vercauteren
(Cs,b-curves), Harvey (hyperelliptic curves),
Abbott-Kedlaya-Roe (hypersurfaces).

» Deformation method: Lauder (hypersurfaces),
Gerkmann (hypersurfaces), Hubrechts (hyperelliptic
curves).

» Recursive method: Lauder.

Main problem: most algorithms turn out to be exponential

in log(p), where p is the characteristic. But for p fixed, the
complexity of p-adic algorithms is better than ¢-adic.
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Monsky-Washnitzer cohomology: Preliminaries

Assume U is a smooth affine variety. |.e., the coordinate ring
R of U is of the form

Folxt, -, xml/(F1,-- ., Fk)

Let Z; = W(F,) (unramified extension of Z, of degree r), ©
the maximal ideal of Z,. Let

Ri:=2Zg[x1, ..., xm]/J

such that Ry /7Ry = R. (Existence follows from a theorem
of Elkik.)
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Monsky-Washnitzer cohomology:

Overconvergent power series
Set Zy(x1,...,xm)! to be the ring of formal power series Point counting
Remke
o0 Kloosterman
Z Cit,....im X{l .. .X,'7’7" (C/ S Zq)
i yernyin=0
such that v(¢)+ a(ih + -+ - + im) > b for some a > 0, b. e
onsky-
Let RI be Washnitzer
cohomology
Zo(x1, X)) IZg(xa, - xm) T
Direct method
A lift of Frobenius F : RI — RI is a Zg-linear map such that "
Direct method
Deformation metho

F(x;) = x mod .

(Better: take a lift of p-Frobenius, is semi-linear.)
7/
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Monsky-Washnitzer cohomology
Let RT := RI ®z, Qq. Consider the de Rham complex
OHRTiQ}?TiiQTQTHO

Monsky-Washnitzer cohomology is the cohomology of the
above complex, i.e.,

ker(d : QF; — Qg}l)
im(d : QP — Q)

Hi(va Qq) =

The lift F of Frobenius induces an action on Q;w and on
H'(U,Qq). Lefschetz Trace Formula gives

n

#U(Fqs) = Z(_l)itrace(qnsF_ns | Hi(Uv Qq))-

i=0
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Hypersurfaces

>

v

v

v

v

v

v

f € Fg[Xo, ..., Xnt1] be a degree d homogeneous
polynomial.

V C P™1 be the zero-set of f.
U =P\ V. Then
n+1 )
Z(U,T)Z(V,T)=z(P"", T)=[[(1-p'T).
i=0
U is smooth and affine, hence H'(U, Q) exists.

Lefschetz hyperplane theorem (together with Poincaré
duality on V), gives for V' smooth

H'(U,Qq) =0 for i #0,n+1.

HO(U, Q) is one-dimensional, F acts trivially.
In the smooth case: suffices to determine H™1(U, Q).
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Direct method, example

j
i

i
Direct method (following AKR). b
» Take g = p an odd prime. Point counting
> let Vifi=w?2+x>+y?>+22=0in P53 Klosemke
> Let f = w? + x? + y? + 2% € Z,[w, x, y, 7] be a lift of
f.
> Let Q2 be

Direct method
1-function

Deformation method
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1 Deformation method
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Lift of Frobenius

f
f

[}
» Set F(w) = wP, F(x) = xP, F(y) = yP, F(z) = zP. to
» Hence F(%) = P% Point counting
» Set A := f(w,x,y,z)P — f(wP,xP,yP, zP). Then using Remke

Kloosterman

geometric series we obtain

nyz)p IAKY
(Z(k +1 pkia) | P Q.

» From A =0 mod p it follows that v(¢) is around
(i + i + i3 + ia)/p (and that this series is
overconvergent).

» Aim: compute the class of F(w) in H3(U, Q,) modulo
pV.
> Need to start with F(w) mod p"*+M with M roughly

log, N.

Direct method
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Lift of Frobenius Il

» F(w) mod pV*M equals:

wafm (woy2) 20 (WP 52, v, 2P sy
=i Fp(+2)
Jj= =j

» Reduction of pole order: g polynomial of degree 2t — 4

t > 2, write g := f,g1 + kg + f,83 + fzg4 (Possible
since Qq[w, x,y,z]/(fw, fc, fy, ;) = Qg - 1.) Then

g (g1)w + (82)x + (83)y + (84)-
e (:— 1)ff—31 2

» Need p(N + M + 2) — 2 reductions to have pole order
2. Exponential in log(p).

> In this case we obtain F(w) = p?w and
#V(Fp) =p? +2p+1.
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Improvements
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. L. — . Point counting
» Method works for affine varieties. Better: cover V with -
emke

affine varieties, and count on each affine piece. Kloosterman

Computations take place in a polynomial ring with one
variable less.

» Using that expressions like

N+M N+M
SN (k+1) ( )(XyZW)" (WP, xP, P, Z”)Jpag_

+2
= = frP(i+2)

Direct method

are sparse, Harvey obtained in the hyperelliptic case an
algorithm with complexity O(,/p) (g, r fixed).
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Improvements (Dwork's -function 1)

Point counting

Remke

» Can replace F by 1 such that ¢ o F is the identity on Kloosterman
Q:'?Qp (left-inverse).
» Since F on H™1(U, Q) is invertible, we have that e
1/} — F—l on Hn—l—l(U’Qq). Known results
e Can(dxy — 1d
> Definition of ¢: ¢(F) = 2% and
h/pyi/pyi/pk S
w(WhXiyJ'Zk) = w /pXI/pyJ/PZ /P h’ 1,7 k = 0 mod p- Direct method
0 otherwise. e
Direct method
Deformation method
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Improvements (Dwork's t-function Il)
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» Hence ¥ (w) equals Kloosterman

P((~A)KFP2wxyz)  Q
Z fk+2 p3 WXyZz P pepation

Known results

» Note V(C/) >ih+hb+i3+iz—2.
» 1)(w) converges p times faster than F(w).

» Gain a factor p in the reduction algorithm, the toncion
reduction part is polynomial in log(p). Reteyavonlipethod

Direct methoc
Deformation method
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Improvements (Dwork's -function IlI)

» Expanding yields that ¥)(w) (modulo pN*M=3) equals Point counting
Remke
N+M N+M i(k (j+1)P—2 Kloosterman
1)"(J.)¢(f- 1 wxyz) 3Q
Z Z J+
Jrar- Sy f p3wxyz

> Need to calculate f(w, x, y, z)P(N+M+1)=2 i order to
calculate ¥ (w).
» Exponential in log p.
» Prevents applying Harvey's method.

Direct method
ap-function

» 1 is defined for any n-dimensional smooth affine variety, O w————
namely v := #F‘l o tracegi /F(R)-

» 1) is crucial for studying singular varieties. et methed
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Deformation method |

Second idea (Deformation method):

>

vV v v v Yy

Assume ptd. Let
- d d
fro= (1= t)(xg + -+ xpp1) + tF.

fo ::Xc()j“‘"“"xgﬂ

h="f.

Action of Fg := F on H""1(Uyp) is easy to calculate.
Take to € F4 such that f;; is smooth.

to € Qq the Teichmiiller lift of %o (tj = to and
to = top mod 7).
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Deformation method Il
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» Can find a Picard-Fuchs equation (differential equation Point counting
associated with a family of varieties). Remke

Kloosterman

> Let A(t) be a solution of the Picard-Fuchs equation
with A(0) = /.
» The action of F on H"*(Ug) equals

lim A(t) " FRoA(t9).

t—ty

» Advantage: A is a function in one variable, computation
in Qq(t)T instead of Qq(xo, - - -, Xnt1)'.
» Memory-efficient.

Deformation method

» Time complexity still O(p) (r, d, n fixed).
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Deformation method, example

» Consider the family
P4 y?+ 224 (1 - t)w?
» The Picard-Fuchs equation equals

0A -1

ot 2(t—1)A

» Hence A(t) = (1 — t)"V/2.
> Fr = A(t) T RA(t9) = p? 2=t and

i tq
p? if 1 — tg mod p is a square
Fi, =4 —p> if 1 —tomod pis not a square
p3/2 if tp =1
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Singular hypersurfaces
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What goes wrong? Rembke
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» Poincaré duality for V might fail.

» Hence it is possible that H'(U,Qq) # 0 for 1 <i < n.

» Need approaches to calculate H'(U,Q)) for 1 < i < n.

» Today we ignore this_issue. There are classes of singular
varieties for which H'(U,Qq) = 0 for i # 0,n+ 1 holds.
E.g., V is a surface with so-called ADE singularities.

» Assume for the rest of this talk that H'(U,Q,) = 0 for
i#0,n+1.

Singular
hypersurfaces
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Direct method

» The reduction part of the direct method uses certain
relations between cohomology classes. E.g., Tefts e

Remke

gif% — LQ Kloosterman
ft (t—1)ft-1

» If V is singular then there are “more” relations.

» Ambitious solution: identify those extra relations. Very
hard.

» Naive solution: pretend that V were smooth and look
what happens.

» To work with finite-dimensional vectors spaces we need
that ®xR(f)kg—n—2 is finite-dimensional where

Direct method

R(f) = Qq[X0> ooy Xng1] /(B - oo an+1)'

21 58



Direct method: Naive solution

» We need that f is smooth lift of f.
» E.g., choose f such that f mod 72 is smooth, i.e,
e =0 mod w2 f

n

» In the smooth case we have
H™ (U, Qq) = @71 R(Fkd—n—2-
In singular case we have that
SREIR(Fkd—n—2 — H™ (U, Qq)

is surjective. The kernel corresponds to the missing
relations between cohomology classes.

» Naive approach: calculate F on R(f)kd—n—2-

= 0 mod 72 has no solution.
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Direct Method: Naive Solution (Reduction)
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» For the reduction algorithm we need to write g of “high
degl’ee” as Point counting
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g= Zg,-fxl., for some gi € Qq[x0, - - ., Xnt1]-

» We chose f to be smooth, hence R(f) is finite
dimensional. So g; exist.

» Since V is singular we have

R(F) = Folx0r - mi1l/ (Frgn - -+ Frons)

is infinite-dimensional.

> If g € Zy[x0, ..., Xnt1] is such that g in R(f) is
non-zero, then some of the g; need to have coefficients
with negative valuation.

Direct method
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Direct Method: Naive Solution (Use 1))

Point counting

Remke

» Serious amount of division by elements of 7 in the Mteesitamen
reduction algorithm.

» The convergence of F(w) is not sufficient to
compensate.

Known results

> It is likely that for some w, the reduction of F(w) will
diverge.

» F~! acting on ®R(f)kd_n_2 has a non-trivial kernel. S
> Use 1 to determine kernel of F~1. Oeformatio

Deformation method

Direct method
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Direct Method: Naive Solution (Result)
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» Recall that ¥ on H™1(U, Q) is invertible, hence Ki Point counting
the kernel of ¢ : ®R(f)kg—n—2 — BR(f)kd—n—2 is a L

subspace of

K := ker (BR(f)kd—n—2 — H™™(U,Qq)) . =

» Can find examples where dim K = dim Ki. (See
proceedings)
» If dim K = dim K; then

trace(y) | OR(F)kd—n—2) = trace(y | H™ (U, Qy)) Deformation m

» AKR with 9 counts the number of points correctly. Direct method

Deformation method
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Deformation at singular varieties

v

Recall: Family of HS V; with complements Us.

Assume V7 is singular.

Dimension of H"! drops, i.e.,

dim H™1(U1, Q) < dim H™ (U, Qp).

Naively applying deformation method yields an operator
i P

on a vector space of dimension equal to

dim H""1(Ug, Qp).

Expect F; to have poles at t = 1.

Possible solution to these problems: calculate

thl = limy_q Ft_l. Ignore its kernel K and hope that

dim K = dim H™(Uo, Q,,) — dim H"™1(U1, Q,).

Not sufficient: there exist examples such that

dim K < dim H™(Uy, Qp) — dim H""1(U,, Q). (Even

when AKR works.) Analytic continuation /

Non-uniqueness of completion.

i

I 0
to g
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Deformation method: Main obstruction
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» Non-uniqueness of completion.
Remke

» Given a family of abstract varieties V¢, for t # 1. If we Kloosterman
require that V1 is smooth, then V1 is (essentially)
unique (if it exists).
> If we do not require that V7 is smooth then V7 is
non-unique.
» The output of the deformation method is determined by
Vs, for t close to 0.
» Conclusion: there is a good change the deformation
method will count the number of points of a different
family.

Deformation method
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Deformation method: Example

f
f

{

to
» (Different from conference proceedings) P G
» Consider V;: w? +x? 4+ y? + zTt(t — 2)w? C P3, and Klostesmran

7, N . .
V., C P® given by the vanishing of: (s =1 —t)
—X5Xg + XE — SX1X4, —XaX5 + X3Xg + SXoX4, XoXg — X1 X4,

2 2.2 2
—X5 +X3X + 4+ 5°X5, —XoXa + X1 X5 + SX1X2, —X2X5 4 SX5 + X1 X3

> Vt%VIt’EPlelfort;él.

S

iS a cone over a conic.

» V] is the so-called second Hirzebruch surface (smooth).

Actually, V; — V7 is a resolution of singularities and
iy h
#V1(Fg) = q* +2g+ 1 =#V1(Fq) + q.

Deformation method
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Deformation method: Example

> Since V; = V, for t small, both families have the same
Picard-Fuchs equation.

> Subtlety: some poles of F; can be resolved by changing
the basis for H"(V¢,Qq) in a neighborhood of t =0 .

» One choice of basis for H"(V¢, Q) yields the following
Picard-Fuchs equation

dy 1%115 0
at < o o)”
Output: ¢*> + g+ 1. (= #V1(Fy,).)
» A second choice of basis yields

dy (00
ot Lo o)V

Output: g2 +2q+1. (= #V4(Fy).)
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Deformation method: Example

» Issue: choice of basis.
. . . q —1
» To get a good analytic continuation of A(t9)FyA(t) I
at t = tg in the smooth case we need to kill all possible leesisime
singularities at t = ty.

Point counting

» In the singular case, might need to kill some of the
singularities of PF-equation at t = tp.

» Seems hard to decide which singularities to kill and
which not.

» In terms of differential equations: Suppose we have a
differentiil equation y’ = ﬁy then changing basis
(for H"(V'+,Qq)) corresponds to replace a with a+ k,
for an integer k.

Deformation method

» Can get rid of integral residues.
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Conclusion

Point counting

» AKR (slightly altered) extends to a class of singular
varieties.

» There is an obstruction to extend the deformation
method of Lauder and Gerkmann to singular varieties,
due to the non-uniqueness of completion of families.

» The deformation method can be used in particular cases
to calculate the number of points of a stable reduction,
or a partial resolution of singularities of a singular
hypersurface.

Conclusion
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Open questions

» Determine precisely for which classes varieties the above
phenomena occur, specifically:

» Find classes of varieties for which AKR (with 1)) works.

» Find classes of varieties for which Lauder-Gerkmann
calculates the number of points of a resolution of
singularities.

» Find methods to calculate H'(U,Qq) for 1 < i < n, if
V is singular.

Point counting
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Thank you for your attention.

A corrected version of my paper will be soon available at
http://www.iag.uni-hannover.de/ kloosterman
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