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Modular Background

Let A/Q be an abelian variety. A is modular of level N if

∃ ν/Q : J1(N ) // // A .

In that case, A is new of level N if

J1(N )
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ν // // A .

J1(N )new
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Then

ν∗ H0(A, Ω1) →֒ S2(N )newdq

q
.

Let C/Q be a curve. C is modular of level N if

∃π/Q : X1(N ) // // C .

Then J(C) is modular of level N , since we have

J1(N ) π∗ // // J(C)

X1(N )
?�

OO

π // // C .
?�

OO

In that case, C is new of level N if J(C) is new of level N .

Finitness Results

Let g ∈ Z>0, we denote by:

MCg = {modular curves of genus g}
/

Q
≃

MCnew
g = {[C] ∈ MCg |C is new}

g = 0 MC0 = MCnew
0 = {X1(1)}

g = 1 MC1 = MCnew
1

[2][5]
==== {elliptic curves defined over Q}

/
Q
≃

Let G, g ≥ 2 be positive integers, we denote by

MCnew
g (G) = {[C] ∈ MCnew

g |C has gonality G}

MCnew(G) =
⋃

g≥2

MCnew
g (G)

Theorem[1]: #MCnew
g <∞ Theorem[1]:#MC(G)new<∞

g 0 1 2 > 2
#MCnew

g 1 ∞ 213 < ∞

#MCg 1 ∞ ? ?

G 2 > 2
#MCnew(G) 300? < ∞
#MC(G) ? ?

Conjecture[1]: #MCg<∞ ⇒ Conjecture[1]:#MC(G) <∞

Hyperelliptic Curves

Let C/Q be a curve of genus g ≥ 2, C is hyperelliptic if C
has an affine model

y2 = F (x),

where F (X) ∈ Q[X ] separable with degF = 2g + 1 or 2g + 2.

New Modular Hyperelliptic Curves[1][3]

C : y2 = F (x)

X1(13) : y2 = x6 − 2x5 + x4 − 2x3 + 6x2 − 4x + 1

X1(16) : y2 = x6 + 2x5 − x4 − x2 − 2x + 1

X1(18) : y2 = x6 − 4x5 + 10x4 − 10x3 + 5x2 − 2x + 1

CA
21A{0,2}

: y2 = (x2 − x + 1)(x6 + x5 − 6x4 − 3x3 + 14x2 − 7x + 1)

X0(23) : y2 = x6 − 8x5 + 2x4 + 2x3 − 11x2 + 10x − 7

X0(26) : y2 = x6 − 8x5 + 8x4 − 18x3 + 8x2 − 8x + 1

C28A{0,2}
: y2 = x5 − 9x4 + 13x3 − 4x2 − x

X0(29) : y2 = x6 + 2x5 − 17x4 − 66x3 − 83x2 − 32x − 4
... ...

Total: 300 curves
... ...

C4160II : y2 = x5 − 7x3 − 4x

C7280BB : y2 = x5 − 5x4 + 17x3 − 15x2 + 6x − 5

C7424A : y2 = x5 + 10x3 − 4x

C7424B : y2 = x5 − 10x3 − 4x

C7664A : y2 = x5 − 3x4 − 7x3 − 5x2 − 2x − 1

Conjecture[1]:

#MCnew(2) = 300

Non-Hyperelliptic Curves

Let C/Q be a non-hyperelliptic curve of genus g ≥ 3, and

H0(C, Ω1
C) = 〈ω1, . . . , ωg〉C .

Then there exists the canonical embedding defined by:

C →֒ Pg−1 : z 7→ [ω1(z) : · · · : ωg(z)]

where i(C) is a nonsingular projective curve. In fact:

Petri’s

Theorem
i(C) =

4
⋂

d=2

{

HSd

∣

∣

∣
i(C) ⊂ HSd ,

codim(HSd)= 1
deg(HSd) = d

}

New Modular Non-Hyperelliptic Curves[4]

C : i(C) g

X1(17) :







yu − zt + zu + t2 − 2tu − 2u2 = 0

yt − z2 + 5zu − t2 − 5tu − 2u2 = 0

x2 − y2 + 2yz − z2 + 2zt − 4zu − 2t2 + 8tu − 5u2 = 0

5

X1(20) : x4 − y4 + 8y2z2 − 8yz3 = 0 3

X1(21) :







4xz + 3y2 − 4yz − z2 − 3t2 + 18tu − 18u2 = 0

4xy + 2y2 + 2yz − 3z2 − 6t2 + 18tu − 9u2 = 0

x2 − y2 + yz − z2 = 0

5

X1(24) :
{

yz − z2 − tu − u2 = 0 , y2 − 2z2 − t2 − 2u2 = 0 , x2 − z2 − t2 + u2 = 0
}

5

C25A{4}
:

{

xz − y2 + yt − 2zt + t2 = 0

x2t − xt2 − y3 + y2z − 3yzt + 3yt2 + z2t − 2zt2 + t3 = 0
4

X0(43) : x4 + 2x2y2 + 8x2yz + 16x2z2 − 3y4 + 8y3z + 16y2z2 + 48yz3 + 64z4 = 0 3
... ... ...
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