Improved Primality
Proving with Eisenste

Pseudocubes




Motivation

¥ Unconditional Primality proving:

¥ Agrawal, Kayal, and Saxerfag N )*°->* o)

¥ | enstra, Pomerancgtog N )°* o1
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Motivation

¥ Unconditional Primality proving:

¥ Agrawal, Kayal, and Saxerfag N )*°->* o)

¥ | enstra, Pomerancgtog N )°* o1
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Pseudosquares

¥Given an odd integex thpseudosquareM ,
IS theleastpositive, nonsquare integer satisfying




Pseudosquare Test

1. If N <M ,, for some prime,p,

N! 1

2.p 2 | £1 (mod N) for all primes p;, 2" p " p,

N! 1

2 |# 1 (mod N) for some oddpJ P
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Pseudocubes

¥ Given an integex th@seudocubeM s, is debnec
as the least positive noncube satisfying:

1. Magx ! =1 (mod 9)




Pseudocube Test

Given N odd, 3!N. If g! 1 (mod 3), prime,
debne! " Z["]by ! qTq=qgand N' := N if
N! 1 (mod3),N" :=#N if N!# 1 (mod 3). If

1. N < (M3p)?3 for somep.

ity (NGSE)

& 3! #q . (mod N) for aII prlmes

2.
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Growth Rates




The Approach

¥ Lukes, Patterson, Williams (1996)
¥ PseudosquaresN <M 5,
¥ Berrizbeitia, MYller, Williams (2004)







Eisenstein Integers

¥ Elements! = a+ b', " =

¥ We have units{x | ,+! 2 +
¥p! 2 (mod 3),

.

L= gl od 3),

i
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1+i 3)/2
- UFD. Primes:




Cubic Jacobi Symbol

c Z[#], " prime, ||"|| #3




Eisenstein Pseudocube:!

¥let yp, = a+ b be an element ahinimal norm
such that:

1. Yp IS primary




Primality Proving

¥ Berrizbeitia, 2005

Let! = a+ D be a primary element of Z[" ]
Where gcd@ b) =1, ! Is not a unit, prrme
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Primality Proving

Il GivenN ! 1 (mod 3) bnd the smallest Eisenste
pseudocubelpy ! Z[!'] such thalN < ||pp|

1 Test N is not a perfect power

—
—

' s » P B ' ta R4 A O E R . A - o s I h; P ‘,)’ -3 < N . Wt / "‘.. Y y 1 > A | s e N 2 : [ : ¢ '
PR SRS b Gt i e Dt R OB e L o o R L SRR b e L T Sl PP 2 A IR TS S . T STk (N St Bt e ) oy T8 AR T NI RS O IR S Aty RN % Zvk Saese U Dap Gl
= S a7 : QA P LAt S b B N 4 Gl SA Eac L 3 o o A e s ] g NPT LR AL . CARE e o i . ; g% hER A X i Ty § ST AP e L SRS s
N e R 1 o LT i, AOPPOm SR e So S H TR e 0 ::,,««.-!? (O ERS A (o0 By 28 e Ml e i S e ’} DA N T N T O oV S Ol L ;’k"""' ST S URTZ Ol o i wh P L A

8 i - Wy - o . | e % 3 o i e - PR A > o I 2 h ” . $8'y A s <f o g ’ et RY oy A £y A »




Primality Proving

Il GivenN ! 1 (mod 3) bnd the smallest Eisenste
pseudocubelp ! Z['] such thatV < [|upl]

1 Test N is not a perfect power
N
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Primality Proving

Il GivenN ! 1 (mod 3) bnd the smallest Eisenste
pseudocubelpy ! Z[!'] such thalN < ||pp|

v/ Test N is not a perfect power
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Obtaining ||v|| =

¥ \Want: = |la+ b'|| = a®* —ab+ b¥ = N
¥Write: N = s?+3t?

(s+ t)%! (2t)(s+ t)+(21)3




Primality Proving

Il GivenN ! 1 (mod 3) bnd the smallest Eisenste
pseudocubelp ! Z[!'] such thalN < ||up]]

v/ Test N is not a perfect power
N
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Primality Proving

Il GivenN ! 1 (mod 3) bnd the smallest Eisenste
pseudocubelp ! Z['] such thatV < [|upl]

v/ Test N is not a perfect power
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ongruential Sieving

¥ Simultaneous Congruences
X (mod 120) {1, 4}
X (mod 7)
X (mod

:A \;‘1.. e -
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Congruential Sievinc

¥ Lawrence: Paper Strips (1895 |7
¥ CarissanQOs device (1919)

¥ GZrardin: Adding Machine
(1937)

¥ Lehmer (1927D80)
¥ Williams: Hardware (1983D)
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2-Dimensional Sieve

¥ Recall: Lety, = a+ bl be an element wfinimal
normsuch that:

1. Yp IS primary




ongruence Conditions

a+ bl (mod q)}




Congruence Conditions

¥ Case 2:q= 3




ongruence Conditions




. ucas Functions

¥ Establish a Recurrence:




. ucas Functions

¥ Eisenstein Pseudocube criterion becomes:




Growth Prediction

1)?

if p" 1 (mod 3)
¥ Recall: 1Syl =

f p" 2 (mod 3)
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Primality Proving

Il GivenN ! 1 (mod 3) bnd the smallest Eisenste
pseudocubelp ! Z['] such thatV < [|upl]

v/ Test N is not a perfect power
N
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Sieving In 2-Dimensions

¥ 2-Dimensional Sieve Pro

¥ Norm Bounded Region
lul| = a®+ b*! ab”




Sieving In 2-Dimensions

¥ 2-Dimensional Sieve Problenu, = a, + b!

¥ Norm Bounded Region
|| = @+ b¥! ab" H
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Sieving In 2-Dimensions

¥ 2-Dimensional Sieve Problem
¥ Norm Bounded Region




Primality Proving

v/ GivenN ! 1 (mod 3) bnd the smallest Eisenste
pseudocubelpy ! Z[!'] such thalN < ||pp|

v/ Test N is not a perfect power
N
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Sieve Devices

¥ CdgarySalableSieve (CASSIE

u
¥ Software Toolkit.
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Sieve Devices

L[127:0] DIN[127:0] DOUT[127:0] W[127:0]
OX[2:0] OSEL[2:0] STATE[7:0] DX[7:0]
AX[7:0] ADDR([7:0]

LC
LCE
LB
LSC
GO
DACK
RST

CB1[7:0]




Results

N (Hp)

Mp

247
643
5113

10 7067004318 13749

11+ 18!
29+ 18
71+ 72

109364777I- 13014540




Iog(MZ,p/ log p)
f(x)= 0.676694 x + 4.55216
In(Ms’qZ/P’/ (In CI)4/3)
g(x)=0.707752x + 0.633985
In(N(mup) /In p)
h(x)=1.05557x + 3.79531

1 1 1

30 40 50 60
n




Summary

¥New primality proving method for integers
N! 1 (mod3)

¥ Developed notion of Eisenstein Pseudocybe
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How do we Compare’

CASSIE: 250 nodes. $750,000.
¥ 225! 10 trials/sec
¥ SCOT: 3 nodes. $300.




u ﬂ.ﬁﬂ- Rl

uﬁr o
&
W.

e

uﬁum.w mﬁmﬁ mm@.wm 43,0

E:Fw

:_._»3

i

MLl L

TR EnRg iy

mm}%

IC rings

1

195

LIES

resi

-
L
O

O

- S
al

O

>
D
)

-
=
=

O
)

¥ Mark acceptable

¥ Moduli as cycl
¥ Advance




How do we Compare’

¥ CASSIE:
¥ $11,900 per billion trials/sec




