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Motivation
¥Unconditional Primality proving:

¥Agrawal, Kayal, and Saxena: 

¥Lenstra, Pomerance:

¥Randomized:

¥Pomerance (existence):

(log N )10.5+ o(1 )

(log N )6+ o(1 )

(log N )4+ o(1 )

(log N )2+ o(1 )
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Conjecture: (log N )3+ o(1)



Pseudosquares

¥Given an odd integer     the pseudosquare
is the least positive, nonsquare integer satisfying

¥First considered by Kraitchik, 1924

x M 2,x

M 2,x ! 1 (mod 8)
!

M 2,x

pi

"
= 1 " pi # x, prime



Pseudosquare Test
1. If N < M 2,p for some prime,p,

2. p
N ! 1

2
i ! ± 1 (mod N ) for all primes pi , 2 " pi " p,

3. p
N ! 1

2
j ! # 1 (mod N ) for some oddpj " p

when N ! 1 (mod 8), or

2
N ! 1

2 ! # 1 (mod N ) when N ! 5 (mod 8)

then N is a prime or a power of a prime.



Pseudocubes

¥Given an integer     the pseudocube          is deÞned 
as the least positive noncube satisfying:

1. M 3,x ! ± 1 (mod 9)

2. M
q! 1

3
3,x ! 1 (mod q) for all primes

q " x, q ! 1 (mod 3)

3. q ! M 3,x for all primesq " x, q #! 1 (mod 3).

x M 3,x



Pseudocube Test
Given N odd, 3 ! N . If q ! 1 (mod 3), prime,
deÞne! q " Z[" ] by ! q! q = q and N ! := N if
N ! 1 (mod 3), N ! := # N if N ! # 1 (mod 3). If

1. N < (M 3,p )2/ 3 for somep.

2.
! ! q

N

"
3 ! #

( N ! " 1)
3

q (mod N ) for all primes
q ! 1 (mod 3), q $ p.

3. q ! N for all primes q ! 2 (mod 3), q $ p.

where ! " Z[" ], #q = ! q/ ! q, then N is a prime or a
power of a prime.



Growth Rates
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The Approach

¥Lukes, Patterson, Williams (1996)

¥Pseudosquares: 

¥Berrizbeitia, MŸller, Williams (2004)

¥Pseudocubes:

¥Eisenstein Pseudocubes: 

N < M 2,x

N < M 2/ 3
3,x

N ! 1 (mod 3)

N < ||µx ||



Eisenstein Pseudocubes



Eisenstein Integers
¥Elements:

¥We have units:                          ,  UFD.  Primes:

¥DeÞne a norm:

¥And a primary associate: 

{± ! , ± ! 2, ± 1}

¥ p ! 2 (mod 3) ,

¥ ! ! = q ! 1 (mod 3),

¥ (1 " " ) where 3 = " " 2(1 " " )2.

! ! 2 (mod 3)

! = a + b" , " = (! 1 + i
"

3)/ 2

||! || = a2 ! ab+ b2 = ! !



Cubic Jacobi Symbol

¥ 

¥DeÞne:

¥ Extend to composite                           :
�

α

τ

�

3
=

�
1 if τ is a unit of Z[ω],
�k

i =1

�
!
" i

�

3
otherwise

! , " ∈ Z[#], " prime, ||" || �= 3

! ! Z[" ], 3 ! ||! ||

!
!
"

"

3
!

#
0 if " | ! ,
! ( || ! || ! 1) / 3 (mod " ) otherwise

" { 0, 1, #, #2}



Eisenstein Pseudocubes
¥Let                      be an element of minimal norm 

such that:

¥     is said to be the Eisenstein pseudocube for 

1. µp is primary

2. gcd(a,b) = 1

3.
!

q
µ p

"

3
= 1 ! rati onal primes q " p

4. µp not a cube in Z[! ]

µp p

µp = a + b!



Primality Proving

¥Berrizbeitia, 2005

Let ! = a + b" be a primary element ofZ[" ]
where gcd (a, b) = 1, ! is not a unit, prime,
or prime power in Z[" ], and ||! || < ||µp||.
Then there must exist a rational prime q ! p
such that

! q
!

"
3 "# q(|| ! || ! 1) / 3 (mod ! ).



The Algorithm



Primality Proving
Given                           Þnd the smallest Eisenstein 
pseudocube                   such that 

Test      is not a perfect power

Find a primary                 such that      

For each prime             test:

If test succeeds for all            then      is prime

µp ! Z[! ]

! ! Z[" ]

q≤ p

q≤ p

N ! 1 (mod 3)
N < ||µp||

N

||! || = N

!
q
!

"

3
! q

N −1
3 (mod ! )

N
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Primality Proving
Given                           Þnd the smallest Eisenstein 
pseudocube                   such that 

Test      is not a perfect power

Find a primary                 such that      

For each prime             test:

If test succeeds for all            then      is prime

µp ! Z[! ]

q≤ p

q≤ p

N ! 1 (mod 3)
N < ||µp||

N

!
q
!

"

3
! q

N −1
3 (mod ! )

N

! ! Z[" ] ||! || = N



Obtaining
¥Want:

¥Write:

¥CornacchiaÕs Algorithm: 

¥Requires

¥Tonelli-Shanks, knowing factorization of

¥Requires                       operations

||! || = ||a + b" || = a2 − ab+ b2 = N

N = s2 + 3 t2

= ( s + t)2 ! (2t)(s + t) + (2 t)2

fx 2 + gy2 = N

k2 ! " gf ! 1 (mod N )

N

||ν|| = N

(log N )3+ o(1)
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N

q ! p!
q
!

"

3
! q

N ! 1
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Primality Proving
Given                           Þnd the smallest Eisenstein 
pseudocube                   such that 

Test      is not a perfect power

Find a primary                 such that      

For each prime             test:

If test succeeds for all            then      is prime

! ! Z[" ]

q≤ p

N

||! || = N

!
q
!

"

3
! q

N −1
3 (mod ! )

Nq ! p

N ! 1 (mod 3)
µp ! Z[! ] N < ||µp||



A Sieve Problem



Congruential Sieving

¥Simultaneous Congruences

¥Find a Least Solution (of 30)

¥NP-Hard (Patterson, 1992)

x (mod 120) ! { 1, 4}

x (mod 7) ! { 1, 2, 4}

x (mod 11) ! { 1, 3, 4, 5, 9}



Congruential Sieving

¥ Lawrence: Paper Strips (1895)

¥ CarissanÕs device (1919)

¥ GŽrardin: Adding Machine 
(1937)

¥ Lehmer (1927Ð80)

¥ Williams: Hardware (1983Ð)

¥ Bernstein: Software (2003)

¥ Calgary Scalable Sieve (2004Ð)

¥ Sorenson: Wheel (2006Ð)



2-Dimensional Sieve
¥Recall: Let                      be an element of minimal 

norm such that:

¥Goal:  Þnd congruence conditions on  

1. µp is primary

2. gcd(a,b) = 1

3.
!

q
µ p

"

3
= 1 ! rati onal primes q " p

4. µp not a cube in Z[! ]

µp = a + b!

(a, b)



Congruence Conditions

¥ 

¥Case 1:

¥There are                  such solutions;  e.g.

q ! " 1 (mod 3)
!

q
µq

"

3

=
!

µp

q

"

3
= 1

(q2 ! 1)/ 3

Sq := { (a, b) : µp = a + b! (mod q)}

S5 = { (1, 0), (2, 0), (3, 0), (4, 0)

(3, 1), (1, 2), (4, 3), (2, 4)}



Congruence Conditions

¥Case 2:

Recall                                          ,

Eventually:

i.e.

q = 3
!

3
µq

"

3

=
!

! (1 ! ! )
µp

" 2

3

S9 = { (2, 0), (5, 0), (8, 0)}

!
3

µp

"

3

= 1 !" 9 | b and a # $ 1 (mod 3)



Congruence Conditions

¥Case 3:

Write

Brute Force, or appeal to Lucas Functions...

q ! 1 (mod 3)

!
q

µp

"

3

= 1 ! "
!

µp

! q

"

3

=
!

µp

! q

"

3

q = ! q! q

! " µ
q! 1

3
p # µp

q! 1
3 (mod q)



Lucas Functions
¥Establish a Recurrence:

¥Observe                             where

¥Denote                                    ,  then

Sn + Tn! := ( S1 + T1! )n

! := a + b" , # := a + b" 2

Tn =
! n ! " n

# ! #2

G := ! + " , H := !"

Tn +2 = GTn +1 ! HTn



Lucas Functions

¥Eisenstein Pseudocube criterion becomes:

¥And there are                    such solutions;  e.g.

!
q

µp

"

3

= 1 !" q | Tq! 1
3

(G, H ).

(q ! 1)2/ 3

S7 = { (1, 0), (2, 0), (3, 0), (4, 0), (5, 0), (6, 0),

(4, 1), (1, 2), (5, 3), (2, 4), (6, 5), (3, 6)}



Growth Prediction

¥Recall:

¥Assume primes divided evenly,  
solutions equidistributed in             region,
then                          and via MertensÕ Theorem:

¥i.e.                       modular exponentiations.                                        

|Sp| =

!
""#

""$

(p ! 1)2

3
if p " 1 (mod 3)

(p2 ! 1)
3

if p " 2 (mod 3)

H ! H
a ! b ! H/

"
S

||µp|| ! H
2
/S " c3n logpn as n # $

(log N )1+ o(1)



Primality Proving
Given                           Þnd the smallest Eisenstein 
pseudocube                   such that 

Test      is not a perfect power

Find a primary                 such that      

For each prime             test:

If test succeeds for all            then      is prime

! ! Z[" ]

q≤ p

q≤ p

N

||! || = N

!
q
!

"

3
! q

N −1
3 (mod ! )

N

N ! 1 (mod 3)
µp ! Z[! ] N < ||µp||



Sieving in 2-Dimensions

¥2-Dimensional Sieve Problem:

¥Norm Bounded Region

¥Write 
Fix    ,  sieve over 

µ = a + b!
ab

!

!

"
4
3

H

#

" b "

$"
4
3

H

%

µp = ap + bp!

||µ|| = a2 + b2 ! ab" H



Sieving in 2-Dimensions

¥2-Dimensional Sieve Problem:

¥Norm Bounded Region

¥Exactly one of 
and
is in the upper half plane.   i.e.

µ = a + b!

µp = ap + bp!

µ = a + bω2 = (a ! b) ! bω

0 < b !

! "
4
3

H

#

||µ|| = a2 + b2 ! ab" H



Sieving in 2-Dimensions

¥2-Dimensional Sieve Problem

¥Norm Bounded Region

¥Write 
Fix    ,  sieve over 

µ = a + b!
ab

!
b!

"
4H ! 3b2

2

"

# a #

#
b+

"
4H ! 3b2

2

$

.

||µ|| = a2 + b2 ! ab" H



Primality Proving
Given                           Þnd the smallest Eisenstein 
pseudocube                   such that 

Test      is not a perfect power

Find a primary                 such that      

For each prime             test:

If test succeeds for all            then      is prime

µp ! Z[! ]

! ! Z[" ]

q≤ p

q≤ p

N ! 1 (mod 3)
N < ||µp||

N

||! || = N

!
q
!

"

3
! q

N −1
3 (mod ! )

N



Sieve Devices

¥Calgary Scalable Sieve (CASSIE)

¥ Software Toolkit. 
C, Assembly,  and TCL

¥ Beowulf Cluster: 
260 x 2.4GHz P4 Xeon

¥ Highly Optimized:
single & doubly-focused enumeration

¥ Norm-bounded sieve capability



CB1[7:0]

LSC

DIN[127:0]

LB
LCE

CLK

DOUT[127:0]

SIEVE

LC

GO
DACK
RST

OSEL[2:0]
ADDR[7:0]

L[127:0]
OX[2:0]
AX[7:0]

6

5

4

3

2

1

0

W[127:0]
STATE[7:0] DX[7:0]

Sieve Devices



Results
p N (µp) µp

18 247 11+ 18!
5 643 29+ 18!
7 5113 71+ 72!

... ... ...
113 10 7067004348 13749 109364777+ 13014540!
127 15 8469556547 47279 ! 114717193+ 19952010!
131 21 4485097583 41459 160585853+ 126202050!
137 596 036690644131739 845355437+ 667764090!
139 21276270804110 19739 ! 724036477+ 954969030!
149 57363419493471 77659 696254903+ 2666049750!
151 97088234417235 68077 2979509543+ 3236384556!
157 14102281783170625921 3671532959+ 3833807040!
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Summary

¥New primality proving method for integers
                       

¥Developed notion of Eisenstein Pseudocube

¥Predicted growth rate:

¥Computed Eisenstein pseudocubes to

¥Further evidence: primality proving is a
                     algorithm

µ157

N ! 1 (mod 3)

||µp|| ! c3n logpn as n " #

µp

(log N )3+ o(1)



How do we Compare?

¥CASSIE: 250 nodes. $750,000. 

¥                  trials/sec

¥SCOT: 3 nodes. $300. 

¥             trials/sec

¥Big Dawg: 384 nodes. $350,000.

¥               trials/sec

2.25! 108

8 ! 109

3.2 ! 109



Solving Sieve Problems

¥ Moduli as cyclic rings

¥ Mark acceptable 
residues

¥ Advance rings 
simultaneously

¥ Acceptable residue in 
every ring:  solution! 



How do we Compare?

¥CASSIE:  

¥$11,900 per billion trials/sec

¥SCOT:  

¥$12 per billion trials/sec

¥Big Dawg: 

¥$285 per billion trials/sec


